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PREFACE. 


THE present work contains all the propositions which 
are usually included in treatises on Plane Trigonometry, 
together with about a thousand examples for exercise. 
The desiyn has been to render the subject easily intel- 
ligible, and at the same time to afford the student the 
opportunity of obtaining all the information which he will 
require on this branch of Mathematics. The work is di- 
vided into a large number of chapters, each of which is in 
a great measure complete in itself, Thus it will be easy 
for teachers to select for pupils such portions as will be 
suitable for them in their first reading of the book. Each 
chapter is followed by a set of examples; those which are 
entitled Miscellaneous Examples, together with a few in 
some of the other sets, may be advantageously reserved by 
the student for exercise after he has made some progress 
in the subject. 

As the text and the examples of the work have been 
tested by considerable experience in teaching, the hope may 
be entertained that they will be suitable for imparting a 
‘sot and comprehensive knowledge of Plane Trigonometry, 
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together with readiness in the application of this knowledge 
to the solution of problems. Any suggestions or correc- 
tions from students and teachers will be most thankfully 
received. 

The Miscellaneous Examples at the end are arranged in 
sets, each set containing ten examples: the first hundred 
relate to the first eight Chapters of the book; the second 
hundred extend to the end of the sixteenth Chapter; and 
the last hundred relate to the whole book. 


I. TODHUNTER. 


CaMBRIDGE, 
August, 1874 
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PLANE TRIGONOMETRY. 


| MEASUREMENT OF ANGLES BY DEGREES 
OR GRADES. 


], Tse word Trigonometry is derived from two Greek words, 
one signifying a triangle and the other signifying J measure, and 
originally denoted the science in which the relations subsisting 
between the sides and the angles of a triangle were investigated; the 
science was called plane trigonometry, or spherical trigonometry, 
according as the triangle was formed on a plane surface or on a 
spherical surface. Plane Trigonometry has now a wider meaning, 
and comprises all algebraical investigations with respect to plane 
angles, whether forming a triangle or not. 


2. We have first to explain how angles are measured. Some 
angle is selected as the wnit, and the measure of any other angle 
is the number of units which it contains, Any angle might be 
taken for the unit, as for example a right angle; but a smaller 
angle than a right angle is found more convenient. Accordingly 
a right angle is divided into 90 equal parts called degrees; and any 
angle may be estimated by ascertaining the number of degrees which 
it contains. If the angle does not contain an exact number of de- 
grees we can express it in degreds and a fraction of a degree, A 
degree is divided into 60 equal parts called minutes, and a minute 
into 60 equal parts called seconds; and thus g fraction of a degree 
may if we please be converted inf minutes and seconds. 


3. Thus, for example, half a right angle contains 45 degrees ; 

& quarter of a right angle contains 224 degrees, which we may write 

in the decimal notation 22:5 degrees, or we may express it as 
l 
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29 degrees, 30 minutes, Similarly, if a right angle be divided into 
16 equal parts, each part contains 5§ degrees, that is, 5 degrees, 
37 minutes, 30 seconds. 


_ 4 Symbols are used as abbreviations of the words degrees, 
minutes, seconds, Thus 5° 37’ 30” is used to denote, 5 degrees, 
87 minutes, 30 seconds. 


5. The method of estimating angles by degrees, minutes, and 
seconds, is almost universally adopted in practical calculations. 
Another method was proposed in France in connexion with a 
uniform system of decimal tables of weights and measures. In 
this method a right angle is divided into 100 equal parts called 
grades, a grade is divided into 100 equal parts called minutes, and 
a minute is divided into 100 equal parts called seconds. On 
account of the occurrence of the number one hundred in forming 
the subdivisions of a right angle, this method of estimating angles 
is called the centesimal method ; and the common method is called 
the sexagesimal method on account of the occurrence of the num- 
ber sixty in forming the subdivisions of a degree. The centesimal 
method is also called the Yrench method, and the common method 
is called the Hnglish method. 


6. Symbols are used as abbreviations of the words grades, 
minutes, and seconds, in the centesimal method. Thus 5* 37‘ 30“ 
is used to denote 5 grades, 37 minutes, 30 seconds in the 
centesimal method. A centesimal minute and second are not the 
same as a sexagesimal minute and second, and the accents which 
are used to denote centesimal minutes and seconds differ from 
those which are used to denote sagagesimal minutes and seconds. 


7. In the centesimal method any whole number of minutes 
and seconds may be expressed immediately as a decimal fraction of 
® 


a grade. Thus 37 minutes is of a grade, that is -37 of a 


grade ; and 30 seconds is roy of a grade, that is 003 of a grade. 
Hence 5* 87° 30“ may be written 5*-373; and since a grade is 
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one-hundredth of a right angle, 5*:373 may be written as 05373 
of a right angle. N otwithstanding this great advantage of the 
centesimal method, the sexagesimal method has been retained in 
practical calculations, because the latter had become thoroughly 
established by long use in mathematical works, and especially in 
mathematital tables, before the former was proposed ; and such 
works and tables would have been rendered almost useless by the 
change in the method of estimating angles. The centesimal method 
is not practically used even in France. Nevertheless it is cus- 
tomary to retain in works on Trigonometry the matter which we 
shall give in the next two Articles. 


8. Zo compare the number of degrees in any angle with the 
number of grades in the same angle. 

Let D be the number of degrees contained in any angle, G the 
number of grades contained in the same angle, Then since there are 
90 degrees in a right angle, 7 expresses the ratio of the given angle 
to a right angle ; and since there are 100 grades in a right angle, 
also expresses the ratio of the given angle to a right angle. 


100 
Hence Da 
therefore Daw O= 0 =6-76, 
and onge Po a Pee : 


The formula D = G — io 1g gives the following rule: From the 


number of grades ee: in any angle subtract one-tenth of that 
number, the remainder is the number of degnee® contained in the angle. 

The formula @=D+5 
ber of degrees contained in any angle add one-ninth of that number, 
the swm ts the number of grades contained in the angle. 


D gives the following rule: Z'o the num 
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9. Again, let m be the number of English minutes contained 
in any angle, » the number of French minutes contained in the 
same angle. Then since there are 90 x 60 English minutes in a 


right angle, soe g oxPresses the ratio of the given angle to a right 
angle ; and since there are 100 x 100 French minutes*in a right 
; also expresses the ratio of the given angle to a 


100 x 100 
right angle. Hence 


90x 60 100x100’ 


9x6 27 
ao m= TO 10" = BOM 
50 
and b= 57m. 


Similarly, if s be the number of English seconds contained in 
any angle, and o the number of French seconds contained in the 
same angle, 


90x 60x60 100 x 100x100’ 


81 
therefore &s= 350 0, 

250 
and C= er * 


10. The angles considered in Geometry are in general less 
than two right angles, We say tn general, because angles greater 
than two right angles are not altogether excluded. For we may 
refer to the proposition that fh equal circles, angles, whether 
at the centres or at the circumferences, have the same ratio as 
the arcs on which they stand have to one another; here there 
is no limit to the magnitude of the arcs, and consequently no 
limit to the magnitude of the angles; and in the course of the de- 
monstration given by Euclid, an angle occurs which may be 
any multiple whatever of a given angle, and so may be as great 
es we please. 
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11. It is however usual in works on Trigonometry expressly 
to state that there is to be no restriction with respect to the mag- 
nitude of the angles considered, * Let BAD be any straight line, 


CV 
LT) 


CAE a straight line at right angles to the former. Suppose a 
straight line AP to revolve round one end 4, starting from the 
fixed position AB. When AP coincides with AC, the angle which 
has been described is a right angle; when AP coincides with AD, 
the angle which has been described is two right angles; when AP 
coincides with AZ, the angle which has been described is three 
right angles; when AP coincides with AB, the angle which has 
been described is four right angles. Then as AP proceeds through 
a second revolution, the angle described will be greater than four 
right angles. Thus if AP be situated midway between AB and 
AC, the angle between AB and*AP will be half a right angle if 
AP be supposed in its first revolution; the angle will be four 
right angles and a half if AP be supposed i in its second revolution ; 
the angle will be eight right angles and a half if AP be supposed 
in its third revolution ; and so on. 


12. The straight lines CAH and BAD form by their intersec- 
tion four right angles; these are called quadrants. BAC is called 
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the first quadrant, CAD the second quadrant, DAE the third quad- 
rant, and HAB the fourth quadrant. Now suppose any angle 
formed by the fixed straight line AB and the moveable straight 
line AP; if AP is situated in the first quadrant, the angle BAP 
is said to be in the first quadrant; if AP is situated in the 
second quadrant, the angle is said to be in the second quadrant ; 
and 80 on. 


EXAMPLES. 


1. The difference of two angles is 10 grades and their sum is 
45 degrees ; find each angle. 

2. Divide two-thirds of a right angle into two parts, such that 
the number of degrees in one part may be to the number of grades 
in the other part as 3 is to 10. 

8. Divide half a right angle into two parts, such that the 
number of degrees in one part may be to the number of grades in 
the other part as 9 is to 5. 

4, Find the measure of 1‘ 5“ in decimals of a degree. 

5. Divide an angle of m degrees into two parts, one of which 
contains as many English minutes as the other does French. 

6. If one-third of a right angle be assumed as the unit of 
angular measure, what number will represent 75°? 

7. Determine the number of degrees in the unit of angular 
measure when an angle of 66% grades is represented by 20. 

8. The number of the sides of one equiangular polygon is 
two-thirds of the number of the sides of another ; and the number 
of grades in an angle of the first equals the number of degrees in 
an angle of the second: find the angles. 

9. Shew that an angle expressed in centesimal secends will 
be transformed to sexagesimal by multiplying by the factor ‘324. 

10. Compare the afgles which contain the same number of 
English seconds as of French minutes. 

11. Express in the French method 35° 10’ 3”. 

12. Express in the English method 69* 22° 50“. 
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13. We have explained two methods of estimating angles, 
namely, that by means of degrees and subdivisions, and that by 
means of grades and subdivisions, and we have stated that the for- 
mer method is that which is most commonly used in practical cal- 
culations. There is, however, another method of estimating angles 
which is of great importance in the theory of mathematics, which - 
we shall now explain. The object of the present Chapter is to es- 
tablish and apply the following proposition: Jf with the point of 
intersection of any two straight lines as centre a circle be described 
with any radius, then the angle contained by the straight lines may 
be measured by the ratio of the length of the arc of the circle inter- 
cepted between the straight lines to the length of the radius. We 
shall require some preliminary propositions; the proposition in 
Art. 14 is sometimes assumed, and the beginner may adopt this 
course and return to the point hereafter. 


14. The circumferences of circles vary as their radit. 


Let R denote the radius and (' the circumference of one circle : 
let 7 denote the radius and c the circumference of another circle. 
In each circle let an equilateral polygon of » sides be inscribed, 
and in each circle draw two straight lines from the centre to the 
extremities of one of the sides of the inscribed polygon; thus 
we obtain two semilar triangles. Let P denote the perimeter of 
the polygon inscribed in the first circle, and p the perimeter of 
the polygon inscribed in the second circle, By similar triangles 
a side of the first polygon is to a side of the second polygon as the 
radius of the first circle is to the radius of the second circle; 
therefore also 

P_R 
p sg . © 
Now let P=C—X and p=c-—«; thus 
r(C-X)=R (c-2), 


therefore r0 ~ Re=rX - Rr. 
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Now we assume that by making as large as we please, the 
perimeter of each polygon can be made to differ as (vitle as we 
please from the circumference of she corresponding circle; thus X 
and @ can each be made as small as we please, and therefore 
rX — Roe can be made as small as we please. Hence r( — Ae must 
be zero; for if it had any value a then rX — Rx could not be made 
less than a, which is inconsistent with the fact that rX — Ra can 
be made as small as we please. Thus 


rC — Re =0, 
: 


therefore : = 


15. Thus the ratio of the circumference of a circle to its radius 
is constant whatever be the magnitude of the circle; therefore of 
course the ratio of the circumference to the diameter is also constant. 
The numerical value of the ratio of the circumference of a circle to 
its diameter cannot be stated exactly; but, as we shall shew here- 
after, this ratio may be calculated to any degree of approximation 


that is required ; the value is approximately equal to a , and still 


7 
more nearly equal to se ; the value correct to eight places of 
decimals is 3°14159265...The symbol x is invariably used to denote 
the ratio of the circumference of a circle to its diameter; hence, if 
r denote the radius of a circle, its circumference is 2rr: and 


w= 3'14159.... 


16. The angle subtended at the centre of a circle by an are 
which is equal in length to the radius 18 an invariable angle. 
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With centre O and any radius OA describe a circle; let AB 
be an are of this circle equal in length to the radius. Then, since 
angles at the centre of a circle are proportional to the arcs on 
which they stand, 


__angle AOB arc AB ee ee 
four right angles circumference of the circle 2xr 2m’ 
therefore angle AOB = “™ Ment angles 


Thus the angle 4OB is a certain fraction of four right angles 
which is constant, whatever may be the radius of the circle. 


17. Since the angle subtended at the centre of a circle by an 
arc which is equal to the radius is an imvartable angle, it may be 
taken as the unit of angular measurement, and then any angle will 
be estimated by the ratio which it bears to this unit. 

Let AOC be any angle; with O as centre and any radius OA 


B 


Q 


O 


describe a circle; let AB be an arc of this circle equal in length 
to the radius; let r denote the radius, and / the length of the arc 
AC. 


Then, since angles at the centr? of a circle are proportional to 
the arcs on which they stand, 


therefore angle AOC = c x angle AOB ; 
this result is true whatever the unit of angular measurement may 
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be, the same unit of course being used for the two angles, If we 
take the angle AOB iteelf for the unit, then this angle must be 
denoted by unity ; ° 


thus angle AOC =<. 


18. We have thus proved that any angle may be estimated by 
a fraction which has for its numerator the arc subtended by that 
angle at the centre of any circle, and for tts denominator the radius 
of that circle. And in this mode of estimating angles the unit, 
that is the angle denoted by 1, is the angle in which the arc 
subtended is equal to the radius. We have shewn that this angle 


is fous Beaweners ; hence the number of degrees contained in this 


Qa 
angle is — , that is = . If we use the approximate value of 


given in Art. 15, we shall find that = = §7°29577951...; this 
therefore is the number of degrees contained in the angle which is 
subtended at the centre of a circle by an arc equal to the radius. 


19. Thus there are two methods of forming an idea of the 
magnitude of an angle which is estimated by the fraction arc 
divided by radius. Suppose, for example, we speak of the angle 4; 
we may refer to the wt of angular measurement, which is an 
angle containing about 57 degrees, and imagine two-thirds of this 
unit to be taken; or without thinking about the unié at all, we 
may suppose an angle is taken such that the arc subtending it is 
two-thirds of the corresponding radius. 


20. The fraction are diwidél by radius is called the circular 
measure of an angle. Since, as we have already stated, this method 
of measuring angles is very much used in theoretical investigations, 
it is sometimes called the theoretécal method. 


21. If r denote the radius of a circle, the circumference is 2xr; 
hence the circular measure of four right angles is “77 , that is 2z. 
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The circular measure of two right angles is +; the ciroular measure 
of one right angle is 33 and the circular measure of n right angles 


is ve , where m may be either integral or fractional. 


22. We will now shew how to connect the circular measure 
of any angle with the measure of the same angle in degrees. 

Let x denote the number of degrees in any given angle, 0 the 
circular measure of the same angle. Since there are 180 degrees 


in two right angles, 0 expresses the ratio of the given angle to 
two right angles, And since 7 is the circular measure of two right 
angles, : also expresses the ratio of the given angle to two right 


angles. Hence 


eee 
180 wr’ 
thus v= poe 
v 
rx 
and 0=735° 


23. For example, the circular measure of an angle of one degree 


10x 
iS Tg 5 it the circular measure of an angle of ten degrees is 180° the 


circular measure of an angle of half a degree is i 30 * «55 ; the cir- 
cular measure of an angle of one minute is isd © [30 x60 ? the circular 
meg fure of an angle of one second is a ; and so on. 

/ Again; if the circular measure of an angle is e the number of 


degrees contained in the angle is ; oe , that is + of 57:29577951.. 


if the circular measure of an A is 10, the number of ii 
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contained in the angle is 10. ~~, that is 10 x 57-29577961...; und 


sO On. : 

The student is recommended to pay particular attention to 
these points; especially he should accustom himself to express 
readily in circular measure an angle which is given in,degrees. 


24. Similarly we may connect the circular measure of any 
angle with the measure of the same angle in grades. 

Let y denote the number of grades in any given angle, 6 the 
circular measure of the same angle; then the ratio of the given 
angle to two right angles is expressed ‘by an and also by 4 : 


Hence 


y _9. 
200. 3’ 

thus rate 
al 

and O= 550° 


The number of grades in the angle which is the unit of circular 
measure is ” , that is, 63°661977... 


25. In Art. 17 we proved that 
angle AOC =: xangle AOB; 


where nothing is assumed respecting the unit of angular meagure- 
ment, except that the same unit is to be employed for both angles. 
Since AOB is an invariable angle, we see that the magnitude of 
any angle AOC varies as the subtending arc directly, and as the 
radius tnversely. Thus we may say that 

kx arc | 

radius ” 

when & is some quantity which does not change with AOC, and the 
value of which depends upon the unit of angular measurement 


angle A0C = 
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which we please to employ, Suppose, for example, that we wish 
to take the half of a right angle as our unit; then we require that 
AOC should be equal te 1 when the arc is the eighth part of the 
circumference ; thus 
aur 

kx —— 4 

] = =e ; therefore k=-—. 
r 7 


Thus the formula 


angle AOC == x —°_ 
T 


radius 


gives the correct estimate of the magnitude of an angle when the 
unit is half a right angle. 


EXAMPLES, 


1. If D, G, C be respectively the number of degrees, grades, 


and units of circular measure in an angle, shew that 
D_G =. 


2. Find the number of degrees in the angle subtended at the 
centre of a circle whose radius is 10 feet by an arc 9 inches long. 

3. Find the circular measure of 5° 37’ 30”. 

4, Find the circular measure of 1* 1". 


5. There are three angles; the circular measure of the first 
exceeds that of the second by vo , the sum of the second and the 


third is 30 grades, and the sum of the first and the second is 
36 degrees. Determine the three angles. 

6. Express five-sixteenths of a right angle in circular measure, 
in degrees and decimals of a degree, and ‘n grades and decimals 
of a grade. 

7. The angles of a triangle are in arithmetical progression, 
and the greatest is double the least: express the angles in degrees, 
in grades, and in circular measure. 
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8. The angles of a triangle are in arithmetical progression, 
and the number of degrees in the least is to the circular measure 
of the greatest as 60 is to 7: find the angles. 


9. Find the circular measure of an angle of an equiangular 
polygon of 7 sides. 


10. Express in each system of angular measurement the 
angle between the long hand and the short hand of a watch ata 
quarter past twelve. 
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26. Let BAC be any angle; take any point in either of the 
containing straight lines, and from it draw a perpendicular to the 


‘a 
P 


/ 
i 


ia 


wa 


7 


oA 
Pe Te —_ 
A b 


ather straight line; let P be tne point in the straight line AC 
and PM perpendicular to AB. We shall use the letter A to 
Jenote the angle BAC. Then 

PM - perpendicular 


jp? that is ae? is called the sine of the angle 4 ; 


AM . base ° ° : 
ap » that iS rotenie called the cosine of the angle A ; 
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oa that is PUPMMOWOT i, called the tangent of the angle A ; 


—— that is ——— , 18 called the cotangent of the angle A ; 
ai that ig epotonnee , 1s called the secant of the angle A ; 
a that is Pen , is called the cosecant of the angle A. 


If the cosine of A be subtracted from unity, the remainder is called 
the versed sine of A. If the sine of A be subtracted from unity, 
the remainder is called the coversed sine of A; the latter term 
however is rarely used in practice. 


27. The words sine, cosine, tangent, cotangent, secant, cosecant, 
versed sine, and coversed sme are usually abbreviated in writing 
and printing; thus the above definitions may be expressed as 
follows : 


sin A = 
oon A= 
tan d= a4, 
cob A= oar, 
sod = 45, 
cowee A = Sa, 


vers 4=1l—ocos A, , 
covers A =] —sin A. 
28. The sine, cosine, tangent, cotangent, secant, cosecant, versed 


sine, and coversed sine are called trigonometrical ratios or trigo- 
nometrical functions; sometimes they have been called gontometrical 
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functions. A large part of Trigonometry consists in the investiga- 
tion of the properties and the relations of these functions of an 
angle. These functions are, it will be observed, not lengths, but 
ratios of one length to another; that is, they are arithmetical 
whole numbers or fractions. 


29. The defect of any angle from a right angle is called the 
complement of that angle ; thus if A denote the number of degrees 
contained in any angle, 90 - A is the number of degrees contained 
in the complement of that angle. This affords another method of 
defining some of the Trigonometrical ratios; after defining, as in 
Art. 26, the sine, tangent, and secant of an angle we may say 

the cosine of an angle is the sine of the complement of that 
angle ; 

the cotangent of an angle is the tangent of the complement of 
that angle ; 


the cosecant of an angle is the secant of the complement of 
that angle. 
For in the triangle PAM the angle 4PM is the complement of 
the angle A; and 
perpendicular AM 


SA polar - = Fp = 008 ; 


endPy Dem AM ee: 


«base MP 
_ hypotenuse AP 
BOC APM=—— = = Up = see 4. 


These results may also be expressed thus: 


the sine of an angle is the cosine of the complement of that 
angle ; ‘ 

the tangent of an angle is the cotangent of the complement 
of that angle ; 

the secant of an angle is the cosecant of the complement of 
that angle. 
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80. The Trigonometrical Ratios remain unchanged so long as 
the angle remains unchanged. 

Let BAC be any angle; in AC take any point P and draw PM 
perpendicular to AB; also take any other point P’ and draw P’*M’ 
perpendicular to 4B, Then by similar triangles “> = “15, that 
is, the sine of the angle A is the same whether it be formed from 








1 M’ Yin B 


the triangle APM or from the triangle A/”M’. The same result 
holds for the other Trigonometrical Ratios. 

Or we may suppose a point P” taken in AB, and P’M” drawn 
perpendicular to AC’; then the triangles APM and AP’M” are 

ssle PM P’M" 

similar, and Ap = ap7: 

We now proceed to establish certain relations which hold 
among the Trigonometrical Ratios. 


31. We have immediately from the definitions 
1 1 
tan A x cot A =); therefore tan A = sot A? cot A tan A ; 


1 
) cos A = eae A? 
I 


cosec A ° 


sec A x cos 4 =1; therefore 500 A= 





cos A 
; 1 ; 
cosec A x sin A =1; therefore cogee A = —e 7°, sin A = 


PM PM AM sinA 
on tan 4 = 7" GP * OP = oad’ 
AM AM PM coed 


cot = y= GP t AP = ain A’ 
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32. To prove that (sin A ,* + (cos A)*=1, 
In the right-angled triangle APJ we have 
PM*+AM*= AP’, 


PM*+ AM* 
therefore Gp =], 
PM\' (AM\* 
therefore (=p) + (a) =]; 
that is (sin 4 )* + (cos A)*= 1. 


33. With respect to the preceding proof it should be re 
marked that it is shewn in Kuclid, 1. 47, that the square described 
on the hypotenuse of a right-angled triangle is equal to the sum 
of the squares described on the sides; and it is known that the 
geometrical square described on any straight line is measured by the 
urithmetical square of the number which measures the length of 
the straight line. From combining these two results we obtain 
the arithmetical equality 

PM* + AM* = AP’. 


It must be observed that (sin 4)’ is often written for shortness 
thus, sin’ A ; similarly (sin 4)* is written thus, sin’A. The same 
mode of abbreviation is used for the powers of the other Tri- 
gonometrical: Ratios, and so the result obtained in Art. 32 is 
usually written thus, 

sin’ A + cos’ d= 1, 
34. To prove that 
(sec A)* = 1 + (tan A)*, and (cosec A)* = 1 + (cot .A)*. 
In the right-angled triangle PU we have 


AP*= AM*+ PM; 
e 4P* PM* 
therefore ay 1 tain ; 
AP\# PM\' 
therefore i) =] + iu) ; 


that is (sec AV = 1 + (tan 4)’ 
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Again, since AP* = PM*+ AM", 
AP\*_, (AM ! 
(Fm) =1+ (Fi) » 

that is (cosec A)®= 1 + (cot A)’. 


The results here obtained are usually written thus, 
sec’ A =] + tan*.A, cosec’ A = 1 + cot® A, 

35, By means of the relations established in Arts. 31...34 we 
are able to express all the other Trigonometrical Ratios in terms 
of any one of them; thus, for example, we will express ull the 
rest in terms of the sine ; 

cos A = ,/(1 — sin" A) (Art. 32); 


sin A gin A 


cot A = 84 _ VU ous “A) (arta 81, 32); 
1 
sec A = (Arta. 31, 32); 





coed ,/(1 —sin? A) 
J 
cosec A ey | (Art. 31); 


vers A = ] — cos A =] - ,/(1 —sin’ A) (Art. 32). 
Again, we will express all the rest in terms of the tangent ; 





CY onan enne eee pues. 
~ cosec A ,/(1 + cot?) (1 7 ) ~ /(1 + tan™ A) 
tan’ A 
(Arts. 31, 34) ; 
] 1 
con Am oA Ita tantay (re 31 34h 


cot A= 7 (Art, 31); socA=4/(1+tan’A) (Art. 34) ; 


a: J/(1 +tan*A) | 7 _ ] 
cose A= Sind tan d > Vr@A=1—ooed=1— yeaa: 
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We shall now proceed to determine the values of the Trigono- 
metrical Ratios for some specificeangles. 


36. Zo determine the values of the Trigonometrical Ratios for 
an angle of 45°. 
Let BAC be an angle of 45°; take any point P:in AC and 


Cc 


i 


M BB 


draw 1M perpendicular to AB. Since PAM is half a right 
angle AJM is also half a right angle; therefore PM = AM. 


Now PM*+AM*=AP*; 
thus 2PM*=AP*; 
PM\ 1 
therefore (ze = 9) 
PM 1 
therefore AP = 2" 
PM 1 AM 1] 
° Of Oe ds cs 
Thus sin 45 = AP = 793 dos 45 = 4P = 7} 
tan 40° =< = 1; cot 45° = ee 
AP AP 


sec 45° = T= ./2; cosec 45° = Pu J25 


vers 45° = 1 ~ 008 45° = 1~—5,,, 
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37. To determine the values of the Trigonometrical Ratios for 
an angle of 60° and for an angle of 30°. 
Let APB be an equilateral friangle, so that the angle PAB 





contains 60 degrees; draw PM perpendicular to AB, then 
AM= MB; therefore AM =}AB=}AP. 





‘ AM 1. 
Thus cos 8 60°= 75 = 3? 
OE Ada y? 
o 60° Js oe ee 
tan 60° = cos 60° 3 = ,/3; cot 60° = fan 60° > 933 


1 
0 0 _2, 
sec 60 = = 83 cosec 60° = sin 60° ~ 7/3? 


vers 60° = 1 — cos 60°= 5. 


And sin 30° = mtg cos 30° = sin 60° = > ; 
e 


tan 30° = cot 60 =) cot 30 ia = /3; 
sec 30° = cosec 60° oe cosec 30° = sec 60° = 2 ; 


J/3 
vers 30° = 1 — cos 30° = 1 — be 
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88, The student should render himself perfectly familiar with 
the values of the Trigonometrical Ratios for an angle of 30°, 45°, 
or 60°; as they will be perpetually used in the subject. Thus, for 
example, if an angle of 60° occurs it may be necessary to have the 
cosine of this angle, which has been found to be }. And con- 
versely, if the cosine of an angle is known to be 3, and the angle 
is less than a right angle, the student will immediately infer that 
the angle contains 60°. Should there be any difficulty in this in- 
ference it will be removed by the remarks made hereafter, in which 
it will appear why we introduce the restriction that the angle ts 
less than a right angle. See Art. 44. 

It may be observed that if an angle be less than 45° the 
cosine of the angle is greater than the sine, and if the angle be 
greater than 45° and less than 90° the cosine is Jess than the sine ; 
these results follow immediately from the triangle PA (see figure 
in Art. 26) since the greater side in a triangle is opposite to the 
greater angle. 


EXAMPLES. 


1. The sine of a certain angle is ce find the other Trigono- 
metrical Ratios of the angle. 

2. The tangent of a certain angle is = find the other Tri- 
gonometrical Ratios of the angle. 


8. The cosine of a certain angle is Nit find the other Tri- 
gonometrical Ratios of the angle. 
4. Shew that sec’@ cosec’@ = tan’6 + cot'’é + 2. 
5, Show that sin’@ tan @ + cos" cot 6 + 2 sin 6 008 6 
= tan 6 + cot 6. 
6. Shew that 2 (sin’ 6 + cos* 6) - 3 (sin‘ 0 + cos‘ 6) +1 =0. 
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Obtain solutions of the following equations : 
7. 2sin’é =3 cosé. 8. sin@+cos 6=1. 


9, cot@=2 cos 8, 10, sin'@— 2.008 0+ =0. 


11. 3s00'8+8=10sec'#, «12, tan@ + cot 0=2, 
13, Given sin (A—B)=5, andoos(A+2)=5, find A and B 


14. Given tan (4 +B) =,/3, and tan (4 —#)=1, find 4 and BZ, 


IV. APPLICATION OF ALGEBRAICAL SIGNS. 


39. In the preceding Chapter we defined the Trigonometrical 
Ratios, and established certain relations between them; we con- 
fined ourselves to angles not exceeding a right angle. We shall 
now extend the definitions so as to render them applicable to an- 
gles of any magnitude; the relations which were established will 
then also be found to be true for angles of any magnitude. 


40. Let O be a fixed point in a fixed straight line, and sup- 
pose we have to determine the positions of other points in this 
M’ O M 
straight line with respect to 0. The position of any point in the 
straight line will be known if we know the distance of the point 
from O, and also know on which side of O the point lies. Now it 
is found convenient to adopt the following convention: distances 
measured in one direction from O along the fixed straight line will 
be denoted by positive numbers, and distances measured in the 
opposite direction from O will be denoted by neyatwe numbers. 
Thus, for example, suppose that distances measured from 0 towards 
the right hand are denoted by positive numbers, and let Mf be a 
point the distance of which from O is denoted by 2 or +2; then if 
M' be as far from O as & is, and on the other side of O, the dis- 

tance of 1’ from O will be denoted by — 2. 
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41. We have called this method of determining position b: 
means of numbers affected with algebraical signs a convention; w 
mean by this word to indicate that it is not absolutely necessar 
to adopt this method, but merely convenient. The symbols + and - 
are defined in the beginning of elementary works on Algebra as 
indicative of the operations of addition and subtraction respectively 
As the student advances in Algebra he finds that the symbols - 
and — are also used as indicative of the qualities of quantities ; anc 
that no contradiction or confusion ultimately arises from this double 
mode of considering the symbols, but that Algebra gains thereb, 
considerably in power. (See Algebra, Chaps. V. and XIV.) 

It may be remarked, that we are at liberty to take either of the 
two directions from 0 as that which will be indicated by posit 
numbers ; but when the selection has been made, we must adhere 
to it throughout the investigations on which we may be engaged. 


42. Let OB, OC be two straight lines which meet at righ 





e  . Cc’ 


angles ; produce BO to any point B’ and CO to any point C’. Let 
P be any point in the plane containing the two straight lines. The 
position of P will be known if we know the distance of P from 
. each of the straight lines BZ’ and CC’, and also know on which 
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side of each of these straight lines it is situated. Draw PM and 
PN perpendicular to the straight lines BB’ and CC” respectively. 
We shall adopt the following conventions: the distance ON or PM 
will be denoted by a positive number when P is above the straight 
line BB’, and by a negative number when P is below the straight 
line BB’; the distance OM or PN will be denoted by a positive 
number when P is to the right of 00’, and by a negative number — 
when P is to the left of CC’. 


43, A similar convention may conveniently be adopted with 
respect to angular magnitude. 

Let a straight line AP start from the position AB, and by re- 
volving in one direction round A trace out the angle PAB, and 
let this angle be denoted by a positive number; then if the straight 
line AP start from the position AB and by revolving round A in 
the opposite direction trace out the angle PAB, this angle may be 
denoted by a negative number. If, for example, each of the angles 
BAP and BAF’ is one-third of a right angle, and we denote the 


P 


er 


former by the positive fraction ms the latter may be denoted by 


the negative fraction = 
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44. We shall now give our extended definitions of the Trigo- 
nometrical Ratios. 


C / 





Let AB, AC be twostraight lines at right angles; let a straight 
line revolve round the point A from AB towards AC and come 
into any position AP; draw PM perpendicular to AB or AB pro- 
duced. Then consider AP always as positive; consider AM as 
positive or negative according as J is on the same side of AC as 
B is, or on the opposite side; and consider PM as positive or 
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negative according as P is on the same side of AB as C is, or on 
the opposite side. Let the angle PAB be denoted by A, then 


PM PM AP 
ee gph eS Gap OA aa 
cond =o, ot A = Sa, oosee A= Fe, 


“vers A = 1—cos A, covers 4 = 1 -sin A. 

Thus the Trigonometrical Ratios are always whole numbers or 
fractions positive or negative. 

We have therefore Trigonometrical Ratios for any positive 
angle whatever may be its magnitude ; and we have also Trigono 
metrical Ratios for any negative angle by adopting the convention 
that the Trigonometrical Ratios for any negative angle shull be the 
same as they would be for what we may call tho corresponding posi- 
tive angle. Thus, for example, in the last figure we may consider 


BAP as a negative angle, the magnitude of which is — 3; then the 


Trigonometrical Ratios will be the same as for the angle formed 
by revolving the moveable straight line AP in the positive direc- 
tion until it reaches the position which it has in the figure; s0 
that the Trigonometrical Ratios for the angle -3 will be the 
= 
5° 

45. It follows immediately from the definitions, that if two 
angles differ by four right angles or by any multiple of four right 
angles the Trigonowetrical Ratios of the two angles are the same. 


46. The following relatious which have been already esta- 
blished for angles not exceeding a might angle, will now be seen in 
like manner to hold universally whatever be the magnitude of an 
angle positive or negative. , 

tan AxocotA=1, secAxcosM=1, cosecA xsinA=1, 


same as for the angle 27 — 


sin A cus A 
tan A=, wt da7> 


sin? 4 +cos*A=1, sec’ 4=1+tan’ A, cosec’ A= 1 +cot’ A. 
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It must be observed that from such an equation as 
sin’ A + cos’ A = 1, 


we can infer only that “sind =«,/(1—cos"A), or that 
cos A = ,/(1- sin’ A); we shall have to determine in any parti- 
cular case which sign must be ascribed to the radical. 


47. The supplement of an angle is its defect from two right 
angles. Thus if A denote the number of degrees in any angle, 
180 — A is the number of degrees in its supplement; if 6 be the 
circular measure of an angle, 7—6 is the circular measure of its 
supplement. The verbal definition of the word supplement might 
appear to limit the word to the case in which the original angle 
is a positive angle less than two right angles; but the word is 
used in a wider sense, so that if A be any number positive or 
negative, the angle denoted in degrees by 180-4 is called the 
supplement of that denoted in degrees by A. Similarly, whatever 
6 may be, the angle whose circular measure is 7 —6, is called the 
supplement of that whose circular measure is 06. 


48. To compare the Trigonometrical Ratios of any angle and 
of its supplement. 


Let PAB be any angle, produce BA to B’ and make PAB=PAB; 





Be MM AA M B 


take AP’ = AP, and draw PM and P’M’ perpendicular to BB. 


The angle P’-AB=180°- PAB =180°—PAB; thus PAB is 
the supplement of PAB. The triangles PAM and PAM’ are geo- 
metrically equal in all respects ; now 
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PM PH | 


sin A = 
and since PM and /’M’ are equal in magnitude and of the same 
sign, we have 


sin A =sin (180° — A). 


AM AM’ 
Also cos A = =[p cos (180° — 4) = 55 ; 
now AM and AM’ are equal in magnitude, but since they are 
measured in opposite directions from A, they are of opposite sign ; 
thus 


cos A =—cos (180°— A), 


The other Trigonometrical Ratios of the angle A may be com- 
pared with those of the supplement either by direct use of the 
figure, or by employing the two results already established ; thus, 
adopting the latter method, 


sin(180°—A) sind _ 
cos (180°— 4) —cos A 


0 
cot (180° ~ 4) =O pals de OE 


tan (180° — A) = 





1 1 
sa ich Ma a cos(180°—A) —cosd si 


} 1 1 
a ela a ar (180°e A) sin A 
vers (180° — A) = 1 — cos (180° — A) = 1+cos A. 


= cosec A, 


Thus the sine and the cosecant of any angle are respectively 
the same as the sine and cosecant of the supplement of the angle; 
all the other Trigonometrical Ratios of any angle, except the 
versed sine, are mwmerically equal to the corresponding Ratios 
of the supplement of the angle, but are of opposite sign. 
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49, To prove that sin (~ A) =— sin A and cos (— A) =cos A. 





B Aa B 


Pp’ 

Jet PAB be any angle; draw PM perpendicular to BAB’, 
and produce it to J” so that J/7” may be equal in length to UP, 
and join 4?’, Then the angles 7’AB and PAB which are measured 
in opposite directions from AB are numorically equal, and if 
PAB be denoted by A, then P’AB will be denoted by —A. And 
PM. PM 
TP’ sin (—4)=7 5 : 
and P’M is numerically equal to 7M, but of opposite sign; thus 

sin (— 4) = —sin A. 
AY AM 
Also cos (- 4) = 755 = Gp = 008 A. 
sin(—~A) -sin A 
cos(— A) cos A 
_ cos (—A) cos Ad 
om 4) = in(- 4) cand 


] ] 
eet aay ae 


sin 4 = 


=—tan 4; 








Moreover, tan (—A) = 
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1 | er 
sin(-A) —sind 
vers (— 4) = 1 — cos (— A}= 1 — cos A = vers A. 

All these results may if we please be obtained by direct use of 
the figure. 
50. 'o prove that 
sin (180° + A) =—sin A and cos (180° + 4)=— cos 4. 
Let PAB be any angle, produce PA to J” so that AP’ may be 
egual in length to AP, Draw PM and PM’ perpendicular to 


PY 


‘ 


cosec (— 4) = — cosec A ; 





P’ 


BAB, Then it /’4# be denoted by A, the angle J”’A#B measured 
in the same direction from 4B will be denoted by 180° + A. 

The triangles PAM and /”AM’ are geometrically equa) in all 
respects ; 


: PM. ; PM’ 
and sind = 75 sin (180 + A)=>p 3 
AM AM’ 

cos d=", cos (180° + A) = 7557- 


Now PM and P’M' are numerically equal but of opposite sign ; 
also 4M and AM’ are numerically equal but of opposite sign; thus 
sin (180°+ 4) =-—sin.A, cds(180° + A) =— os 4; 

». gy_8in (180°+.4) _ —sin A 
moreover tan (180 + A) = os (180+ A) ‘= 
cos (180° + A) 


; - cos A 
oot (180° + A) = er) 12004 = oot A 








tan A, 
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similarly sec (180°+A)=—sec.A, cosec (180° + A) =—cosec A. 
vers (180° + A) = 1 — cos (180° + 4) = 1 + cos A, 


All these results may if we please be obtained by direct use of 
the figure. 


It is obviously only another mode of expressing the two funda- 
mental results if we write 


sin A = —sin (A — 180°), cos.A =—cos(A — 180°). 


51. The results of Arts. 48, 49, and 50, are true whatever 
be ‘the magnitude of the angle A, and whether A be positive: or 
negative. This the student should carefully notice. First con- 
sider Art. 49; whatever the magnitude of A may be, positive or 
negative, we shall always have PMP’ forming a straight line, and 
the points P and 7” equally distant from M and on opposite sides 
of it; and the angles PAB and PAB will be numerically equal 
but of opposite sign. Thus we become certain of the universal 
truth of Art. 49. Next consider Art. 50; the essential points of 
the demonstration are that 1 and M’ should be equally distant 
from A and on opposite sides of it, and that P and P’ should be 
equally distant from the straight line BAB and on opposite sides 
of it; and the figure assures us that these essential points are 
always secured. If PAB be any positive angle, then by adding 
to it an angle of 180° we obtain the angle formed by AB and AP”. 
If PAB be any negative angle, then by adding to it an angle of 
180° we obtain the angle formed by AP and 4B. Thus we be- 
come certain of the universal truth of Art. 50. The universal 
truth of Art. 48 may be made t depend on that of Art. 49 and 
that of Art. 50. For we have 


sin A = —sin (4 — 180°),, universally, by Art. 50, 

sin (A — 180°) = — sin (180°— A), universally, by Art, 49, 
therefore sin A = sin (180° — A) universally. 

Again cos 4=—ocos(A— 180°), universally, by Art. 50, 
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oos (A — 180°) = cos (180°— A), universally, by Art. 49, 
therefore cos 4 = — cos (180° - 4), universally. 


52. To prove that sin (90°44) =cos.A, and cos (90°+ A)=—sin A. 


M’ A M  B 

Let PAB be any angle; let AP’ be at right angles to AP and 
80 situated that a moveable straight line can pass from the position 
AP to the position AP’ by revolving round A in the positiwe 
direction through a right angle. Then if PAB be denoted by A 
we can denote PAB by 90°+ A. Take AP’=AP and draw PM 
and PM’ perpendicular to BAB’. Then the angle PAM is 
geometrically equal to the angle APM’, and the triangles PAM 
and PAM’ are geometrically equal in all respects. And 
AM | 
AP’ 
now /’M' is numerically equal to AM and both are of the same 
sign (Art. 42); thus 

sin (90° + A) = cos A. 
0 PM 
Again cos (90° + A) =p sin A =; 


now AM’ and PM are numerically eqnalebut of opposite sign 
(Art. 42); thus 


ein (90° + 4) = 45 , cos4= 


cos (90° + 4) = —sin A. 


53. In order to prove that the proposition in the preceding 
Article is universally true, we must examine the different cases 
T. 7. 3 
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that can occur ; the figure in the preceding Article supposes that 
A is a positive angle terminated in the first quadrant. The an- 
nexed three figures shew AP ih the second, third, and fourth 
quadrants respectively. 

In every case it will be seen that the triangles PAM and 
PAM’ are geometrically equal in all respects ; also /’M’ and AM 
are of the same sign, and AM’ and PY are of opposite sign. Thus 
the proposition may be seen to be true if A be any positive angle. 
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The four figures of this and the preceding Article will also shew 
the truth of the proposition for any negative angle ; the last figure 
for example applies when 4 is between 0 and — 90°, the third figure 
when A is between — 90° and — 180°, the second figure when A is 
between — 180° and — 270°, and the first figure when 4 is between 
— 270° and ~ 360°. 


54. If A be the number of degrees in any angle, then the 
angle which is expressed in degrees by 90-—A is called the com- 


plement of the angle A; 80 57 @ is the circular measure of the 


complement of the angle whose circular measure is 6. The term 
complement of an angle has already been introduced (Art. 29), but 
the angle contemplated then was a positive angle less than a right 
angle, This restriction however will be no longer retained. We 
may now shew universally that the sine of an angle is equal to the 
cosine of its complement, and thacosine of an angle is equal to the 
sine of its complement. These propositions may be proved by 
examining different cases as in Arts. 52 and 53; or they may be 
deduced from results already established. ‘Thus, for example, wo 
have proved that 
sin (90° + A) =cos A, universally (Arts. 52, 53), 

also sin (90° + A) =sin (180° — 90°— A), universally (Art. 51), 
therefore sin (90° - A) = cos A, universally. 
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Then if we suppose 90°—A=A’ we have 4=90°-—4’; thus 
sin A’ = cos (90°—,4’), universally. 


55. It will now be found that we are able to express any 
Trigonometrical Ratio of any angle whatever in terms of the 
game Trigonometrical Ratio of some positive angle not, exceeding 
@ right angle. For in the first place by the formule sin (— A) 
=—sinA and cos(—A)=cosA, and those which follow from 
these (see Art. 49), we can make the Trigonometrical Ratios of 
any negative angle depend upon those of the corresponding posi- 
tive angle; and so we need only consider positive angles if we 
please. By Art. 45 any multiple of four right angles. may be 
rejected ; thus, so far as its Trigonometrical Ratios are concerned, 
we may replace any angle whatever by an angle less than four 
right angles. Then by the formule sin (180°+A)=—sin A, and 
cos (180° + .A)=—cos A, and those which follow from these (see 
Art. 50), we may make the Trigonometrical Ratios of any angle 
depend upon those of an angle not exceeding two right angles. 
Lastly, by the formule sin (180°-— 4) =sin A and cos (180° — 4) 
=—cos A, and those which follow from these (see Art. 48), we may 
make the Trigonometrical Ratios of any angle depend upon those 
of an angle not exceeding a right angle. 

For example, 
sin 600° = sin (360° + 240°) = sin 240° = sin (180° + 60°) = — sin 60°. 

Tan (— 1000°) = — tan 1000° = — tan (720° + 280°) = — tan 280°. 
= — tan (180° + 100°) = — tan 100° =— tan (180° — 80°) = tan 80°. 

56. Zo trace the changes in the sine of an angle as the 
angle vartes. ry 

Let BAB’ and CAC" be two straight lines at right angles, and 
suppose a straight line AP of constant length to revolve round 
one end A from the fixéd positida AB so that P traces out the 
circle BCB'C’. From any position of P draw PM perpendicular 
to BAB’; then 

PM 
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Ak 


When AP coincides with AB the perpendicular PM vanishes ; 
thus when the angle is zero so also is its sine. While 4P moves 
through the first quadrant P/ is positive, and continually in- 
creases until AP coincides with AC, and then P/M is equal to AP; 
thus as the angle increases from 0 to 90° the sine increases from 
0 to 1. While AP moves through the second quadrant P&M is 
positive, and continually decreases until AP coincides with AB’ 
and then PM vanishes; thus as the angle increases from 90° to 
180° the sine diminishes from g to 0. While AP moves through 
the third quadrant PM is negative, and increases numerically 
antil AP coincides with AC’; thus as the angle increases from 
180° to 270° the sine is negative and iacreases numerically from 
0to-1. While AP moves through the fourth quadrant PM is 
negative, and decreases numerically until AP coincides with AB: 
thus as the angle increases from 270° to 360° the sine is negative 
and decreases numerically from — 1 to 0. 
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57. To trace the changes in the cosine of an angle as the angle 
varies. 
With the figure of the preceding Article we have 


AM 
AP * 

At first AP coincides with AB and then AM=AP; thus when 
the angle is zero the cosine is 1. While 4P moves through the 
first quadrant AJ is positive and continually decreases until 4? 
coincides with AC and then AM vanishes; thus as the angle in- 
creases from 0 to 90° the cosine diminishes from 1 to0. While AP 
moves through the second quadrant 4. is negative and increases 
numerically until AP coincides with A.B’; thus as the angle increases 
from 90° to 180° the cosine is negative and increases numerically 
from 0 to—1. While AP moves through the third quadrant 4M 
is negative and decreases numerically until AP coincides with AC’; 
thus as the angle increases from 180° to 270° the cosine is negative 
and decreases numerically from —1 to 0. While 4 moves through 
(he fourth quadrant AJ is positive and continually increases until 
AP coincides with 48; thus as the angle increases from 270° to 360° 
the cosine is positive and increases from 0 to 1. 


cos PAB = 


58. Zo trace the chunges in the tangent of an angle as the 
angle varies. 


With the figure of Art. 56 we have 


AM 

At first AP coincides with 4B and then P/M vanishes and 
thus when the angle is zero so also is its tangent. 

While 4/? moves through the first quadrant PM and AM are 
positive; PM continifally increases and AW continually decreases 
until AP coincides with AC ; thus as the angle increases from 0 to 
90° the tangent increases from 0 without limit, so that by taking 
an angle sufficiently near to 90° we can make the tangent as great 
as we please; this is usually expressed for the sake of abbreviation 
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thus, the tangent of 90° ts injinite. While AP moves through the 
second quadrant PJ is positive and AM is negative; PM con- 
tinually decreases and 4M increases numerically until AP coincides 
with AB’; thus as the angle increases from 90° to 180° the tangent 
is negative and decreases numerically from an indefinitely large 
value to zero. While 4P moves through the third quadrant Pi 
and AM are negative; PM increases numerically und AM de- 
creases numerically until AP coincides with AC’; thus as the angle 
increases from 180° to 270° the tangent is positive and increases 
from 0 without limit, so that by taking an angle sufficiently near 
to 270° we can make the tangent as great as we please; this as 
before is abbreviated into the tangent of 270° is infinite. While 
AP moves through the fourth quadrant P// is negative and AD/ 
is positive; PM continually decreases numerically and AW in- 
creases until 4/ coincides with 48; thus as the angle increases 
from 270° to 360° the tangent is negutive and decreases numerically 
from an indefinitely large value to zero. 

Similarly the changes in the cotangent of an angle may be traced. 


59. To trace the changes in the secant of an angle as the angle 
vUrres. 


The changes in the secant of an angle may be traced by means of 
the figure in the same way as those of the sine, cosine, and tangent; 
or we may use the formula sec PAB -— tp , und inter the 
changes in the secant from the known changes in the cosine; we 
will adopt the latter method. As the angle increases from 0 to 90° 
the cosine diminishes from 1 to 0; thus the secant increases from 
1 without limit, so we may sayethe secant of 90° 18 tnjinite. As 
the angle increases from 90° to 180° the cosine is negative and in- 
creases numerically from 0 to —1; thus the secant is negative and 
decreases numerically from an indefinitely large value to—1. As 
the angle increases from 180° to 270° the cosine is negative and 
decreases numerically from —1 to 0; thus the secant is neyative 
and increases numerically from —1 to infinity. As the angle 
increases from 270° to 360° the cosine is positive and continually 
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increases from 0 to 1; thus the secant is positive and diminishes 
from infinity to 1. 
Similarly the changes in the odsecant of an angle may be traced. 


60. Since vers 4 = 1—cos A, as the angle increases from 0 to 
180° the versed sine increases from 0 to 2, and as the angle in- 
creases from 180° to 360° the versed sine diminishes from 2 to 0, 


61. Thus we see that the sine and the cosine may have any 
value between —1 and +1; the tangent and the cotangent may 
have any value between — 0 and +; the secant and the cosecant 
may have any value between — oo and — 1 and between + 1 and+o, 
And it will be found on examination that no Trigonometrica] 
Ratio changes its sign except when it passes through the value 
zero or the value infinity. The versed sine is always positive and 
may have any value between 0 and 2. 

62. The following table of the values of the Trigonometrical 


Ratios of certain angles is formed from the results of the preceding 
Chapter and the present Chapter. 
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EXAMPLES. 


]. Determine the values of the Trigonometrical Ratios for an 
angle of 585°. 


2. Also for an angle of 690°. 
3. Also for an angle of 930°. 
4, Also for an angle of 6420°. 


5, Find all the angles between 0 and 900° which satisfy the 
relation tan @ = 1. 


6. Find all the angles between 0 and 900° which satisfy the 
relation cos’ 6 = 4. 
7. Find all the values of versin t where v is any integer. 


8. Find all the values of sin + (- 1)’ 7 where n is any 
integer. 

9. Solve sin’ é + cos’ 6 = 0. 

10. Solve 2 sin’ #—5cos6-4=0, 


11. Trace the changes in the sign and value of cos 6 —sin 0 
as 6 changes from 0 to 27. 


12. Also of cos* 6 — sin’ 6. 
13. Also of tan 6 + cot 8. 


ai a possible equation if @ and b are un- 


14, Is sec’ @= 
equal 7 
15. Shew that tan (4 + 90°) a= G6 A, cot(A + 90°) = — tan 4, 
sec (A + 90°) = —cosec A, cosec (A + 90°) =sec A, 
vers (A + 90°) =1+sin A. © = 
16. Shew that sin (270° — A) =— cos A, cos (270° — 4) =—sin A 
17. Shew that sin (270° + 4) =— cos A, cos (270° + A) =sin A. 
18. Shew that sin (360° — A) =—sin A, cos (360° — A) = cos A. 
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V. ANGLES WITH GIVEN TRIGONOMETRICAL 
RATIOS, 

63. To construct an angle with a given sine or cosine. 


Cc 





Required an angle the sine of which is a given quantity a. 
Describe a circle with unity for its diameter, and take any diameter 
AB of this circle ; with centre B and radius a describe a circle; let 
C be one of the points where this circle meets the former circle ; 
join AC and BC. 

Then ACB isa right angle, by Euclid, 11. 31, and the sine of BAC 


is _ that is a; therefore BAC is such an angle as is required. 


If the cosine of the required angle is to be a, then the same 
construction may be made, and ABC will be such an angle as is 
required. ; 

64. Zo construct an angle with a given tangent or cotangent. 

Required an angle the tangent of which is a given quantity a. 

Take a straight line AB tke length of which is unity; draw 
BC at right angles to dB and equal in length to a, and join C4. 
Then the tangent of BAC is oa , that is a; therefore BAC is such 


an angle as is required. 
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If the cotangent of the required angle is to be a then the same 
construction may be made, and ACB will be such an angle as is 
required. 


Cc 


A B 


65. If an angle is required to have a given cosecant, then 
since the cosecant is the reciprocal of the sine, the angle must 
have a known sine; therefore the angle may be found by Art, 63. 
Similarly if an angle is required to have a given secant, or a given 
versed sine, then the cosine of the angle is known and the angle 
may be found by Art. 63. 

We shall now proceed to find expressions which include all the 
angles which have a given Trigonometrical Ratio. In the re. 
mainder of this Chapter we shall express all the angles that occur 
in circular measure. 


66. Zo fimd an expression for all the angles which have a 
given sine. . 
Let BAC be the least positive angle which has the given sine ; 


Ld 


Cc 


B’ Ae a | 
denote this angle by o. Produce BA to any point B’ and make 
the angle B’AC’= BAC; then BAV=r-a, « 

Now it is obvious from the figure that the only positive angles 
which have the same sine as a are r—a, and the angles formed by 
adding any multiple of four right angles to a or to w—a; that is, 
angles included in the formule 2nr +aand 2n7 +m —a, where v is 
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vero or any positive integer. Also the only negative angles which 
have the same sine as a are — (x +a), and —(27—a), and the angles 
formed by adding to these ary multiple of four right angles taken 
negatively ; that is angles included in the formule 2nz — (zm +a), 
and 2nm — (24 —a), where n is zero or any negative integer. All 
the angles which have been indicated will be found on trial to 
be included in the formula mr+(—1)" a, where n is zero, or any 
integer positive or negative. Also all the angles included in this 
formula will be found among the angles which have been indi- 
cated. 

Thus the formula mm +(—1)*a includes all the angles which 
have the same sine as a, and all the angles which it includes have 
the same sine as a. ; 

This formula also determines all the angles which have the same 
cosecant as a, 


67. Zo find an expression for all the angles which have a given 
cosine. 
Let BAC be the least positive angle which has the given cosine; 
denote this angle by a. Make the angle BAC” = BAC. 
4 


Now it is obvious from the figure, that the only postive angles 
which have the same cosine 9s a are 27 —a, and the angles formed 
-by adding any multiple of four right angles to a or to 2r—a; 
that is, angles included in the formule 2nz +a and 2nr + 2a —a, 
where ” is zero ‘or any positive integer. Also the only negative 
angles which have the same cosine as a are —a, and — (27 — a), and 
the angles formed by adding to these any multiple of four right 
angles taken negatively ; that is, angles included in the formule 

r—aand Inn —(2r—a), where n is zero or any negative integer. , 
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A)l the angles which have been indicated will be found on trial to 
be included in the formula 2mr a, where m is zero or any integer 
positive or negative. Also all the asfgles included in this formula 
will be found among the angles which have been indicated. 

Thus the formula 2n7 a includes all the angles which have 
the same cosine as a, and all the angles which it includes have the 
game cosine as a. 

This formula also determines all the angles which have the 
same secant or the same versed sine as a. 


68. To find an expression for all the angles which have a given 
tangent. 

Let BAC be the least positive angle which has the given tan- 
gent; denote this angle by a. Produce BA to any point JB’ and 
CA to any point C”, 





CO” 


Now it is obvious from the figure that the only positive angles 
which have the same tangent as a are 7 +a, and the angles formed 
by adding any multiple of four right angles to a or to r +a; that 
is, angles included in the formule Qnxr +a and 2n7 +7 +a, where 
m is zero or any positive integer. Also the only negative angles 
which have the same tangent as a are —(m—a), and — (2r—a), and 
the angles formed by adding to these any multiple of four right 
angles taken negatively ; that is, angles included in the formule 
2nx—(r—~a) and 2nr ~(2r—a), where n is zero or any negative 
integer. All the angles which have been indicated will be found 
on trial to be included in the formula nz +a, where n is zero, or 
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any integer positive or negative. Also all the angles included in 
this formula will be found among the angles which have been 
indicated. ‘ 

Thus the formula nz +a includes all the angles which have 
the same tangent as a, and all the angles which it includes have 
the same tangent as a. 


This formula also determines all the sais which have the 
same cotangent as a. 


69. In Art. 66 we shewed that if a be the least positive angle 
which has a given sine, the formula mz + (— 1)" a includes without 
excess or defect aii the angles which have the same sine as a; it 
was convenient for distinctness in the demonstration to suppose a 
the least positive angle which has the given sine. But this restric- 
tion can be removed, for we can shew that if B be amy angle, the 
formula nx +(-1)" 6 will include without excess or defect all the 
angles which have the same sine as 6. For suppose a to be the 
least positive angle which has its sine equal to sin#; then, from 
what has been proved, we know that 6 must be one of the angles 
included in the formula mz + (— 1)" a where m is zero, or any in- 
teger positive or negative. Suppose then B=rz7+(-1)'a; there- 
fore nm + (—1)"B=nr+(-1)*rr+(-1)""a; and all we have to 
prove is, that this formula includes without excess or defect all the 
angles included in the formula mr+(-1)"a, If n be even the 
formule correspond by taking m=n+r; if n be odd, the formule 
correspond by taking m=n—r, The formula nr+(-1)"8 will 
of course also include without excess or defect all the angles which 
have the same cosecant as £. 


70. Similarly we may shéw that if B be any angle, the angles 
which have the same cosine or secant or versed sine as B will be 
included without excess or defect in the formula 2n7 =f ; and that 
the angles which have the sanfe tangent or cotangent as B will be 
included without excess or defect in the formula uz + £. 


71. Before leaving this part of the subject we will recur to the 
definitions of the Trigonometrical Ratios; we considered them 
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as ratios formed by comparing the sides of a right-angled triangle, 
but formerly they weré differently defined, and it is advisable to 
notice the old definitions in order that the student may understand 
allusions to them which will occur in his reading. 





Let A be the centre of any circle, AB a radius, BP any are; 
draw the radius AC at right angles to AB, ‘and draw tangents to 
the circle at the points B and (’; produce AP to meet the first 
tangent at /’ and the second tangent at ¢; draw PM perpendicular 
to 4B. Then the old definitions are as follows, in which the 
straight dunes of the figure are considered to be functions of the 
arc BP, PWM is the sine of the arg BP, AM is its cosine, BT’ is 
its tangent, C’¢ is its cotangent, A7’ is its secant, Ad is its cosecant, 
BM is its versed sine, also the straight line joining B and P is the 
chord of the arc BP. Thus the tarms sine, cosine, &c., formerly 
denoted certain straight lines and not certain ratios. On the old 
system the lengths of the sine, cosine, &c. depended on the radius 
of the circle considered, so that it became necessary to state what 
length was ascribed to this radius in any investigation, 
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72. It is easy to connect the values of — old and new Trigo- 
nometrical Functions ; for 


sine of the angle PAB=75 , 


sine of the arc PB= PN; 
thus sine of the arc = radius of circle x sine of the angle, 


sine of the arc 


and sine of the angle = = vadiliacof ciclo. 


Similar results hold for all the other Trigonometrical Functions. 
Thus from any formula in the modern system which involves Func- 
tions of angles, we can deduce the corresponding formula in the 
ancient system which will involve Functions of arcs, and vice versa. 


For example, if A denote any angle, we have (Art, 32) 
sin’ A + cos’ A = 1, 


Now let @ denote the arc corresponding to A in a circle of 
radius +; then, using the old definitions, 


sinta  cos’a 





af teh 

so that sin* a + cos’ a = 1". 
Suppose the oe a PB drawn ; then the sine of half the 
angle PAB= ie = ea q ae and therefore the chord of an arc 


= radius of Piss x twice the sine of half the angle. 


73. Since the sine of an are is equal to the radius of the circle 
multiplied by the sine of the angle, it follows that if the radvus of 
the circle be unity the numerical value of the sine is the same in 
both systems ; and a similar result holds for the other Trigonome- 
trical Functions. Thus any formula expressed in the ancient 
system may be immediately converted into a formula expressed 
in the modern system by supposing the radius of the circle to be 
equal to unity. 
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74. The old definitions give some indications of the origin of 
the terms sine, cosine, dc. The word sine seems derived from the 
Latin word sinus a bosom, the arc is supposed to represent a bow, 
and thus gets its name, and the string, half of which represents the 
sine of half the arc, would come against the breast of the archer. 
The words téngent and secant are naturally derived from the old 
definitions, (See the Hnglish Cyclopedia; article Trigonometry. ) 


75. The modern method has now completely superseded the 
ancient method in English works ; it was introduced by Dr Peacock. 
(See Peacock’s Algebra, Vol. 11. page 157.) It may however be 
observed, that it is stated by Professor De Morgan (7'rigonometry 
and Double Algebra, page 18), that “ Rheticus, who gave the first 
complete Trigonometrical table, and invented the secant and cose- 
cant to complete it, used the method of ratios.” 


EXAMPLES, 
Write down the general value of 9 when tan 6 = 1. 
Write down the general value of § when sin @ = 1. 
Write down the general value of 9 when cos 6= 1. 


bo] = 


Write down the general value of @ when cos @ = — 
Find all the values of 6 which satisfy sin’ = sin*a, 
Write down the general value of 6 when cosec’@ = . 


Find all the values of 6 which satisfy cos"6 = cos*a, 
Write down the general value of when sec*6 = 2. 
Find all the values of 6 which satisfy tan’6 = tan‘a. 


Write down the general value of 0 when tan’*6 = . 
11. Shew that all the angles Which have both the same sine 
and the same cosine as a, are included in the formula 277 +a. 


L2, Write down the general value of 6 which satisfies both 


SFY SS ES SS Se 


pont 
ad 


ee: J3 
sin 9=—5 and cos 0 =——>. 
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VI. TRIGONOMETRICAL RATIOS OF TWO ANGLES. 


76. To express the sine and the cosine of the sum of two angles 
in terms of the sines and the cosines of the angles themselves. 





0 M Q 4 

Let the angle COD be denoted by 4, and the angle DOE by 
B; then the angle COZ will be denoted by 4+ 8B. In OF take 
any point P, draw PM perpendicular to OC, and PN perpendicular 
to OD; draw NR perpendicular to PM and VQ perpendicular 
to OC. 

Then the angle VPR is the complement of PVR, and is 
therefore equal to RO, which is equal to VOC or A. 


Bue PM RM:+PR WN PR 
Now sin (4 + B) = OP =~ OP =ah+ OP 
_Ne ON “ _ PR PN 
“ON OP * Py’ OP 
.= sin A cos B + cos A sin B. 
_OM | 0Q- QU OQ | NR 
oon (4+ 8)= 05 =—OP OP ~ OF 
09 ON WR NP 
ON’ OP NP° OP 
= cos 4 cos & -- sin A sin B. 
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77. To express the sine and the cosine of the difference of too 
anyles in lerms of the sines and the cosines uf the angles themselves. 


U 


0 @ M C 


Let the angle COD be denoted by A, and the angle DOE by 
B; then the angle COZ will be denoted by 4-8. In OF take 
any point P, draw PM perpendicular to OC and PN perpendicular 
to OD; draw VA perpendicular to .4P produced and VQ perpen. 
dicular to OC. 

Then the angle VPR is the complement of PVR, and is 
therefore equal to VR which is equal to DOC or A. 

ie RM-RP NQ RP 
Now sin (4 — B) = OP = OP ~ OP 
x9 ow EP PN 
~ ON’ OP” PN* OP 
= sin A cos B—cos A sin B. 
ed 0Q+#QM O00 "VR 
cn(A-B)= Gp = OP OP * oP 
a ON ee Rk PN 
“ON OP * PN’ OP 
+ we A con B+ain 4 sir 5 
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78. To assist the student in remembering the preceding 
demonstrations, we may observe that the point P is taken in the 
straight line which bounds the compound angle we are considering; 
thus, in proving the formuls for sin (A +B) and cos(4 +B) the 
point P is taken in the straight line which bounds the angle 
4+, and in proving the formule for sin (A — B) and cos (A - B) 
the point P is taken in the straight line which bounds the angle 
A-—B, After the construction is completed, the principal step 
consists in shewing that the angle VPP is equal to 4; it will 
be seen from the construction that this is the case, for the straight 
lines PN, PR are respectively perpendicular to the straight lince 
which form the angle A, and thus form an angle equal to A. 


79. The formule established in Arts. 76 and 77 are true 
whatever may be the size of the angles A and B; the student may 
exercise himself by going through the construction and demon- 
stration in different cases; it will be found that the only variety 
which occurs in the construction consists in the circumstance that 
the perpendiculars sometimes fall on certain straight lines and 
sometimes fall on those straight lines produced. We will, as an 
example, prove the formule in Art. 76, when each of the angles A 
and B is less than a right angle, and their sum greater than a 
right angle. 





Let the angle COD be denoted by 4, and the angle DOE by 
B; then the angle COZ will be denoted: by 4+ B. In OF take 


FRIGUNUMBsKRICAL RALTLUS Us 1TWU ANGLIbs, vu 


any point P, draw PM perpendicular to CO produced and PW 
perpendicular to OD; draw NR perpendicular to PM and NQ 
perpendicular to OC. ° 

Then the angle VP£ is the complement of PNR, and is there- 
fore equal to RNO, which is equal to VOC or A. 


Now sin (4 + B)= 75 = ae nee 


NQ ON , PR PN 

“ON OP * PN’ OP 
= sin A cos B + cos A sin B. 

OM | 
OP? 
here we must remember that OM being measured to the left of O 
is a negative quantity, and we may put for it OQ-— QW, that is 
0Q-— NR; thus 


Also cos(4 + B)=—— 


-NR 0Q NR 
con (d+ B) = “Se = - Op 


0Q ON NR PN 


~ ON’ OP PN'OP 
= cos 4 cos B—sin A sin B. 


80. The formule established in Arts. 76 and 77 may be con- 
sidered the fundamental formule of the Subject; it is important 
therefore that they should be shewn to be universally true. As 
we have intimated in the preceding Article, the student might 
convince himself of their universal truth by examination of all 
the cases that can occur; but we may arrive at the required result 
more decisively by making use of some theorems which have al- 
ready been completely established. 


The formulz we have to prove are 


sin (4 + B)=sin A cos Bet cos A sin Bi........seeeceees (1). 
cos (A + B)=cos A cos B—sin A sin B.............c0ees (2). 
sin (A — B) =sin A cos B— cos Asin B..............000 (3). 


cos (A — B) = cos A cos B +sin Asin B..............5--- (4). 
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Now in Arts. 76 and 79 we have shewn that (1) and (2) hold for 
all positive values of A and B, which do not exceed a right angle ; 
and in Art. 77 we have shewn that (3) and (4) hold for all positive 
values of 4 and B which do not exceed a right angle, provided A 
be greater than B. We shall first shew that the restriction of A 
being greater than B may be removed from (3) and (4). 


By Art, 49, sin (A — B) =~sin (B- A), 
and cos (A — B)=cos (B- A); 
if then we know that 


sin (B — A) =sin B cos A — cos Bsin A, 
and cos (B — A) = cos B cos A + sin Bsin A; 
we know also that 

sin (A — B) =sin A cos B —cos A sin B, 
and cos (A — B) =cos A cos B + sin A sin B. 


Therefore if (3) and (4) hold for values of A and B comprised 
between any limits when 4 is greater than B, they hold for values 
of A and B comprised between the same limits when A is less 
than B. 

Thus we know that the four formule are all true for any 
positive value of each angle between zero and a right angle. We 
shal] next shew that if all the formule are true for values of A and 
B comprised between certain limits, these limits may be increased 
by a right angle, For by Art. 52, 

sin (90° + 4 +B) = cos (4 + B) =cos A cos B—sin A sin B 
= sin (90° + 4) cos B + cos (90° + A) sin B; 
in this way, from the truth of (2) for any limits, we can infer the 
truth of (1) with an increase of 90° in the limits of either angle. 
Similar considerations apply to all the other formule; and thus 
the limits become as large as we ‘please. 

Lastly, the truth of the formule for any negative angles may 
be established ; suppose 4 and B both negative, let A =~ A’ and 
B=- 3B’; thus 
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sin (A + B) = sin (~—A’— B) =—sin (A’ + B), by Art. 49; 
= — (sin A’ cos B + 00s A’ sin B’) 
= sin (— A’) com(— B’) + cos (— 4’) sin(- 8) 
= sin A cos B + cos A sin B. 
Similarly al] the other formule may be shewn to be true when both 
the angles are negative, or when one of the angles is negative. 


81. From the four fundamental formule a large number of 
other formule may be deduced; we shall give some examples of 
such deductions, 


82. In the expressions for sin(4 +B) and cos (4+ B) put 
B= A; thus 
sin 2A = 2sin A cos A; 


cos 2.4 = cos® A —sin* A =] — 2 sin’ A = 2 cos* A — 1. 


Thus 1 + cos 24 = 2 cos* A, 
1 —cos 2A = 2sin’ A, 
] — cos 2A ‘ 
and 1a cos 24 = tan A. 
sin 2A sin 2.4 
Also Ta cos ga = OP 4, ioe 


83. Sin (4 +B) sin (A — B) ; 

= (sin A cos B + cos A sin B) (sin A cos B — cos A sin B) 
= sin’ A cos’ B — cos" A sin’® B 
= sin’ A (1 — sin’ B) — (1 — sin") sin’ B 
=sin” A —sin’ B. 

This result is very important. ° 

And cos (A + B) cos (4 — B) 
= (cos 4 cos B ~ sin A gin B) (cos Avos B+ sin A ain B) 
= cos" A cos* B - sin’ A sin* B 
= cos’ A (1 —sin’ B) — (1 —cos* 4) sin’ B 
= cos’ A —sin* B =cos" B — sin’ A. 
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84, From the four fundamental formule we have 
sin (A + B) +sin (A ~ B) =2s8in A cos B, 
sin (A + B) —sin (4 — B) =2.cos A sin B, 
cos (A + B) + cos (A ~— B) = 2 cos A cos B, 
cos (A — B) — cos (A + B) = 2s8in Asin B. + 


Let A+B=C and A-— B=D,; therefore 
A=}4(C+D) and B=}(C—D); thus 
C+D C-D 


sin C+ sin D = 2 sin —-5— cos a 


sin C — sin D= 2.008 7 sin S= 








cos C'+ cos D = 2 cos ot? cose 








cos D) - con = 2 in C+? gin SRE 





These formuls will be found to be extremely useful in mathe- 
matical investigations; they enable us to put the swm or the dtf- 
Jerence of two sines or two cosines in the form of a product, or tc 
replace the product of a sine or a cosine into a sine or a cosine 
by half the swm or half the difference of two such Ratios. 


_sin(4 +B) sinAcosB+cos Asin B 

a Tan (4 +3) = (d+ B) * ond oon Bosin dain B 

divide both numerator and denominator of the last expression by 
@ 

sind | sin B 
cos4 cosB . 

sin 4 sin B’ 
~ eos A cos B 


therefore tan (A + B) = fete : 





cos A cos # ; thus we get 
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Suppose B = A ; thus we obtain 
2 tan A 
eas Se 
_sin(A—B)_ sin Acos B—cos Asin B 
Tan (4-8) = <5 (d= B) ~ oo A cog B+ ein A ain B 
. sind _ sin B 
cosA cosB_ tanA-—tanB 
|, sntein Bo 1+ ten A tan B 
cos A cos B 


Suppose for example that B= 45°, so that tan B=1; then we 
shall obtain 


tan (A + 45°) = 





1+tan A. o, _tanA-] 
fon a 


Bes, Ceri Bye et) eee a ee 


cos A cos B 
_sinAsinB —_ cotA cot B-1 
= coed cos B~ “cot A+ oot B 
sind sinB 
Suppose B = A ; thus we obtain 
cot® A — 1 
cot A * 
cot A cot B+ 1 
‘cot B—cotA ° 


: ; 2 sin A cos A 





cot 2.4 = 





Similarly cot (4 — B) = 


divide both numerator and denominator of the last expression by 
2 sin A 
cos A 
cos’ A ; thus we get "nary 
1+ 





cos* A 
2 tan A 


therefore smn 2A = 1+ tan’ A ° 
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Also cos 2A = cos" A —pin' A = 9% 4-8 4 pais 99 and 32) 
cos" A + sin® A 


















































] sin’ A ¥ 
_ ~ cos’4 1] —tan*A 
184d” 14 tant A 
cos* 4 
9 sin At F cog 4-2 
88 sin A+sin B 2 2 ee 
; sind-sinB 4 430, 4-8 | oo 
cos sn ——— 
2 2 
tan 437 
tan 2 > 
2 
cos At F eos 4-2 
oon 008 : (Att. 84) 
cos B - cos A 9 sin At sin 4-7? : 
2 2 
A+B A-—B 
= cot 3 cot —s— . 
Oral A+B A-—B 
sin A+sin Be en 4B 
cos 4 +cosB AcE. Aap ee 
2 cos COs 
2 
poet ae 
sin A —sin B 2 2 ,4+B 
csbocsd . A+, A-B Og 
2 sin 9 sin 5 


sin A‘ sin B gin A cos B+cos Asin B 


89, Tan A+ tan B= ed * cos B cos A cos B 





_ ain (4 + B) 
~ cos A cos B . 
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— _ sin (A — B) 
Similarly tan A - tan Ba 


sinA cosdA_ sin®A+cos"A 


0s. Tana che a gad wn does 


; eco Bg ee nt 
~ gin AcosA 2sin AcosA_ sin 24 


sin. A cos/4_sin*® A —cos* A 
ee OO ~ sin 4 sin A cop 4 








cos 2.4 2 cos 2.4 
Se ge =—2cot24, 


91. Sin 34 =sin(24 +.A)=sin2A cos A + cos2A sin A (Art. 76) 
= 2 sin A cos* A + (1 — 2 sin’ A) sin 4 
= 2sin A (1 —sin* A) + (1 — 2 sin’ A) sin A 
= 3sin A — 4sin’ A. 

cos 3.4 =cos (24 +.4)=cos 2A cos.A -sin 2A sin A (Art. 76) 

= (2 cos"A — 1) cos A —2 cos A sin’ A 
= (2.cos’A — 1) cos A — 2 cos A (1 ~ cos" A) 
= 4 cos* A - 3 cos A. ‘ 

ence tan 34 =S294 _ Sain d Asin A 


Divide both numerator and denominator by cos*A ; thus 





3tan A (1+tan’ A)—4 tan’ A _ Stan A—tan’ A 
= Fag (Art, 84) = So 
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92. To find the values of the Trigonometrical Ratios for an 














angle of 15° and am angie of 75°. 

sin 15° =sin (45° — 30°) = sin 45° cos 30° — cos 45° sin 30° = ay ; 
cos 15°=cos jend — 30°) = cos 45° cos 30° + sin 45° sin 30° = oe ; 
wow PL WP 

ws 162818 BH (BAU gp, 





J3 +1, ee ee ae 
ED : cos 75° = sin 15° = a2? 


tan 75° = cot 15°=24+ ,/3; cot 75° = tan 15°= 2 —,/3 ; 


And sin 75° = cos 15° = 





2/2 2/2 
0 o_ , o_ fae Ne, 
sec 75° = cosec 15 =B a1? cosec 75° = sec 15 $41 


93. Jf sinA=sin B and cos A= cos B, then etther A and Ii 
are equal, or they differ by some multiple of four right angles. 

For cos (A ~ B) = cos A cos B +8in A sin B 

=cos’ A +sin’ A = ] 

therefore A — B=0, or a multiple of four right angles taken posi- 
tively or negatively. (Art. 67.) 

94. If cos.A =cosB and sin A =—sin B, then A+B is zero, 
or a multiple of four right angles positive or negative, 

For the given telations may. be written 

cos A =cos(—B), sin A=sin(—B). (Art. 49.) 


Hence by the preceding Article 4 — (— B), that is A + 3, is zero or 
somo multiple of four right angles taken positively or negatively., 


Prove the following identities : 
1. 


Su me 99 BS 


a 


10. 


11. 
12. 
13. 


14, 


15. 
16. 
17. 


18. 
19, 
20. 
21. 
- 22, 
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EXAMPLES. 


e 

cos A + sin A 

cos A — sin A 

2 sin’ A sin’ B + 2 cos’ A cos’ B= 1 + cos 24 cos 2B. 

tan (45° + A) — tan (45°— A) = 2 tan 24. 

sin 3A cosec A — cos 3.4 sec A = 2. 

3sin A —sin 34 = 2 sin A (1 — cos 2A), 

sin A +2sin34+sin5A sin 3A 

sin3A+2sin5d4+sin7A  sindA’ 

sin B _ sin (24 + B) 

sin A sin A 

sin 44 = 4 sin A cos®A — 4cos A sin’ A. 

cos A — cos 34 

sin 3A — sin A 

cos 2A —cos4A 

sin 44 —sin2A — 

cosec 24 + cot 44 = cot A —cosec 4A. 

cos’ (A — B) + cos’ B — 2 cos (A — B) cos A cos B =sin’ A. 

sin’(A — B) + sin’ B + 2 sin (A — B) sin Boos A = sin’ 4 

1 — tan®(45° — A) : 

1 + tan’(45° — 4) 

4 tan A (1 — tan’ A) 
(1 + tan* A)’ 

sin A (1 + tan 4) +cos A (1 + cot A) =sec A + cosec A. 

i 3 + 28inQA 

sn 3d coor Sd 7 To daiwga (4 ~ 40%) 

cos A + cos (120°— A) + cos (120° + A) =9. 

4 sin A sin (60° — A) sin (60° + A) = sin 34. 

4 cos A cos (60° — 4) cos (60° + A) = cos 34. 

tan A tan (60° + A) tan (120° + A) =— tan 34. 

tan A + tan (60° + A) + tan (120° + 4) = 3 tan 34. 


= tan 2A + sec 2A. 





— 2cos (A + B). 


= tan 2A. 


tan 3.4, 


= sin 2.4. 





= sin 4/4. 
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28. oot A+ cot (60° + A) + cot (120° + 4) = 3 cot 34. 
24. cot A cot (60° + A) + cof (60° + A) cot (120° + A) 
+ cot (120° + A) cot A = — 3. 
25. sin®A ; sin’ (120° + 4) +sin® (240° + 4) =- 9 sin 34, 
26. sin 34 sin’ A +cos 34 cos®A = cos® 2A. 
27. cos*A sin 34 tain? Ao 3A sin 4A 
3 4 
28. cos nA cos (n+ 2) 4 —cos*(n + 1) A +sin’ A =0. 
sin A &sinnA +sin(2n—1) A _ 
ae cos.A & cos 2A + cos (2n — ya 
30. sin 7A cosec*A sec A — cosnA sec* A cosec A 
= 4 sin (n — 1) A cosec’ 24. 
3l. cos 104 + cos 84 +3 cos 44 + 3 cos 2.4 = 8 cos A con® 3A. 
82. cot A +cot 2d + cot 44 
= cosec 44 (2 + 2 cos 2.4 + 3cos 44). 
33 ie ____ 2 sin 24 + 2cos 2A 
> CORCC = con A — sin .A —cos 3A +8in 3A 
34. cos’ 2A = (cos A — sin 34)* + 2 cos A sin 34 (cos A — sin A), 
35. cos’d —sin’ A =*cos 2.4 (1 - } sin’2.4). 
36. sin 54 =5 sin A — 20 sin® 4 + 16 sin’ A. 
Solve the following equations : 
37. tan (G-9) + cot ({-8)=4 38. sin 40+sin 0= 0. 
39, sin 70 —sind=sin 30. 40, sin 0 +008 8=—F 
41. sin56=16 sin’. © 42. cos 36+ cos 20 + cos 6 =0. 
43, sin30+sin20+sind=0, 44. tan 0 + tan (7 +0)=2. 
45. tan 26=800s°9- cot 6. 46. tan (7 +0)= 3 tan (7 6). 
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VIL FORMULA FOR THE-DIVISION OF ANGLES. 


95. In Art. 82 cl.ange A into - thus we obtain 


con A = 1-2 ain? =2 cost — 1; 


therefore sin = /1708%4 24,4. /Ltcosd 
go 2 y © Q- 9 ° 


96. Since we may suppose cither the positive or negative sign 
to be placed before the radical quantities in the preceding Article, 
we see that corresponding to one value of cos. there are two values 








of sin 5 and éwo values of cos f and the reason of this may 


be assigned. For if a be an angle which has a certain cosine, then 
the formula 2nm* a includes all the angles which have the samo 
a 
2 
in terms of cosa may be expected to give the value of the sine of 
every angle included in the formula 4 (2n7 +a). Now 


cosine; therefore any expression which gives the value of sin 


2 2 2 2 2 
thus two values occur which differ only in sign. Similarly, any 


° a ° a - a - a . & 
sin { 27 = — = 8IN n7 CUS = # COS NT SIN = =*& cOSnr SIN= - ¥SIN = ; 


a 
2 
expected to give the value of the cosine of every angle included in 
the formula 4 (2n7#a). Now ° 


expression which gives the value of cos — in terms of cosa may he 


a a ° - @ a a 
COS nin 5) = 008 nm COS ¢ # 8IN 7 SIN = = COB NT COR = = © COB ; 
2 2 2 : 2 2 


thus two values occur which differ only in sign. 
Such an explanation as we have here supplied of an ambiguity 


in sign is applicable in many cases in Trigonometry ; for example, 
in Art. 46: we shall see other instances in the present Chapter. 
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97. If cosA only be given and nothing more be known 
respecting A, then the ambiguity of sign which occurs in Art, 95 


cannot be removed. If however A itself be given, then ‘ is a 


known angle, and therefore we know whether sin $ 18 positive or 
negative ; and also whether 008 is positive or negative; thus we 
know which sign is to be taken with each radical quantity. Or if 


we merely know in which quadrant the angle ‘ lies, we can 


determine the proper signs ; for example, if ss is an angle between 


2 
180° and 270°, both its sine and cosine must be negative quantities. 


98, By Art. 82 smdéA=2 ae jae 


2 2’ 
A 
also 1 = sin’ gt cos* 9? 
A : 

thus (sing + 008% ) = J +sin 4, 

and (sing - — cos = 3) l1-sn4; 

therefore sin $ + 0085 = J(1+8im A) soececccnsessee() 
and gins — con $= J(1 — sit A) oes ceo (2) 


therefore 2 sin § = /(1+sin A) +,/(1 —sin 4), 


and 2 cons = (1+ sin A) ~ J/(1 -sin A). 


99, Since we may suppose cither the positive or negative sign 
to be placed before each of the radical quantities in equations (1) 
and (2) of the preceding Article, we see that corresponding to ons 


value of sin.A there are fowr values for cos = 


5 and four values for 
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sing and the reason of this may be assigned. For if a bean angle 


which has a certain sine, then the formula nm + (— 1)" a includes all 
the angles which have the same sine; therefore any expression 
a 
2 
to give the value of the sine of every angle included in the 
formula d{nm + (—1)* a}. 

First suppose n even and equal to 2m; then 


which gives the value of sin= in terms of sin a may be expected 


sin 4 {mr + (— 1)" a} = sin (ma + 5) = sin mr cos § + COs mr sing 


= cos mm sin — = sin - 
eda ura 
Next suppose n odd and equal to 2m+ 1 ; then 


sin }{nr+(—1)"a}=sin (ma + =F") =sin marcos 5" cosmrsin a 


2 2 2 
= cos mr sin. = * sin ——— = + cose. 
2 2 2 
Thus four values occur for the sine of half an angle when the sine 
of the angle is given. 


Similarly any expression which gives the value of 008 5 in 


terms of sina, may be expected to give the value of the cosine of 
every angle included in the formula 4 {nm + (— 1)" a}. 
First suppose 7 even and equal to 2m; then 
cos $ {nm + (— 1)"a}= cos (ma + 5 )= 208 0 cos g — sin mm sin 5 
e 


COB Mr COB ~ = + COS = 
- 2 2° 


Next suppose n odd and equal,to 2m+ 1; then 


cos 4 {ar +(— 1)"a}=cos (me + TF ke0e m7 COB <> ~sinmasin™ = 
= in See ee 
= COS 17 >= 5 = 5 i 
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Thus four values occur for the cosine of half an angle when the 
sine of the angle is given. 


100. If sin A only be given and nothing more be known 
respecting A, then the ambiguities of sign which occur in Art, 98 
cannot be removed. If however A itself be given, or if we merely 
know in which quadrant the angle A lies, we can determine the 
proper signs; for in any particular case we may proceed thus, 
We have 


cin $+ con en / (1 SI A) cose isn Secnwnasen (1), 
sin 4 — cos = af (DBI) ticisase cede coeiaees (2). 


Now suppose, for example, that A lies between 0 and 90°, then ‘ 


lies between 0 and 45°; therefore cos ; and sin $ are both positive 


A 
2 
is a positive quantity, and we must therefore take the positive sign 
in (1), and the left-hand member of (2) is a negative quantity, and 
we must therefore take the negative sign in (2). Therefore if A 
lies between 0 and 90°, we have 


and cos ~ is greater than sin 2 ; hence the left-hand member of (1) 


sin 5 +0085 = + /(1 + sin A), sin 4 —cos 5 =-,/(1-sin 4) 


therefore ain $=+,/(1+ein A)— /(1—sin 4), 


con = + /(1 +8in 4) +,/(1 sin 4), 
For another example, suppose that A lies between 270° and 360°, 
then < lies between 135° and 180°; therefore cos is negative, 
and ain % is positive, and cos is numerically greater than sin ; 
hence the left-hand member of (1) is a negatwe quantity, and we 
must therefore take the negative sign in (1), and the left-hand 
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member of (2) is a positive quantity, and we must therefore take 
the positive sign in (2). Therefore if A lies between 270° and 360°, 
we have 


jn 5 oe oA 4a), ans aha  wie n AY 
z +0085 z ~ 085 
therefore Bain = — (1 +sin A) +/(1 -ain d), 


20084 =~ (I +sin A) — (1 —sin A). 


101. It is easy to give general formule for determining the 


; ae. A _ A A 
signs of sin | + cos and sin > — COs > 


_ A A 1 .A l A _ (Am. 

For sin 5+ aaa” Vie v2 (<5 sin + 730%) = Jasin(5 +T)5 
now sin 5 +)i iti it4 ih 
€E 4 poswrive o+Z 


and negative if © +7 lies between (2n +1) and (2n +2) x, where 
A 


” is zero or any integer positive or negative. Thus sin — + 008 5 
33 


is positive if s lies between 2nr — i and 2nm + 7? and negative if 


«lice between 2x7 + = and 2x7 2 ; 


Similarly gin — 008 $= 4/2 sin (5-3) and hence we can 


lies between 2n7 and (2n + 1)7, 


2 2 4 
infer that rin 5-008 4 is positive if < lies between 2mm + 7 and 


e 
2 + sa , and negative iS lies between 2m + = and 2nur + 4 , 


where m is zero or any integer positive or negative. 
We will apply this to an example ; required the limits between 


which — must lie in order that 


sin =— J(1 +nin A)—,/(1 —sin A), 
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To obtain this result the lower sign must be taken in (1) anc 
in (2) of Art. 100; thus from (1} we infer that 2 must lie betweer 


2 
ne + 5 and ane and from (2) we infer that & must lie 


between 2m + on and 2m + om : hence, combining these results 


we see that f must lie between 2n7 + and 27r + is , where 7 
is vero or any integer positive or negative. 
2 tan 4 
102, By Art. 85, tan A =————eg ; 
1— tan’ z 


put c for tan 4; thus tant 5 +2 tan —0=0; 


therefore tan = = ast a A , 


103. The reason why two values occur in finding the tangen 
of half an angle when the tangent of the angle is given, may be 
assigned as before. For if a be an angle which has a certain tan- 
gent, then the formula mz +a includes all the angles which have 
the same tangent; therefore any expression which gives the value 
a 
2 
tangent of every angle included in the formula 4 (nz + a). 


First suppose 7 even and equal to 2m ; then 


of tan = in terms of tan a may be expected to give the value of the 


tan 4 (nw-+a)=tan (ma +5) = tan 5. 


Next suppose n odd and equal to 2m +1, then 


wT+a wT+a T a @ 
tan 4 (n+ a) = tan( mz + 7) ) = tan 3 =tan (5 + 5)=— cots. 
Thus two values occur for the tangent of half an angle when the 


tangent of the angle is given. 
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104, If tan A only be given and nothing more be known 
respecting A, then the ambiguity of sign which occurs in Art. 102 
cannot be removed. If however 4 itself be given, or if we merely 


know in which quadrant : lies, we know whether tan . is positive 


2 
or negative, and thus we know which sign we must take, 
105. By Art. 91 peat = 2 6c : 

° vy le ; co = 3 83 ° 


Thus if cos A be given we have a cubic equation for determining 
CO8 5 and the reason for this may be assigned as before. For if a 


be an angle which has a certain cosine, then the formula 2nr «a 
includes all the angles which have the same cosine; therefore any 
expression which gives the value of cos 5 in terms of cos a may be 
expected to give the value of the cosine of every angle included in 
the formula 4 (2u7 a). Now 7 is of one of the forms 3m, 3m +1, 
3m — 1. 

First suppose x= 3m; then 


008 } (2nm a) = cos (2m 5) = 008 5 


Next suppose n= 3m +1; then 


cos 4 (27 a) = cos (2inx + ome) = COS — : 





Lastly suppose n = 3m—1; then 








nee). gum re 
3 * 3 
2r+a Qr —a 


3 Pe 8 


cos 4 (227 # a) = cos (2mm _ 








ea 
Thus three values occur, namely cos 3 cos 


106. By Art. 91, sin A = Bain < - Asin? 


Thus if sin A be given, we have a cubic equation for determining 
sin ; and the reason for this may be assigned as before. 
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EXAMPLES. 


1. Show that 2sin 4 =— J/(1+sin4)-/(1—sin 4), when A 
lies between 450° and 630°. 


2. Obtain 008 i Gene oe ed eran 4 lies between 405° 
and 495°, 


3. Obtain sin + in terms of sin 4 when ‘ lies between — 45° 
and — 135°. 

4. Determine the limits between which A must lie in order 
that 2 sin 4 = — ,/(1 +sin 24) + ,/(1 —sin 24). 

5. Determine the limits between which A must lie in order 
that 2 cos A = — ,/(1 + sin 2.4) + ,/(1 —sin 24). 

6. Determine the limits between which A must lie in order 
that 2sin A = ,/(1 + sin 24) — ,/(1 — sin 24). 

7. Divide a given angle into two parts whose sines shall be 
in a given ratio. 

8. Divide a given angle into two parts whose cosines shall be 
in @ given ratio. 

9. Divide a given angle into two parts whose tangents shall 
be in a given ratio. 


10. “Givin 


5 = 2/3, sind gin A, 


11. Given sin 210° = — | 


9) find cos 105°, 


12, Given tan 24 =-7, find sin A and oos A. 


13. Find tan 165° from the known value of tan 330°. 
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A 2sin A—sin 2A 


3 SS PETITES 
14, Shew that tan > Fandesndd° 


180° + A 180°— A 
2 2 ° 


16. (cos A +cos B)* + (sin A + sin B)" = 4 cos? oa: 


B 


15. vers (180° — A) = 2 vers 











17. (cos A — 008 B)* + (sin A — sin B)*= 4 sin? A= 
18, Shew that sin 222° = Alef) cos 224° = V2 a), 


and tan 224°= /2- 1. 
A 


19. (tan A + cot A) 2 tan 5 (1 ~ tan’ 5) . (1 tant 5), 


e(m  A\ secA+tan A 
20. tan'(T +9) =a tan 
21 sin (FT - ~ §) +008 (5 -5)= ae 
4 2 4 2/  ,/(vers 6)° 


22. Shew that 4 sin* : (1 — sin 5) {1—,/(1 +sin 6)}*. 


oT cont om 4 cost oe 4 cost aD 
23. cos 3 + cos BR +08 3 + COS 3 79° 
24. tan 74°= /6—-,/3+ /2-2. 

25, tan 1423°=2+,/2—- J/3—-,/6. 


26. If tan e=(2+,/3)tan g, find the value of tana. 


27. Ifa= (n + is ;)m where n is any integer, find the value 


of tana+ cota. 
cosa cos 13a 


28, Ifa=— ’ find the value of ok Sa GOR Da 


29, If sec ($ + a) + sec (sp — a) = 2 see f, then cos $ =,/2 008 5 


6 /l+c\4, ¢ . COSP-C 
30. Tf tan 5 = = [ng) tang) shew that cos §= PEST. 
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VIII. MISCELLANEOUS PROPOSITIONS. 


107. To find the sine and the cosine of an angle of 18°. 

Let A denote an angle which contains 18°, then 24 contains 
86° and 3A contains 54°; hence, by Art. 29, sin 24= cos 34, 
therefore 2 sin A cos .A = 4 cos’ A — 3cos A; 
divide by cos A, thus 2sin 4 = 4 cos’ A — 3=1—4sin’ 4, 
therefore 4sin®4+2sinA-~-1=0; 
by solving this quadratic equation we obtain 


in A= 5. 


Since the sine of an angle of 18° is a positive quantity we must 
take the upper sign, therefore 
sin 18°= V° = 


and cos 18°= ,/(1 — sin" 18°) = we N”. 
108. Zo find the sine and the cosine of an angle of 36°. 

3 
cos 36°=1-2sin" 18° = 1-2 ("=") 1622/5 


8 
j—- Bd _ Sew. 
4 4 





sin 36° = /(1 — cost 36%) = YOO Pa?) 


109. Hence the values of the Trigonometrical Ratios for 
angles of 54” and 72° are known; for 


sin 54° = cos36°, cos 54° = sin 36°, sin 72° = cos 18°, cos 72° = sin 18°. 


110. The reason why more than one result was obtained in 
Art. 107, is that the equation sin 24 =cos3A is true for some 
other values of 4 besides 18°, This equation may be written 

| cos (90° - 24) =cos 34, 
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Hence we conclude that 90°—2A must either be equal to 34 
or to one of the angles which have the same cosine as 34; thus 
every admissible value of A will be found from the equation 

90°— 2A =n, 360° = 34; 
where is zero or any integer positive or negative ; 
. 90° —n. 360° 
thus A= ae er aa 


For example, if n= 0 and we take the lower sign in the de- 
nominator, we obtain A =—90°; this value of 4 makes cos A =0, 
and thus we see a reason for the appearance of the factor cos A 
which was removed by division in Art. 107. Again, if we put 
n=1 and take the upper sign in the denominator, we obtain 

270° ; ‘ hee o 1+,/65 
A a = — 54°; and sin (— 54°) = —sin 54°=—cos 36 cary ae 
and thus we see a reason for the appearance of the other root in the 
quadratic equation of Art. 107, besides the root which we used. 


111. Zo find the sine and the cosine of an angle of 9°, and 
of an angle of 81°. 
By Art. 100, 
sin 9°+ cos 9° = ,/(1 + sin 18°) = VE+) : 


cin 9° — cos 9°=—/(1 - sin 18") =- VP —W/) , 


therefore sin 9° .- lS Fol) all vO) ‘ 
co 9 = B+ JB) + YIS= 8) 
And sin 81° = cos 9°, ¢ cos 81° =sin 9° 


We have now found expressions for the sines and the cosines 
of the following angles, 9°, 15°, 18°, 30°, 36°, 45°, 54°, 60°, 72°, 75°, 
81°. (See Arts, 36, 37, 92, 107, 108, 111.) 

Since 3°= 18°— 15°, we can obtain the sine and the cosine of 3° 
from those of 18° and 15° by Art. 77; and then by means of 
Art. 76 combined with results already obtained, we can easily find 
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the sine and the cosine of any angle comprised in the series 
3°, 6°, 8°, 12°,... 

112. In Arts. 82 and 91 we have given expressions for sin 2.4, 
cos 24, sin 34, and cos 3A in terms of sin A and cos4; we may 
also express the sines and cosines of 44, 5A4,... in a similar way. 
For sin (n+ 1)A+sin(n—1)4=2sinnAcos 4; «© 
therefore sin (7+ 1)A =2 sin nA cos 4 —sin (n— 1)4; 
let m=3,; thus sin 44 = 2 sin 34 cos A —sin 24; 
let m= 4; thussin 5A = 2 sin 44 cos A —sin 3A ;yW 
and so on; thus we can find in succession sin 4A, sin 54,..., in 
terms of the sine and cosine of A. 

Similarly, the formula 

cos (x + 1) 4 + cos (n— 1) A =2cosnA cos A, 
may be used to find in succession cos 44, cos 5.4,... 


This subject will be considered again hereafter, and we shall 
then give general formule for the sine and the cosine of nA in 
terms of the sine and cosine of A for any integral value of n. 


113. It is easy to find expressions for the Trigonometrical 
Ratios of any compound angle in terms of the Ratios of the com- 
ponent angles. For example, 

sin (A + B+ C)= sin (A + B) cosC + cos(A + B) sin C 
=sin A cos B cos (’+sin B cos C'cos A 
+ sin C cos A cos B—sin A sin Bain C. 
Cos (A + B+) =cos (A + B) cos C —sin(A + B) sinC 
= cos A cos B cos ('— cos A sin B sin C 
cos B sin A sin C — cos C sin A sin B. 


sin (4 + B+ 


sin A cos. BoosC +sin B cos C'cosA +sin C'cosA cos B—sinA sin BsinC 
cos A cos Bcos C'—cosA sin BsinC —cos Bsind sin C’—cos C'sinA sin B’ 


divide both numerator and denominator of the last expression by. 


MISCELLANEOUS PROPOSITIONS. 75 


cos A cos B cos C ; thus we obtain 
AaB tan A + tan B + tan C — tan A tan B tan C 
tan (4 + B+ C)= 7 an B tan CO — tan O tan A—tan A tan B 


Suppose B and C each equal to 4; thus we have, as in Art. 91, 


114. When three or more angles are connected by some 
relation, we may often find that some simple relation exists among 
some of their Trigonometrical Ratios, 


For example, if A +B+C = 180°, then will 
sin 24 + sin 2B +sin 2C =4 sin A sin Basin. 
For sin 24+ sin 2B = 2 sin (4 + 8) cos (A — B) = 2 sin C 00s (A —B) 
and sin 2C = 2 sin C cosC =~ 28inC cos(A+B), (Art. 48); 
therefore 
sin 2.4 +sin 2B + sin 2C = 2 sin C {cos (A — B) — cos (A + B)} 
=4sin C sin 4 sin B. 
Again, if 4+ B+ C=180", then will ; 


cos A +008 B+ 00s = 1+4.in& ain & sin 5° 


A+B A-B_, _C A-B. 
gq 008 —9— = 4 ain 5 008 —y—} 








For cos 4 + cos B = 2 cos 





and cos C = 1 — 2 sin’ cs therefore 


con A +08 B + cos = 142 sin § (con 5 - sin 5 ) 
C 


=1+2sin— ee Pers 
~ AC 2 2 





a oe ae 
=1+4sin5 sin; sin5. 


Again, if 4+.B+C =180°, then will 
tan A + tan B+ tan C = tan A tan B tan 0. 


For tan 180°=0, therefore tan(4+B+C)=0; and therefore by 
Art. 113, tan A + tan B + tan ( — tan A tan B tan C =0. 
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Again, by Art. 113, | 
bd a Ba Gy a Lr tan B tan C — tan C tan A — tan A tan B 
cot (4 +B +0) = ton A+ tan B+ tan O—tan A tan B tan C 


now cot 90°=0; hence if 4 + B+C = 90°, then will 
1 = tan B tan C + tan C tan A + tan A tan, B, 


The relations which have been obtained in the present Article 
hold whether A, B, and C' are positive or negative provided that 
A+B+C=180°; thus they hold if A, B, and C are the angles of 
a triangle: but this is of course a particular case, as the angles of a 
triangle are all positive quantities. 


Any relation which has been found on the supposition that 
4+B+C=180° will also hold when we change A, B, and C re- 
- 90°- 5, and 90° 5 : for on the suppo- 
sition adopted the sum of the last three angles is equal to 180°. 


spectively into 90° - 


115. For another example, suppose we have to investigate 
what relation must exist among the angles A, B, C, in order that 


cos" + cos* B + cos*C + 2 cos 4 cos B cos C — 1 may be zero. 


cos*A + cos*B + cos*C' + 2 cos A cos B cos C — 1 

= (cos A + cos B cos 0) + cos* B + cos" — 1 — cos’ B cos*C 

= (cos 4 + cos B cos C’)* — (1 — cos’ B) (1 — cos’) 

= (cos A + cos B cos C’)* — sin® B sin’ C’ 

= (cos A + cos B cos C+ sin B sin C) (cos 4+ cos BcosC - sin BsinC) 
= {cos A + 008 (B—C)} {cos A + cos (B + C)} 


4 A+B-C A-B+C A+B+C B+C-A 
= 4 cos ——=—— cos ——=—— cos ——_=—— cos —__— 

2 2 2 2 
Hence in order that the proposed expression may be zero, one of 
the four cosines last written must be zero, and thus one of the four 
compound angles must be some odd multiple of a right angle, * 
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Prove the following formule : 


1. 


2. 


3. 


10. 


11. 
12. 


13. 


oon(2+8 +) 1 _ tan 8 tan y—tany tana — tana ten £. 


cos a cos 8 cos y 
a cag ath = tana + tan f+ tan y — tana tan f tan 
sin (a — 8) + sin (8 — y) + sin (y — a) 


i e-B . Bry. y-a_ 
+4sin —>~ sin —,~ sin 9 = (), 


4 sin (0 — a) sin (m6 — a) cos (6 — m6) 
= 1 + cos (26 - 2m6) — cos (26 — 2a) — cos (2m — 2a). 


. sin (a+) cos B —sin(a + y) cos y = sin(B — y) cos(a+B+y). 
. cos(a+ B+) + cos (a+ B—y) + cos (a+y— B) 


+ cos (B + y—a) = 4 cos a cos B cos y. 


. cos 2a + cos 28 + cos 2y + cos 2 (a +B +) 


= 4 cos (a + B) cos (8B + y) cos (y +a). 
sin a sin 8 


" sin(a—A)sin(a—y) © sin (B— >) ain(B—a) 


sin y 


* sin(y—a)sin(y—B) 


; cos (a + 8) sin 8 — cos (a + y) sin y 


= sin (a + 8) cos B — sin (a + y) cosy. 
sin (a + 8 — 2y) cos 8 — sin (a + y~ 28) cosy . 
= sin (8 —y) {cos (8 + y - a) + cos (a + y— f) +¢08 (a + B ~ y)}. 
sin (a + 8 + y) sin B = sin (a + B) sin (8 + y) — sina sin y. 
sin a sin 8 sin (G — a) + sin B sin y sin (y— f) 
+sin y sin a sin (a—y) + sin (6 — a) sin (y— 8) sin (a— y) = 0. 
cos (a + 8) sin (a — 8) + cos (8 + y) ain (B — ) 
+ cos (y + 8) sin (y — 5) + cos (8 + a) sin (6—a) = 0 
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14, sin (8 A) sin (a  y) +8in (By) sin (3) 


+ sin (y— 8) sin (a— 8) = 0. 


If 4+ B+C =z, prove the following formule contained in the 
examples from 15 to 35 inclusive. 


15. 


16. 


1%. 


18, 
19. 


20. 


21. 


22. 


23. 
24. 


25. 


26. 
27. 


28. 


29. 


30. 


A B C A B C 
cot g t cot, + cot 7 = Obs cot 5 cot 5. ‘ 


C 


. : : A B 
sin 4 + ain B+ sin C = 4 cos 5 cos 5 cos 5. 


Ee Par en se ee 
2 2 2 
cos 2A + cos 2B + cos 2C' + 4 cos A cos B cos C7 +1 = 0. 
cos 44 + cos 4B + cos 4C + 1 = 4.cos 2.4 cos 2B cos 2C. 
ar—A cos a cos Ma # 
4 4 
ioe cha oes ee Pliage los 
2 2 2 4 4 
sin 4 + sin 2 + ino —1 = 4 sin™ 74 sin ™—? gin "—© 
2 2 2 4 4 4 ° 


gin’ A + sin’ B + sin’C — 2 cos A cos Becos C = 2. 


sin*® 24 + sin* 28 + sin*2C + 2cos 24 cos 2B cos 2C = 2, 
A B, B @ C A 
tan 5 tan 5 + tan; tans + tan 5 tans = 1. 
sin A + sin B-sinC A B 
aden Bean a 8 
1 + cos 4 cos B cos C = cos A sin B sin C + cos B sin A sinC 
+ cos C sin A sin B. P 
cot A + cot B + cot 0 = cot A cot B cot 0 
+ cosec A cosec B cosec C’. 


Cc a ee Lane 
08> inal Gamal 











..C _ (sin B+sin C — sin A) (sin C + sin A — ain B) 
an 5 tmims° 


: sin A . ; 
The expression cot A + an Band will retain the same 


value if any two of the quantities A, B, C, be interchunged. 
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A BC 
eden Pemne “Dao 3 


Sh (Gud tain B+ sin Op ~ Foon T 008 Boe 
B ¥ 
32, sinnd +sin mB +sin nl! =4 sin™ oon ™ 008% von, 


if m be an intéger of the form 4m +1 or 4m +3. 


33. sin nd +sin nB+sinnC =— 4 cos sin ™ gin ™ sin 3S, 
if n be an integer of the form 4m or 4m + 2. 


34 A B C hep pte A+C A+B 
. 008 COB 5 + COB % = 7 08 7 ig 


tand tanB tanC tand tanB tan? 
tanB’tanC tanA tanC tanA tanB 
= sec A sec B sec C — 2. 











35. 


36, If the sum of four angles be two right angles, the sum of 
their tangents is equal to the sum of the products of the tangents 
taken three and three. 
tan(A4—B) sin’C 


7, $e 





=1, prove that tan A tan B = tan’"C. 





38, Given ware = see ean set) 
shew that tan’ 5 = tan" 5 tan* 7 : 

39. Lf cos’? = son B cost = and — ee 
shew that tan" 5 tan’ : w tan’ 3 


40. If cosa=cos PB cos = cos f cos’, and 
sina = 2sin 2 ain © , shew that ten?2 = tan’ S tant 


g 8D 5 3 3 
a, re META) MOHD ew that 
sin 8 sin 6 


cot B — cot 6 = cot (o + 0) + cot (a— £). 
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a P e tan B 

42. If xin 8 ~ ney tan*a — tan"B, then 008 9 =~ 
43. If tan = cos 6 tan a, and tana’ = tan @ sin q, 
then one value of tan*® is tan °** tan $= 


44, Find the relation between the angles a, B, y, when the 
cosines are connected by the relation 


1 — cos"a — cos" — cos*y + 2 cos a cos B cos y = 0. 
arte) _, 20 (0+ 8) _ ent”, then will 


45. If 
y 
a + 
Fy tin' (a8) + 2 sin* (By) +=" sin" (ya) = 0. 
tan’ 0 , tan! > sind sing 
= Gaui" a. ‘eee a nd ae 
° * sin a 
shew that sin O = “1a cosa eos B) 
sin(9-—a) a cos(9—a) a 
47, If sin (6 — 8) =} an. cos (6 — B) ~ by? 
aa’ + bb’ 
then cos (a — 8) = 7 
‘ : sin 6 cos 6’ 
48. Having giveh tan ¢ = Wa cca shew that one of the 
values of tan is tan § ten (7-3). 
49, Given cos@=cosacosB, cos & = cosa’ cos £, 
tan 5 ten 5 = tan §, shew that sin*B = (sec a — 1) (seca — 1), 


50. Having given that sin(B+C — A), sin((+A-—B), and 
sin(A + B—C) are in arithmetical progression, shew that tan A, 
tan B and tan C, are in arithmetical progression. 

51. If the sines of the angles of a triangle be in arithmetical 
progression, the cotangents of the half angles are also in arith- 


metical progression. 
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52. If the sum of the squares of the cosines of the angles of a 
triangle = 1, the difference between the greatest and least angle is 


equal to the mean angle. ° 
53, If 4+ B+C=180', andsin(4+5)=nsin 5, 
shew that tan Stan 5 =e 
i Wis esOsittiand ee 
x y z 
then (x -y) cot S + (y—2) cob $+ (2 @) cot = =0. 


55. If 4+B+C=mr7 where m is any integer, then 
tan A + tan B + tan C = tan A tan B tan C. 
56. Shew that if a, 8, y, and x are any angles 
sin (2a + x) + sin (28 + x) +sin (2y +”) —sin (2a + 28 + 2y + 3x) 
=4sin (a+ B+)sin (6 +y +2) sin (y+a+ 2). 

57. From the preceding result deduce two special cases by 
supposing respectively that x= 0 and that « = - and from these 
cases obtain the first two relations of Art. 114. 


. 
58. Ifa, B, y be any angles, shew that 
B 


; ; ‘ a, 
sina +sin B + sin y—4 cos cos 5 cos } 


o Bein PEER? {gg AIP YA® 4 cog PAE YT 
4 4 7 4 
+ 09g LOOT EAT 4 cop SHEE IA} 
59. Express cos 50 in terms of cos 6. 
60 Shew that sin 66 = 2 sin 6 (16 cos 6 — 16 con® 6 + 3 cos 6). 


abd 6 


( 32 ) 


IX. CONSTRUCTION OF TRIGONOMETRICAL 
TABLES. 


116. Jf 6 be the circular measure of a positive angle less than 
a right angle, 6 ts greater than sin 6 and less than tan 6. 


Let AOB be an angle less than a right angle and let OB=O04A; 
from B draw BM perpendicular to OA and produce it to C so that 
MC=MB; draw BT at right angles to OB meeting OA produced 
at 7, and join C7 and OC. Then the triangles MOC and MOB 
are equal in all respects, so that the angle 7OC =the angle TOB; 
therefore the triangles 7’OC and 7'OB are equal in all respects, so 
that 7CO is a right angle, and 7C = 7B. 

With centre O and radius OB describe an arc of a circle BAC; 
this will touch B7Z' at Band C7 at C. 


Now we assume as an axiom that the straight line BC is less 
than the aro BAC; thus BY the half of BC is less than BA the 


half of the are BAC; therefore 7p is loss than 4; that is, the 


sine of AOB is less than the circular measure of AOB. 


Again, we assume as an axiom that the are BAC is less than 
the sum of the two exterior lines B7' and 7C ; thus BA is less than, 
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BT ; therefore 7 is less than 7 5 that is, the circular measure of 
AOB is lees than the tangent of AQB. 


Hence sin 6, 6, and tan 6 are in ascending order of magnitude 


if be leas than 5 . 

117. We have assumed two axioms in the preceding Article ; 
the first is so obvious that it will be readily admitted; but the 
second is more difficult, The student is recommended to postpone 
this point for future consideration. It is however easy to shew 
that the assumption may be made to depend upon another 
almost identical with that which we have already been compelled 
to make in Art. 14. For divide the arc BAC into any number of 
arcs and draw tangents at the points of division; then from the fact 
that two sides of a triangle are greater than the third, it follows 
that the perimeter of the portion of a polygon thus formed, is less 
than the sum of BZ and TC by a finite difference. Moreover 
this perimeter diminishes as the number of points of division is 
increased. Now assume as in Art. 14 that the perimeter of the 
polygon can be made to differ as little as we please from the arc 
BAC by sufficiently increasing the number of sides and diminishing 
the length of each side; thus it follows that the arc BAC is less 
than the sum of B7’ and 7. 3 

118, The limit of “2° when 0 is indefinitely diminished is 
wnity. 

For sin 6, 6, and tan 6 are in ascending order of magnitude ; 


divide by sin 6; therefore 1, 4nd - are in ascending order 


; sin 0’ cos 8 

: ok l 

of magnitude. roe and lies in value between 1 and ae? but 

when @ is zero, cos is unity; hence as 0 diminishes indefinitely 
@ e 

in} approaches the limit unity. Therefore also = approaches 

the limit unity. 

6—2 
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tand sind 1 eit tan 0 
And a8 —7-=—3- * S59 the mit of —- when 6 is 


indefinitely diminished is also tunity. 
119. from the preceding Article we see that the limit of 
main — when m increases indefinitely is a. 


e a. e a a e e ° 
For main —=asin — += ; and when m is indefinitely great 
e a a e e 
sin — + — 18 unity. 
m ™ 
Similarly the demzt of m tan — when m increases indefinitely is a. 


It must be carefully remembered that in the important propo- 
sition of the preceding Article, 9 is the curcular measure of the 
angle considered. If any other unit of angular measurement be 
adopted instead of the unit of circular measure, the limit under 
errr will not be unity. For example, let us find the limit 


Pe asa Sen n is indefinitely diminished. Let 6 be the circular 





measure of an angle of n degrees, then 6 = iso ; thus 


sinn® sing wr sin8 


mn 18, 180° 6 ° 


Now when n diminishes indefinitely, 6 does so also, and the limit 
° : 8 
of =. is unity; hence the limit of =a" when n is diminished 


( 


indefinitely is —5~ 730 , which is the circular measure of an angle of 


one degree. Similarly we may prove that the limit of —— when 


n is indefinitely diminished is the circular measure of an angle of 
one minute; and soon. Thus we shall find that, whatever be the 
unit of angular measurement, the limit of the ratio of the sine of . 
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an angle to the angle, when the angle is indefinitely diminished, 
is the circular measure of the unié. 


120. If 6 be the circular meaeure of a positive angle less than 
a right angle, sin 0 is greater than 0 - © . 


For sin 6 = Sain oe”: and ane i is greater ian therefore 


2 3° 2 
ae is ter than Ooae - therefore sin @ is ter than 
g..08 BEES 9 ) grea 
25 costs that is greater than 0 cost S , that is greater than 


6 


3 
(1 ~ sin 5) . And sin’ 5 is less than (3). therefore a fortiort 


sin 9 is greater than (1-7); that is, sin 6 is greater than @— 5 


121. Thus we see that if @ lie between zero and a right 
angle sin @ is less than 6 and greater than 6 — and therefore 


. 6, 0 6 
sin 5 is less than 5 and greater t 27 33° 

- 49 s 6 dl 
Now cos=1-2sin'5. Thus cos 0 is gyeater than 1-2(5) , 


8 
een a Also cos 6 is less than 1 — 2 os a) 


that is less than 1 - 4 +e —2 52 (5 3) 5 therefore a fortiori cos 6 is 


ge oF 


ra ee e 
less than 1 5 +16: 


122. To calculate approximately the sine of 10”. 


; oe 10x 
The circular measure of 10” is y55——Go<Gp > that is gras 5 





therefore the sine of 10” is lees than =7 > and greater than 
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w lf « \ : 
61800 ~ «(sr)» . If we take for w the approximate value 


.; the 





3is00 = 
sine of 10” is therefore less than this decimal fraction. And-—— $1800 Tat 


ts leas than (00005, therefore a fortiori, sin 10” is greater than 
000048481368110...... - { (00008)*; that is, sin 10” {s greater 


than ‘000048481368078...... 


We have thus found two decimal fractions between which 
sin 10” must lie, and these decimal fractions agree in their first 
twelve figures; therefore we may say that 

sin 10” = :000048481368...... 


and we are certain that the error is less than 


The value of cos 10” may then be found approximately since it 
is ,/(1 —sin® 10”); or we may make use of the results established 
in Art. 121. Thus it will be found that as far as thirteen places 
of decimals we have 

cos 10” = :9999999988248...... 


123. It appears from the preceding Article that as far as 
twelve places of decinials we have sin 10”=the circular measure 
of 10”; and in the same way we may shew that sin 1” = the cir- 
cular measure of 1” very approximately. And if n be any small 
number of seconds, we shall have approximately sin n” = the circular 
measure of »’ =m” times the sou hares measure of 1” =” x sin 1”, 

pi ue Oinculer sueenune GE ai — " approximately; that is the 
number of seconds in any small angle is found approximately by 
dividing the circular measure of that angle by the sine of one 
second. 

124. We shall now shew how to calculate the sines of angles 
which form an arithmetical progression having 10” for the common | 


diffar-naa 
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Let a denote any angle, then 
sin (n + 1)a+sin (n— 1) a= 2 sin no, COs a; 
suppose 2 cos a = 2—k, then 
sin (n + 1)a+sin (n— 1)a= (2 —k) sin na, 
therefore sin (n + 1) a—sin na = sin na — sin (n— 1) a — ksin na. 
Now suppose a = 10”, then sin a is known and cos a is known, 
and therefore & is known; we put n=1, and thus we obtain the 
value of sin 20” —sin 10”, and thence the value of sin 20”; next 
we put n=2, and thus we obtain the value of sin 30” —sin 20”, 
and thence the value of sin 30”; next we put n=3, and 80 on. 
It will be seen that the only laborious part of this operation 
consists in the multiplication by & of the sines as they are suc- 
cessively found; but from the value of cos10” it follows that 
k = 0000000023504...and the smallness of / facilitates the process. 


125. When the sines of angles up to 45° have been calculated, 
those for the remainder of the quadrant might be deduced by the 
theorem 

gin (45° + A) —sin (45° — A) = 2 cos 45° sin A =,/2. sin A ; 
this would require the multiplication of the sines already found by 
the approximate value of ,/2. If however we calculate the sines 
of angles up to 60°, those for the remainder of the quadrant may 
be very easily found from the theorem 
sin (60° + 4) — sin (60° —.A) = 2 cos 60° sin A =sin A. 


126. When the values of the sines of all the proposed angles 
in the first quadrant are known the values of the cosines are also 
known, for the cosine of any angle js equal to the sine of the com- 
plement of the angle. The values of the tangents can be found by 
dividing the sine of every angle by the cosine of that angle, The 
tangents of angles greater than 45° may be easily inferred from 
those of angles less than 45° by the theorem 

tan (45° + A) — tan (45° — A) = 2 tan 24, 
which gives 
tan (45° + A) =tan (45°- A) +2 tan 24, 
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The cotangenta are known since the cotangent of any angle is equal 
to the tangent of the complement of the angle. The cosecants may 
be obtained by calculating the* reciprocals of the sines; they may 
however be obtained more simply from the tables of tangents by 
the theorem 
1 A A 
cosee A =5{ tan 5 +00t 5}. . 

The secants are known since the secant of any angle is equal 
to the cosecant of the complement of the angle. 


127. In the method adopted for calculating the sines of angles, 
the sine of 10” was first obtained to twelve places of decimals, and 
then the values of sin 20”, sin 30”, ... were deduced in succession. 
It will not however follow that the values of the sines of all the 
angles are correct to twelve places of decimals, and it is therefore 
useful to be able to test the extent to which the results are correct; 
and moreover it is essential to be able to test the correctness with 
which the calculations are performed. We may for this: purpose 
compare the value of the sine of any angle obtained in the manner 
which has been explained with its value obtained independently. 


Thus, for example, we know that sin 18°= ce ; hence the sine 


of 18° may easily be calculated to any degree of approximation, and 
by comparison with thé value obtained in the tables we can judge 
how far we can rely upon the tables. There are however two 
formuls which are usually called formule of verification from the 
fact that they can be easily used to verify any part of the calculated 
tables. These formule are 

sin A + sin (72° + A) —sin (72°¢-A) =sin (36°+ A) —sin (36° — A), 

cos A + cos (72° + A) + cos (72° — A) = cos (36° + 4) + cos (36°~ A); 
they may be readily demonstrated ; for 


sin (72° + A) —sin (72° — A) = 008 72°sin A =>" sin A, 








sin (86° + A) —sin (36° — 4) = 2 08 36° sin A =Y>* Sand 
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therefore sin A + sin (72° + A) — sin (72°- A)=sin 4 + s- sm. 4 
J/5 +1 
2 
Similarly the second formula may be demonstrated; or it may be 
deduced from-the first by changing A into 90°— A, 

Then if we ascribe any value to A, and take from the tables 
the values of the sines and cosines of the angles involved, these 
values must satisfy the formule of verification to a certain number 
of places of decimals, if the tables have been correctly calculated to 
that number of decimal places. 








sin A =sin (36° +4 A) —sin (36° — A). 


128. Some further remarks upon Trigonometrical Tables will] 
be given in Chapter XI., in which we shall explain the method 
of using such tables. We will add here two theorems which will 
extend the results obtained in Art. 121; these theorems will 
furnish interesting examples although not of any immediate prac- 
tical importance. 

129. The limit of C08 cos 7 cos 5 +1008 = when the integer 

ese og. . sine 
n is indefimitely increased 18 a 
x 


: . 2 
For sin © = 2 sin 5 COB 5 


. 2 x 2x 
= 4 sin — cus — cos — 


4 4 2 


Sin H of x x 
= g COB g C* 7 OO 5 


= 2" sin ~ cos COB = cos = 
= Dy veew e's 8 4. 5° 


x x Sin 2% 
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And the limit of 2* sin = - ~ when n is indefinitely increased is 2, by 


Art, 119. ° 
This result is sometimes cited as Huler’s Formula. 


130. To prove that +f a be the circular measure +of a postiwe 


angle less than a right angle sin x is greater than 2, 


We have, by Art. 91, 


7 — ; — ne? — 
sin = 3 sin 5 4 sin 3 
—_—o—-— — in? __ 
=3(8 sin 5 4 sin’ 5) 4 sin’ 


= S*sin 5-4 sin’ 5 - 4x 3 sin’ 


x 
_—~ 2 — a — << 
= 3*(3 sin 5 4 sin’ =)- 4 sin? 5 4x 3sin' 5, 


= Stein — 44 sin" § ~ + Sain? — + 3% sin sin’ 5} 


3 3° 
Proceeding in this way we see that 
sin 2 = Stain 5 — 4 {ain Ft Sain’ Ft + oan’ SI 
Hence, by Art. 116, sin x is greater than 
a gin 2 — 1 1+ eee + I } 
3" 3? 3 34 se 3 
l 
4? | 35 
that is greater than 3° sin sin - “3 oT" 


Thus sin # exceeds the last expression ; and the excess does not 
vanish however great m may be: therefore sina exceeds the limit, 


ta: hich th | + wnr “nn nnem ehe -: ch n = mad-~ infinit 
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But the limit of Sain = is 2 by Art 119; and the limit of 


| - gm is 1: thus : 
ear a” 
sin x is greater than x— B: 
By proceeding as in Art. 121, we may now shew that 
ac* a x 
2 24° 
(Le Cointe’s Trigonometry, and Messenger of Mathematics, 111. 101.) 


cos 2 is less than 1 — 


MISCELLANEOUS EXAMPLES. 


1. Let P be any point in a semicircle whose diameter is AB 
and centre C’; draw PM perpendicular to AB, and draw PA, PB; 
from this construction, observing that the angles BPM and PAM 
are each equal to half of PCB, deduce the formula 


1 —cos A 7A 
T+cosd ~ "5° 

tan 2 ¢ 

a cos } — b aaa 


sts. te Te Tan} 


[f tan’ @= 2 tan’ ¢ + 1, then cos 26 + sin’ d= 0. 
If sec 26 = 2sec 6 cosec 6, then cosec 20 = cosec* 6 ~ sec” 8. 


5. If tand=ntand, shew ne tan’ (6 - ¢) cannot exceed 

(w= 1)" 
4n 

6. Reduce sin 6 + sin ¢ — cos @sin (6 + ¢) to a single term. 

sin 8 cos a (tan a + tan {) n sin 4 (a— £) 
1 — cos (a + 8) cos 8 sin} (a +B) 

8. Find approximately the height of an object which at the 

distenoe of a mile subtends at the eye an angle of one minute. 


2. If a aces eee 





7. Shew that 
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9. Find approximately the distance at which a circular plate of 
six inches diameter must be placed so as just to conceal the Moon, 
supposing the apparent diameter of the Moon to be half a degree. 


10. Ifsin34=mnsin 4 be true for any value of A besides zero, 
or two right angles, or a multiple of two right angles, shew that n 
must lie between 3 and — 1; solve the equation when n = 2. 


I, If tan B=7"""—"-*, shew that tan (a—8) = (1—m) tana. 


12. If sin 30 be given, determine the number of values of 
tan 6, 


13. Prove that 64 (cos’A + sin’) =cos 84 + 28 cos 4A + 35. 
14. Find a]] the values of @ and ¢ which satisfy 
cos 6 cos # + 1 = 0, 


15. If n’sin*® (a+ 8) =sin*a + sin* B — 2 sina sin B cos (a — 8), 
len 





shew that tan a = i tan B. 
= 2 
se gin 46 cot 6 da i ; 

16. Find the limit of vers 90 cot? 20” when 6 is indefinitely 
liminished. 

Solve the following equations : 

17. sin 6 + cos 6= ,/2. 18. ./3sin 6—cos = ,/2. 

19. sin 26 =cos 6. 20. cos 6 —cos 26 =sin 36. 


21. (4—,/3) (sec 6 + cosec 6) = 4 (sin 6 tan 6 + cos 0 cot 4). 
22, cot 6 —tan 6 = cos 6 + stn 0. 23. 2sin’é +sin"’ 26 = 2. 
24, tan 0+ 2o0t 20=sind(1+ tan 0 tang). 


25. sin’ 29 — sin’ @ = sin’ >. 26. cones 0 = 00860 5 


97. cos 6 008 30 = cos 50 cos 76. 28, sin 6 sin 30-5. 
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29. 4s8in’6+sin’26=3. 30. (1- tan 6)(1 +sin 20)=1+tan6, 
81. sin 0 + sin 26 + sin 36+ sin 46=0. 

32, sin 6 — cos 0 = 4sin 0 cos" 6, 

33. (cot 6 — tan 6)’ (2 — /3) = 4 (2+ ,/3). 


34. 2,/2 20s (F 0) (1 + sin 6) =1 + 008 26. 


35. sin 90 + sin 50+ 2 sin’ 0 = 1. 


X. LOGARITHMS AND LOGARITHMIC SERIES. 


13]. It will be necessary now for the student to become 
acquainted with the nature and use of logarithms, and the mode 
of calculating them. As it is usual to introduce into works on 
Trigonometry a Chapter on these subjects, we shal] repeat here 
part of the chapter on Exponential and Logarithmic Series from 
the Algebra. 


132. Suppose a=, then x is called the logarithm of n to the 
base a; thus the logarithm of a number to a given base is the 
index of the power to which the base must be raised to be equal 
to the number. 


The logarithm of n to the base a is written log.n; thus 
log.» = # expresses the same relation as a“ = n. 


For example 3*=81; thus 4 is the logarithm of 81 to the 
base 3. 


If we wish to find the logarithms of the numbers 1, 2, 3, ...... 
to a given base 10, for example, we have to solve a series of equa- 
tions 10°=1, 10°=2, 10°=3.,..... We shall see in some sub- 
sequent Articles that this can be done approximately, that is, for 
example, although we cannot find such a value of 2 as will make 
10°=2 exactly, yet we can find such a value of 2 as will make 10” 
differ from 2 by as small a quantity as we please. 
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We shall now prove some of the properties of logarithms. 


133. The logarithm of 1 ts 0 whatever the base may be, 
For a° = 1, therefore log, 1 = 0. 


134. The logarithm of the base rtself ta unity. 
For a' = a, therefore log,a = 1. | 


135. The logarithm of a product 1s equal to the sum of the 
logarithms of tts factors. 


For let a=log,m, y=log.n; 
therefore m=a, n=a’; 
therefore mn=a de =a"; 
therefore log.(mn) = 2 + y = logum + log,n. 


136. The logarithm of a quotient is equal to the logarithm of 
the dividend diminished by the logarithm of the divisor. 


For let z=logm, y=logan; 
therefore m=a", n=a; 
therefore ae = =a"; 

. nm @ 
m 
therefore log, ant ¥= logam — log,n. 


137. The logarithm of any power, integral or fractional, of a 
number ts equal to the product of the logarithm of the number and 
the index of the power. 

For let m=a‘; therefore m’ = (a*/ =a™, 


therefore log, (m") = ra =r logam. 


138. Zo sind the relation between the logarithms of the same 
number to diferent bases. 


LOUGAKITHSDS AND LUGAKLITHMIU SaiKlm. wW 


Let x=log.m, y=logym ; 
therefore m=a" and = 0’; 
therefore at = bY ; 

" y 
therefore a’=b, and b* =a; 
therefore — log,6, and Y log,a. 

y x 
a 
Hence y == log,a, ene lege 


Hence the logarithm of a number to the base 6 may be found 
by multiplying the logarithm of the number to the base a by 


I 
log.a, or by loz.b 


We may notice that log,a x log,6 = 1. 


139. In practical calculations the only base that is used is 
10 ; logarithms to the base 10 are called common logarithms. We 
will point out in the next two Articles some peculiarities which 
constitute the advantage of the base 10. We shall require the fol- 
lowing definition: the integral part of any logarithm is called 
the characteristic, and the decimal part the mantissa. 


140. Jn the common system of logarithms, if the logarithm 
of any number be known we can immediately determine the loga- 
ruhm of the product or quotient of that number by any power 
of 10. 

For _—_log,, (Wx 10*) =log,, ¥ + log,, 10*= log, N +n, 


log,, es =log,, V—log,, 10"=log,, VW —. 
That is, if we know the logarithm of any number we can 


determine the logarithm of any other number which has the same 
figures, but differs merely by the position of the decimal point, 
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141. In the common system of logarithms the characteristic 
of the logarithm of any number can be determined by inspection. 
For suppose the number to be greater than unity and let the 


integral part consist of +1 figures, so that the number lies between 
10* and 10**'; then its logarithm must be greater than 7 and less 


than n+ 1: hence the characteristic of the logarithm, is n. 


Next suppose the number to be less than unity, and let there 
be m ciphers between the decimal point and the first significant 


figure, so that the number lies between = and saz = , that is, 


between 10™ and 10°*; then its logarithm will be some 
negative quantity between —n and —(n+1); hence if we agree 
that the mantissa shall always be positive, the characteristic will 
be — (n + 1). 


142. By reason of the properties explained in the two pre 
ceding Articles it is unnecessary in a table of common logarithms 
to print either the characteristics of the logarithms or the decimal 
points of the numbers. 


For example, we find in a table the following figures: 


Numbe Logarithm 
15627 1938756 


This means that :1938756 is the mantissa; for the number 15627 
the corresponding charlcteristic is 4, and therefore 
log 15627 = 4:1938756. 

Similarly log 156-27 = 2:1938756, and log ‘0015627 = 3-1938756 ; 
in the last example 3 is used instead of ~ 3, so that we express in 
the manner indicated the fact that log 0015627 =— 3 + ‘1938756, 

It is necessary to notice one point in practical operations 
with negative characteristics. 

Suppose we require the logarithm of the cube root of 0015627, 
By Art. 137 the logarithm is 4 of 3°1938756, The division here 
can be immediately effected; for 3 of — 3 is —1; and 4 of °1938756 
is 0646252: thus the required logarithm is 1-0646252, 
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But suppose we require the logarithm of the square root of 
0015627. By Art. 137 the logarithm is 4 of 3-1938756. It is 


convenient now to put 3°1938756«in the form — 4 + 1°1938756; 
then dividing by 2 we obtain — 2 + ‘5969378, so that the required 


logarithm is 2-5969378. 

Similarly°if we require the logarithm of the sixth root of 
0015627 we put 3-1938756 in the form —6+3:1938756; then 
dividing by 6 we obtain —1+°5323126, so that the required 
logarithm is 1-5323126. 

We shall now proceed to investigate formule for the calcula 
tion of logarithms. 


143. To expand a* in a series of ascending powers of x, that 
is, to expand a number. in a series of ascending powers of tts 
logarithm to a given base. 


a*={1+(a—1)}"; and, eepauaiuy by the Binomial Theorem, 
we have {1+(a-1)P= 142 (a-1) +72) (a—1)° 
ee- =} = 2) (a—1)°+ x (0 — 2, C 5 em 3) (a—1)*+ 





rare — \ 
+ terms involving 2", x, and higher powers of «. 


This shews that a” can be expanded in a series beginning 
with 1 and proceeding in ascending powers of «; we may there- 
fore suppose that 

a=l+eu+es* + ¢,00" + C0 + ceceee 
i Wises are quantities which do not depend on a, 
and which therefore remain unchanged however 2 may be 
changed ; also 

c¢, =a—1—}(a-1)*?+h(a-1P—t(a—1) +...... 
while ¢,, ¢,,...... are at present unknown; we proceed to find 
T. T. tO 


where ¢,, ¢,, ¢ 
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their values. Changing 2 into «+y we have 

a*t¥=lt+e (a+y)+ce,(a+y)* +o, (sty) +... 
=l+eyt+cy’ +cy*+.. 


+ (c, + 2¢,y+ 3c,y" +...) 
+ terms involving 2° and higher powers of x ; 
but aW=at@=a{l+eut+ea +e + 
=P +om@utcare+...... 
Since the two expressions for a are identically equal, we 


may assume that the coefficients of 2 in the two expressions are 


equal, thus 
ce, + Jey + 3c,y% + dey? + ...... = cw 

: =e{l+eytey toy +...... }, 
In this identity we may assume that the coefticients of the 


corresponding powers of y ure equal ; thus 
therefore c, ey 





2c, = ¢," ; 
3 
3c.=C,C,; therefore c,= ih 7 + aa 
e e ° 
c 4 


£ 
therefore c Pe es 


e tte eae 





Plus a=l+eu4 3 
Since this result is true tk all values of x, take 2 such that 
1 
1 l Pe 
Ca= 1, then a= -and a” gaa a ssneka : 
¢ “B “ 
1 
this series is usually denoted by ¢; thus a'=e, therefore a =6” 
and c,= log.a ; hence 
3 3 
at = 1 +(loga) w+ HOB) Reel Cues 


This result is called the Hxnonential Theorem 
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Put e for a, then logs becomes loge, that is, unity (Art. 134); 
thus 


e=liaz —e ripe bs 
a “6 \4 
With respect to the assumption which has been made twice 
in the course of this Article, the student is referred to the Chapter 
on Indeterminate Coefficients in the Algebra; he may also consult 
with advantage the part of the Chapter on Haponential and Log- 
arithmic Series which we do not repeat here. 


144, By actual calculation we may find approximately the 
numerical value of the series which we have denoted by e; it is 
2°718281828...... 


145. To expand log,(1 +x) m a@ serves of ascending powers 
of a. 
We have seen in Art. 143, that c,=loga; that is, by 
the same Article, 
loga=a—1-—4(a—1)?+} (a-1)?-2(@-1)* +...... 
For a@ put 1 +2; hence 


x 2 
log, (1 +) ="- 5 +3 =a cecian 


This series may be applied to calculate log,(1+2) if x is a 
proper fraction ; but unless 2 be very small the terms diminish so 
slowly that we shall have to retain a large number of them; if a 
be greater than unity the series is altogether unsuitable. We 
shall therefore deduce some more tonvenient formule, 


146, We have 
a a of 
log,(1 + % mam-~ Zt gag G tee 


4 
therefore log, (1 — -a)=-0- FFF... 


BS 


1% 
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by subtraction we obtain the value of log, (1 +2) —log, (1 —2), 
that is of log, 77 ; aid 
; 5 
therefore log, Pe) ee rel oe } rere 


l+2 
l-@ 





: . . m—-n m 
In this series write ae for x, and therefore — for 
n 


thus 


™ m—-n 1 /fm—n\*?_ 1 /m—n\° 
log, = 2H 5 (Ma) + (==) 2 a ad) 


Put n= 1, then 


m-1l 1/m-1 1 sm~1\5 \ 
log.m = aot mar (™S4) +5 (maa) + ee (2). 


Again in (1) put m=n+1, thus we obtain the value of 


’ 





log, ats ; therefore 
log, (n + 1) —log.n 
1 1 ] 
=2sc1 + sGaci* SGax* coeees ; see secves (3). 


As an example of these formule suppose we put x= 1 in the 
expansion of log, (1 + x): thus we obtain 


1 1 41éi1éi1 
log. 2=¢ —5 + 3 TAT Se 
1 1 1 


“1.27347 5.6" 
Again, put 1 for » in (3): thus 


1 1 } 
log, 2 = ai5+ 3 gaat 5a ge + sub 


147. The series (2) of the preceding Article will enable us to 
find log, 2; put m= 2, then by calculation we shall find 
log,2 = °6931471...... 
From the series (3) we can calculate the logarithm of either of 
two consecutive numbers when we know that of the other. Put 
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n= 2, and by making use of the known value of log, 2, we shall 
obtain ; 
log, 3 = 1:0986122...... 
Put m= 9 in (3); then log, 9 = log, 3*= 2 log, 3 and is therefore 
known ; hence we shall find 


: log, 10 = 2°3025850...... 


Logarithms ‘to the base e are called Napierian logarithms, 
from Napier the inventor of logarithms; they are also called 
natural logarithms, being those which occur first in our investi- 
gation of a method of calculating logarithms. We have said 
that the base 10 is the only base used in the practical application 
of logarithms, but logarithms to the base e occur frequently in 
theoretical investigations. 


148. From Art. 138 we see that the logarithm of a number 
to the base 10 can be found by multiplying the Napierian loga- 


os. l : 1 
rithm by 10g, 16 that is, by 530958509... by °43429448...; 
this multiplier is called the modulus of the common system. 


The base e, the modulus of the common system, and the 
logarithms to the base e of 2, 3, and 5 have all been calculated to 
upwards of 260 places of decimals. See the Proceedings of the 
Royal Society of London, Vol. XxvIl. page 88, 

The series in Art. 146 may be so adjusted as to give common 
logarithms ; for example, take the series (3), multiply throughout 
by the modulus which we shall denote by »; thus 


1 1 1 
p log, (+1) —p log, n= 2p cant *3 (n+ 1) + concn} ; 
that is, 
l l l 4 = 2 I a ee +}. 1 + } 
bea TT) lea = eS +3 (nei) * 5@nsiy t's" 
Similarly from Art. 145 we have 


x 


nn ae 
logy, (1 +2) =p {e-= aa ae eane 
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In future we shal] in general use the symbol log without 
the suffix ¢ or 10; the student will be able always to infer from 
the context which base we are employing: we almost invariably 
employ the base ¢ in theoretical investigations, and the base 10 in 
practical applications. 


149, The quantity e 1s tncommensurable. 
For suppose if possible e= — , where m and 7 are integers; thus 


== ad, : + = + 
= [2 [3 [4 eee 
Multiply both sides by - then 


=(s- = = an integer + = ST CRSNICES) a CESNICES ICES ae 


1 1 1 


Bats * Gales d) * eel) @+d) 8) * 





P : Par ] 
is a fraction, for it is greater than mere | and less thun the geome- 





trical progression 
1 ” l ] 
n+1 n+l) *( +1)* 
that is, lees than = 


Thus the difference of two integers is equal to a fraction, which 
is absurd. Therefore e is incommensurable. 


150. We will conclude this Chapter by investiguting two 
limits which will be useful hereafter. 


To find the limit of (cos = ” when n is increased indefinitely, 


Let u= (cos =)" = (1-sin"® i, then 
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= an ee ~—sin’ * 
log wu = log (1 sin =F =F log (1 sin =) 
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=— 5 (sint® + 9 aint + 5 sin? 2+ ) 
~ Q n 2 nn 38 n°" 
This series is numerically less than 


Wy eet 3h ot gt 
— = \sin® — +sin*- +sin®-+...}; 
2 n n n 





sin® - 7 
that is numerically less than — = or — -tan’—. 
4 l—sin’< 2 - 


But n ta = =a when 7 is increased indefinitely, by Art. 119; 


therefore » tun’ = =a tan = =0 ultimately. Therefore log w= 0; 


therefore w= 1. Thus the required limit is unity. 


‘sin — : 
To find the limit of ( : when n 18s increased indefinitely. 


~ 





n 


sin . 
We know by Art. 116 that ——~— is less than 1 and greater than 


n 


. a . a 
Bin - sin — \* 
. a nn}. 
~———, that is, greater than cos ae dence ——— ) is less than 1" or 
a 
n n 


1 and greater than (cos *)"; and by the preceding Article the 


oO wi 
P sin — 
limit of (cos -) is unity, therefore the limit of (= is unity. 
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MISCELLANEOUS EXAMPLES, 
t 


1. Find the logarithm of 128 to the base 3/4. 

2. Find the logarithm of 243 .'/9 to the base ,/3. 

$. Find the following logarithms, log, 2187, log,, ‘0001, 
log, cos 45°. 

4. Find approximately the value of x from the equation 
5°" = 2°**, having given log 2 = ‘301030. 


5. Given log 224 =a and log 125 =, find log 2 and log 7. 
6. Required the characteristics of log, 725, and of log, ¢/(:0725). 
7. Given log 2 = 301030, log 405 = 2°607455, find log -003. 
8. Given log 2 = 301030, log 7 = ‘845098, find log 98 and 
4\4 
log (sz3) ° 
9. Given log2= -30103, log 3 = 47712, find log (-0020736)}. 


10. Determine the sum of the series 


2 4 6 ; 
air ee 
11. Shew that « 
e 1 14+2 14243 14+24+3+4 
mS ae ep 
2-a* Ts * To E 
Find « from the following six equations : 
12. 4 sin x sin (%—a)=2 cosa— 1. 
13. cosB ,/(a’—2x")+asina=asin £. 


14, sina +sin (#—a) + sin (20-+0) =sin (w +a) + sin (20—a), 


+... ad wf. 


3 1 : 
15. coe (x +5) 04008 (w+ 5)asine 


B 


16. 2° cos acos (a — 8) + woos (a — 8) = 20088 
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17. cot 2*-'a— cot 2*a = cosec 3a, 
18, Solve the equation m vers 0& n vers (a — 6). 


19. Solve the equation cos 0 + cos (n — 2) 9 = cos 8, 


20. Solvesthe following equation, and shew that there are 
seven positive values of 6 greater than 0 and less than 2r, 


sin 6 + sin 36 = sin 26 + sin 46. 


21. Find tan a from the equation tanz= tan B tan (a+ @) ; 
and shew that in order that tana may be real, tan 8 must not 
lie between (sec a — tan a)* and (seca + tan a)’. 


22. Find the least value of 6 which satisfies 
cy 7 _{ 842 \4 
tan (7-6 )+ton(T+ 0) = (7%) - 
23. Given sin*(n + 1)6 =sin’nO + sin?(m —1)6 where (n + 1)8, 


n§, and (n~1)6 are the angles of a triangle, find an integral 
value of n. 


24. Reduce to its simplest form and solve the equation 

cos*@ — cos*a = 2 cos’ 8 (cos 6 — cos a) — 2 sin’ 9 (sin 6 — sin a). 

25, Shew that all the angles which have the same sine as 
a are included in the formula (2n +5) tr € - a) ; 


26. Shew that all the angles which have the same cosine 
« 
as a are included in the formula (n + 5) +(-1)" («-5) 


27. In the formula con 4 sin 4 =e ,/(1 — sin A) the ambi- 


guity may be replaced by (— 1)", where m is the greatest integer 


ath — , the angle A being expressed in degrees. 
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a | 
98. In the formula tan 3 = twitter At the ambiguity 


may be replaced by (— 1)", where m is the greatest integer 


ie , the angle A being expressed in degrees. 


29. If tan (cot x) =cot(tan), shew that the real values of 


contained in 





w are given by sin 2a = (ns lyx? where v is any integer except — 1. 


30. Shew how to express con in terms of cos A, where n 


is any positive integer. 


31. From the equation cos2= we +t oo? deduce the 


formula for sina in terms of sin 2x, and shew how the proper 
signs for the radicals may be determined. 
. Acos(6+a)+ Basin (6 +f) 
32. If the expression A’sin (0 + a) + B’oos (6+ B) 
same value for all values of 6, then will 
AA’ — BB = (A’B- AB) sin (a - 8B). 


33. If the sum of two angles is given, shew that the sum 
of their sines is numerically greatest when the angles are equal. 
If the cosine of the given sum is positive shew that the sum of the 
tangents is numerically least when the angles are equal. 


retain the 


34. If 4+B+C=90°, shew wat unity is the least value 
of tan’ A + tan’ B + tan’ C. 
© 
85. If 4+B+C=}180°, shew that unity is the least value 
of cot’ A + cot® B + cot’ C. 


36. If A, B, C are the angles of a triangle shew that 
2 cot A+ 2 cot B+ 2 cot C is never less than cosec A + cosec B+ cosec C. 


37. Shew that the sum of the three acute angles which satisfy 
the equation oos* A + cos" B + cos* C= 1 is less than 180°. 
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88. If each of the angles A, B, C be less than 90°, then 
sin (A + B+ C) is less than sin A + sin B+ sin C. 


at e 
39, Find the limit of (oos <\ when n is increased indefinitely. 


w 
40. Find the limit of (cos =) when n is increased indefinitely. 


8 
41. Shew that sin 0 is greater than tan 9 — 80 ip 6 is posi- 


tive and less than 5. 


42. Shew that (>) continually increases as a increases 


from unity to infinity ; and find the limit of the expression when 
x is increased indefinitely. 


XI. USE OF LOGARITHMIC AND TRIGONOMETRICAL 
TABLES. 


151. In the preceding two Chapters we have shewn how 
tables of the values of the Trigonometrical Ratios may be cal- 
culated and how tables of logarithms may be calculated, and we 
shall now shew how to use such tables; we begin with tables of 
logarithms. It is obvious that tables of logarithms may be cal- 
culated to various degrees of approximation ;-they may be calcu- 
lated to 5, 6, 7 or a higher number of decimal places. For a list 
of logarithmic and trigonometrical tables the student may consult 
the article Zables in the English Cyclopedia, and the Report of 
the British Association for 1873. Different tables present some 
variety in their mode of arrangement, and are usually accom- 
panied with full explanation of their peculiarities and the methods 
of using the tables ; we shall not enter into any minute account of 
the way in which tables may be used with the greatest advantage, 
but shall give such general illustrations as will enable the student 
to avail himself of any set of tables for the purpose of occasional 
calculation. The logarithms will always be supposed taken to the 
base ten. 
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152. We may observe that throughout all approximate cal- 
culations it is usual to take for the last figure which we retain, 
the figure which gives th& nearest approach to the true value. 
Thus for example, suppose we have the decimal fraction :3726 ; 
if we wish to retain only three places of decimals we should write 
‘373 and not ‘372 ; the former is too large and the latter too small, 
but the excess in the former case is ‘0004, and the defect in the 
latter case is ‘0006, so that there is a smaller error in the former 
case than in the latter case. Thus we have this general rule, 
when only a certain number of decimal places is to be retained: 
strike off the rest of the figures, and increase the last figure retained 
by 1 of the first figure struck off be 5 or greater than 5, 


We now proceed to explain the use of tables of common log- 
arithms ; and we shall use tables of seven places of decimals, 


153. To find the logarithm of a given number. 

If the number be contained in the Table we have merely 
to take the decimal part of the logarithm immediately from the 
Table and prefix the characteristic (Arts. 141,142). For example, 
required the logarithm of 534. The table gives ‘7275413 as 
the decimal part, and the characteristic is 2; therefore 

log 534 = 2°7275413. 
Similarly, log 53400 = 4°7275413, log 0534 = 2-7275413. 


In the last example the characteristic is — 2, and this is denoted 
by the bar placed over the 2: see Art. 142. 

Suppose, however, that the given number is not contained 
in the Table; the Table for instance may give the logarithms 
of numbers from 1 up to 100000 and we may require the logarithm 
of 5340234. Here we can take from the Table the logarithm 
of 5340200, and the logarithm of 5340300 ; we have 

log 5340300 = 6°7275657 
log 5340200 = 6°7275575 


difference = ‘0000082 
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The required logarithm of course lies between the two logarithms 
which we have taken from the Table. Now we see that cor- 
responding to the increase 100 in the number there is an increase 
0000082 in the logarithm; and we assume that corresponding 
to an increase 34 in- the number there will be a proportional 
increase in the logarithm. Let a denote the quantity which 
we must add to the logarithm of 5340200 in order to obtain 
the logarithm of 5340234; then we have, from the assumption 
which we have made, the paige: oo : 


100 : 34 :: 0000082 : 


therefore 2 = hae x 0000082 = 0000028 (Art. 152) ; 


therefore log 5340234 = 6:7275575 + 0000028 = 6:7275603, 


154. We assumed in the preceding Article that the increase 
in a logarithm is proportional to the increase in the number ; this 
is a case of what is called the principle of proportional parts, and 
although it is not strictly true, yet it is in most cases sufficient for 
practical purposes. We shall in the next Chapter investigate the 
subject, and shew to what degree of approximation we can rely 
upon the principle of proportional parts. 


155. The process given in Art. 153 is facilitated in large 


Tables in the following manner. Requirefl the logarithm of 
23453487. 


log 23454000 = 7-3702169 
log 23453000 = 7:3701984 


difference = 0000185 
Here by the process of Art. 153 we have to multiply 


0000185 by aoe , that is, by =f mas + ee Now the mul- 


tiplication is effected for us, and the results given, in a small 
Table headed Proportional parts, which is printed on the same 
page as the two logarithms which we have taken from the Table; 
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the small Table shews that 4 x 0000185 Proportional Parte 
="0000740, that 8 x 0000185 = 0001480, 
and that 7 x 0000185 = 0001295 ; and 
from these results, by dividing by 10, 100 
and 1000 respectively, we obtain the 
three parts which we require. The pro- 
cess may be arranged thus: 
log 23453000 = 7:3701984 
add for 4 740 
8 1480 
7 1295 


7:3702074095 
therefore, retaining 7 places of decimals, 
log 23453487 = 7:3702074. 


156. We have taken as our example a whole number; if a 
decimal fraction, or a mixed quantity formed of a whole number 
and decimal fraction, be given, we may throw aside the decimal 
point, and find the decimal part of the logarithm of the whole 
number thus obtained ; then by prefixing the proper characteristic 
we have the required logarithm. Thus, for example, required the 
logarithm of :23453487 and of 234°53487. The decimal part of 
the logarithm is -3702074 ; therefore 

b 


log ‘23453487 = 1-3702074 log 234:53487 = 2:3702074, 


157. To find the number which corresponds to a gwen logarithm. 

If the decimal part of the logarithm be found in the Table, we 
have merely to take the number which corresponds to it, and put 
the decimal point in the number in the place indicated by the 
characteristic. For example, required the number which has for 
its logarithm 2-7275413. Corresponding to the decimal part 
"7275413 we find in the Table the number 534, and as the charac- 
teristic is 2, there must be one cypher before the first significant 
figure (Art. 141); therefore the number which has the given 
logarithm is 0534, 


GO ~3 GR Cr > 6 0D Pt 
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Suppose, however, that the decimal part of the given logarithm 
is not contained exactly in the Table; for example, let the given 
logarithm be 1-3702074, we shall find that the decimal part of this 
logarithm is not in the Table; we have, however, corresponding to 
the number 23454 the decimal part of the logarithm 3702169, 
and corresponding to the number 23453 the decimal part of the 
logarithm ‘3701984 ; thus 


log 23454 = 4:3702169 
log 23453 = 4:3701984 
difference = ‘0000185 


The excess of the given decimal part of the logarithm above 
‘3701984 is 3702074 — 3701984, that is 0000090, The required 
number of course lies between ‘23454 and ‘23453; let d denote 
its excess above ‘23453, then assuming that the increase of the 
number is proportional to the increase of the logarithm, we have 


0000185 : 0000090 :: 1: d; 
90 


therefore d = 186 = “486. 
Therefore log 23453°486 = 4°3702074, 
and log :23453486 = 1:3702074 ; 
thus the required number is ‘23453486. , 185) 90-0( 486 
740 

158. We may save the labour of dividing 1600 
90 by 185 in the preceding example by means 1480° 
of the Table of proportional parts given in 1 200 
Art. 155; the process of ee if per- Iho 
formed, will stand thus: 

Now the products 740, 1480, 1110, are 4 ae 
furnished ready in the Table referred to, so 160 
that we need only perform the subtractions 8 1480 
and put down the following steps : 1200 


6 1110 
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159. We will now give some examples of the use of logarithms: 
we take of course al] our logarithms from Tables. 
Required the product of 3670°257 and 12°61158. 
Log 3670:2 ~= 3:5646897 
5 60 
7 8 
Log 3670:257 = 3:5646965 
Log 12°611 =—1:°1007495 
5 172 
8 28 
Log 12°61158 = 1:1007695 
3'5646965 
by adding the logs 4:6654660 
Decimal part of log 46287 6654590 


70 
7 66 
4 40 


4628774 
Thus the required number is 46287:74, the position of the 
decimal point being determined by the characteristic 4. 


160. Required the quotient of 1234567 by 54°87645. 


Log *P2345 =1:0914911 
6 211 
7 25 


Ce aeaeEEneEe eee ee nato eal 


Log ‘1234567 = 10915147 
Log 54876 = 1°7393824 
4° 32 

5 4 

Log 54°87645 = 1-7393860 
10915147 

1-7393860 


by subtracting 33521287 
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3-3521287 
Decimal part of log 22497 = 3521246 


41 
2 39 
1 20 
2249721 
Thus the required number is 002249721; there are two 
cyphers before the first significant figure, because the character. 
istic of the logarithm is 3. 


161. Required the cube of °3180236. 


Log ‘31802 = 1°5024544 
3 41 
6 8 


Log 3180236 = 1-5024593 
3 


25073779 
Decimal part of log 32164 = ‘5073701 
78 
5 67 
8 ilo 
3216458 
Thus the required number is (03216458. 


162. Required the cube root of 3663265. 
Log ‘36632 = 1:5638606 
6 e 71 
5 6 
Log ‘3663265 = 1:5638683 
We have now to divide 15638683 by 3; that is, we have to 
divide — 1 + 5688683 by 3. It is convenient td write the num- 
ber to be divided thus, — 3+ 25638683 ; then by dividing by 3 
we obtain — 1 + -8546228, that is, 18546228, 
T. 7. . 
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1:8546228 

Decimal] part of log71552 = ‘8546218 

| 10 

1 6 

6 40 
7155216 
Thus the required number is °7155216. 

We shall now explain the use of Trigonometrical Tables. 


163. To sind the sine of a given angle. 

If the given anyle be one which is contained in the Table of 
the sines of angles the required sine is furnished immediately by 
the Table; we proceed then to the case when the given angle lies 
between two which are contained in the Table. For example, re- 
quired the sine of 44° 35’ 25”, having given from the Table 

sin 44° 36’ = °7021531 
sin 44° 35’ = 7019459 
difference = ‘0002072 

The required sine of course lies between the two sines which 

we have taken from the Table; let « denote its excess above the 


sine of 44° 35’, and assume that the increase of the sine is propor- 
tional to the increase of the angle, therefore 


60” : 25” :: 0002072 : a, 


anise. Be et x 0002072 = 0000863. 


Therefore sin 44° 35’ 25” = °7019459 + -0000863 = -7020322. 

We have thus again assumed the principle of proportional 
parts, and we shall assume it throughout the present Chapter, 
reserving the investigation of it for the following Chapter. 


164. To find the angle which corresponds to a given sme. 


If the given sine be found in the Table the required angle is 
furnished immediately by the Table; we proceed then to the case 
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when the given sine lies between two which are contained in the 
Table. For example, required the angle which has for its sine 
‘6970886, having given from the Tuble 
sin 44° 12’ = -6971651 
sin 44° 11’ = 6969565 
difference = ‘0002086 

The excess of the given sine above the sine of 44°11’ is 
‘6970886 — ‘6969565, that is, ‘0001321. The required angle of 


course lies between the two angles which we have taken from the 
Table; let n be the number of seconds in its excess above 44°11’, then 


0002086 : 0001321 :: 60: n, 


0001321 60x 1321 
0002086 ~~ 8057— 


Therefore the required angle is 44° 11’ 38”, 


therefore n = 60 x = 38. 


L65. To find the cosine of a given angle. 


[f the given angle be one which is contained in the Table of 
the cosines of angles, the required cosine is furnished immediately 
by the Table; we proceed then to the case when the given angle 
lies between two which are contained in the Table. For example, 
required the cosine of 44° 35’ 25”, having given from the Table 


cos 44° 35’ = ‘7122308 
cos 44° 36’ = ‘7120260 
difference = ‘0002043 


Since in the first quadrant the cosine decreases as the angle in- 
creases, the required cosine will be less than the cosine of 44° 35’, 
and the required cosine of cours8 lies between the two cosines 
which we have taken from the Table; let x denote its defect 
below the cosine of 44° 35’, then 


60 : 25 :: 0002043 : a, 


theo we = x 0002043 = 0000851. 


Therefore cos 44° 35’ 25” = 7122303 — 0000851 = ‘7121452. 
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166. To find the angle which corresponds to a gwen cosine. 

If the given cosine be found in the Table the required angle is 
furnished immediately by the Table; we proceed then to the case 
when the given cosine lies between two which are contained in the 
Table. For example, required the angle which has for its cosine 
‘7169848, having given from the Table 

cos 44°11’ = 7171134 
cos 44° 12’ = °7169106 


difference = 0002028 
The given cosine falls short of the cosine of 44°11’ by 
‘7171134 — ‘7169848, that is, by 0001286. The required angle of 


course lies between the two angles which we have taken from the 
Table ; let n be the number of seconds in its excess above 44°11’, then 


0002028 : 0001286 :: 60 : 


0001286 60 x 1286 
therefore m= 60 x Toosh93 = —g008 


Therefore the required angle is 44°11’ 38”. 


= 38, 


167. It will not be necessary to give examples for the other 
Trigonometrical Functions ; the important fact to be remembered 
is that in the first quadrant the tangent and secant mcrease as the 
angle increases, and the cotangent and cosecant decrease as the angle 
increases ; thus the tangent and secant are treated in the same way 
as the sine, and the cotangent and cosecant in the same way as the 
cosine. 

168. The Tables of Trigonoietrical Functions which we have 
hitherto considered are called Tables of the Natural Functions to 
distinguish them from other Tables which we now proceed to con- 
sider. The Table of sines of angles for example is called a Table of 
natural sines; if we take the logarithms of the sines of all the angles 
which have been calculated we form a new Table which is called a 
Table of Logarithmic sines. Similarly, we can form a Table of the 
logarithms of the cosines of angles, and a Table of the logarithms 
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of the tangents of angles, and so on ; these Tables are called respect- 
ively ‘lables of Logarithmic cosines, Tables of Logarithmic tangents 
and 80 on. ° : 


169. The great advantage which we obtain from these Loga- 
rithmic Tables is that calculations are much abbreviated with their 
assistance ; this is especially the case, as we shall see hereafter, in 
what is called the solution of Triangles. We have stated as suffi- 
ciently obvious that these Logarithmic Tables may be calculated by 
taking the logarithms of the values of the Trigonometrical Functions 
which have been already tabulated ; it will be shewn however in 
the higher parts of the subject that the Logarithmic Tables can be 
calculated independently, that is, without the use of the Tables of 
the Natural Functions. We proceed now to exemplify the use of 
the Tables of Logarithmic Functions, 


170. Since the sine of an angle is never greater than unity 
the logarithm of the sine will never be a positiwe quantity ; also 
the same remark is true for the cosine. The logarithm of the 
tangent of an angle will be negative if the angle be less than 
45°, and the logarithm of the cotangent of an angle will be 
negative if the angle be greater than 45°. In order to avoid 
the occurrence of negative quantities in the Tables it is found 
convenient to add 10 to the logarithm of every Trigonometrical 
Function before registering it in the Tables; the logarithm so 
increased is called the Tabular logarithm and is usually denoted 
by the letter Z. Thus ZL sin A means the Zabular logarithm 
of the sine of A, and it is equal to the real logarithm of the 
sine of A increased by ten. Of course in calculations we shall 
have to remember and to allowefor this increase of the real log- 
arithms ; this will be seen when we come to the solution of Trv- 
angles. In what follows we shall exemplify the use of the Tables 
of Logarithmic Functions. 


171. To find the tabular logarithmic sine of a given angle. 


If the given angle be one which is contained in the Table 
of the Logarithmic sines the required result is furnished imme. 
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diately by the Table; we proceed then to the case when the given 
angle lies between two which are contained in the Table, For 
example, required the tabular.logarithmic sine of 44° 35’ 25”-7, 
having given from the Table 


Lsin 44° 35’ 30” = 9°8463678 
Lsin 44° 35’ 20” = 9°8463464 


difference = ‘0000214 


The required tabular logarithmic sine lies of course between 
the two which we have taken from the Table; let 2 denote its 
excess above the tabular logarithmic sine of 44°35’ 20”; then by 
the principle of proportional parts 


10 : 5°7 :: 0000214 : a, 


therefore x = a x 0000214 = 0000122. 


Therefore Z sin 44° 35’ 25" -7= 9-8463464 + 0000122 = 9°8463586. 


172. To find the angle which corresponds to a given tabular 
logarithmic sine. 

If the given tabular logarithmic sine be found in the Table 
the required angle is furnished immediately by the Table; we 
proceed then to the case when the given tabular logarithmic sine 
lies between two which are contained in the Table. For example, 
required the angle which has for its tabular logarithmic sine 
98432894, having given from the Table 


L sin 44° 11’ 40” = 9°8432923 
Lain 44° 11' 30” = 9°8432707 
difference = 0000216 
The excess of the given tabular logarithmic sine above that of 


44° 11' 30" is 9-8432894 — 9-8432707, that is, 0000187. The re- 
quired angle of course lies between the two angles which we have 
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taken from the Table ; let » be the number of seconds in its excess 
above 44° 11’ 30”, tien 
0000216 : 0000187 :: 10: n, 


Geis: wsldw eo 32088 a 





Therefore the required angle is 44° 11’ 38” 7, 
173. To find the tabular logarithmic cosine of a given angle. 
If the given angle be one which is contained in the Table of the 
logarithmic cosines the required result is furnished immediately by 
the Table ; we proceed then to the case when the given angle lies 
between two which are contained in the Table. For example, re- 
quired the tabular logarithmic cosine of 44° 35’ 25” 7, having given 
from the Table 
L cos 44° 35’ 20” = 98525789 
L cos 44° 35’ 30” = 9:8525582 


difference = ‘0000207 


The required tabular logarithmic cosine lies of course between 
the two which we have taken from the Table, and is /ess than the 
tabular logarithmic cosine of 44° 35’ 20”; let a denote its defect 
below the latter ; then 


10 : 5:7 :: ‘0000207 2» a, 


therefore nae x 0000207 = (0000118. 


Therefore Z cos 44° 35’ 25” 7 = 9°8525789 — 0000118 = 9°8525671. 


174. To find the angle which corresponds to a gwen tabular 
logarithmic cosine. 

If the given tabular logarithmic cosine be found in the Table 
the required angle is furnished immediately by the Table; we 
proceed then to the case when the given tabular logarithmic cosine 
lies between two which are contained in the Table. For example, 
required the angle which has for its tabular eee cosine 
9°8555086, having given from the Table 
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Z cos 44° 11’ 30” = 9°8555264 

L cos 44°11’ 40” = 9-8555060 

differénce = -0000204 
The given tabular logarithmic cosine falls short of that of 
44°11’ 30” by 9°8555264 —9-8555086, that is, ‘0000178. The 
required angle of course lies between the two angles which we 
have taken from the Table; let m be the number of seconds in its 

excess above 44°11’ 30”; then 


0000204 : 0000178 :: 10: x, 


therefore n=10~x OOO0RTS = alee = 8°7. 





Therefore the required angle is 44° 11’ 38”°7. 


175. It will not be necessary to give examples for the other 
Trigonometrical Functions ; the important fact to be remembered 
is that in the first quadrant the tabular logarithms of the tangent 
and secant increase as the angle increases, and the tabular logarithms 
of the cotangent and cosecant decrease as the angle increases ; thus 
the tangent and secant are treated in the same way as the sine, 
and the cotangent and cosecant in the same way as the cosine. 


EXAMPLES, 


1. Given log 12440 = 4-0948204, 
log 12441 = 4-0948553, 
find log 12440°35. 


2. Given log 1-0686 = 0288152, 
log 1-0687 = 0288558, 
find the number of which the logarithm is °0288355. 


3. Given log 23456 = 4:3702540, 
log 23457 = 4°3702725, 


form a table of proportional parts for the intermediate numbers, 
and find log :2345638. 
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4, Find the number whose logarithm is — (1°8753145), having 
iven 
log 1°3325 = :1246672, log,1:3326 = :1246998. 
5. Given log 3°855 = 5860244, 
log 3°8551 = -5860356, 
find "Jog (00385504)8. 
6. Given log 24 = 13802112, 
log 4:8989 = -6900986, 
log 48990 = -6901074, 
find (24)! to six places of decimals. 
7. Given log 14271 =4°1544544, 
log 20313 = 4:3077741, 
log 20314 = 4:3077954, 
find (142-71)?. 
8. Given log7= *8450980, 
log 58751 = 4:7690153, 
log 58752 = 4:7690227, 
find (-07)° to seven significant figures. 
9. Given log2= 3010300, log 5:743491 = -7591760, 
find the fifth root of :0625. 


10. Given log 2-7 = -4313638, log 5-172818 = -7137272, 
find the value of 27-4. 


11. Given log 71968 = 4°8571394, diff for 1 = 0000060, 
find the value of £/(:0719686). 


12. Given log 103 = 2:0128372, log 7440942 = 6871628, 
find (1:03)~™. 


13. Find the value of 64 {1 — (1:05)-"}, having given 
log 105 = 20211893, log 37689 = 4-5762140. 
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14. Find approximately 5¥*, having given 
log 2 = ‘301030, log 1562944 = -193943, 
log 349485=5:543428, log3655 =:562887, 
log 3°656 =-563006. 
15. Having given 
log 12 = 1:0791812, log 1:257915 =*0996512, 
log 1:121568 = -0498256, find the value of 
(1-44)~° — (1°44)7"%, 
16. Having given 
log 105 = 20211893, log 5303214 = 6°7245391, 
log 3768894 = 6°576214, _ find the value of 


as ee 
05 fico 7 aay} 
17. Given sin 47° = ‘7313537, 
sin 48° = ‘7431448, 
find sin 47° 1’, 
18. Given sin 7° 17’ = '1267761, 
sin 7° 18’ = -1270646, 
find sin 7° 17’ 25”. 
19. Given _ Lain 17° 1’ = 94663483, 
Lsin 17° = 94659353, 
find Lain 17° 0’ 12”. 
20. Given Lin 26° 24’ = 9°6480038, 
Lain 26° 25’ = 9-6482582, 
find Lain 96° 24’ 12”. 
21. Given L cot 72° 15’ = 9°5052891, 
L cot 72° 16’ = 9:5048538, 
find L cot 72° 15' 85”. 
22. Given L cot 81° 46’ = 9-1604569, diff. for 10” = -0001486, 
find the angle whose L cot is 9°1603493, 
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23. Given Z cos 20°35’20"= 9°9713351, diff. for 10’=-0000079, 
find the angle whose Z cos is 99713383, 


24. Given ZL cos 34° 24’ = 9-9169137, diffi for 1’= 0000865, 
find L cos 34° 24’ 26”, and also the angle whose Z cos is 9:9165646. 


25. Given L sin 37° 19’ = 9-7826301, diff-for 1’ = 0001657, 
L cos 37° 19’ = 9-9005294, diff. for 1’ = 0000963, 
find Lsec 37° 19’ 47”, and L tan 37° 19’ 47”, 


26. Given Z sin 32° 18’ = 97278277, diff. for 1’ = 0001998, 
L cos 32° 18’ = 9:9269913, diff. for 1’ = 0000799, 
find Lsine, LZ cosine, and L tangent of 32° 18’ 246. 


XII. THEORY OF PROPORTIONAL PARTS. 


176. We shall now investigate the principle of proportional 
parts, the truth of which was assumed throughout the preceding 
Chapter. The logarithms in the present Chapter are supposed to be 
logarithms to the base 10; and we will suppose that the Table of 
logarithms is calculated to seven places of decimals, and that it con- 
tains the logarithm of every whole number from 1 to 100000. 


177. To shew that the change of the logarithm is approximately 
proportional to the change of the number. 


n F 


We know that log (n + d) — log ne log nee = log (1 + “) 
q@# @ 
and by Art. 148, log € ‘p “\=n € -pa team os): 
where « is the modulus, so that p = °43429448...... 


Suppose that n is an integer containing five figures so that » is 
not less than 10000, and suppose that d is not greater than unity. 
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Then Ka islossthan ] (ss000) and a fortiori less than ‘000000003; 
a is less than one ten-thousandth part of this, and go on. 
Hence at least as far as seven places of decimals we have 
log (1 +d) — logn = HE, 


This equation establishes the required result ; for it shews that 
if the number be changed from n to n +d the corresponding change 


in the logarithm is approximately aa , that is, the change of the 
logarithm 1s approximately proportional to the change of the number. 


178. The principle of proportional parts is thus shewn to hold 
in the case of the logarithms of numbers to a sufficient degree of 
accuracy for practical use. For when we wish to find the loga- 
rithm of a given number we can suppose the decimal point in the 
number placed after the fifth figure, so that the number is thus 
made to lie between two which differ by unity and which are both 
contained in the Table; and we have shewn that as far as seven 
places of decimals the change of the logarithm is proportional to 
the change of the number. Then we can if necessary change the 
position of the decimal point and make the corresponding change 
in the characteristic of the logarithm ; and thus we finally obtain 
the logarithm of the original given number. Similarly we may 
proceed if we want to find the number which corresponds to a 
given logarithm lying between two in the Table. 


179. We will now shew how the result of Art. 177 is applied 
in practice. We have 


log (n+d)—logn=“, 
also log (n + 1) — log n =~ =8 suppose, 


thus log (n + d) = log n+ 8, 
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Now 4 being the difference of two known logarithms is furnished 
immediately by the Table; and to obtain the logarithm of (n + d) 
we multiply this known quantity 6 bythe given fraction d and add 
the product to the logarithm of n. This is the rule which was 
used in the preceding Chapter, Art. 153, in order to find the 
logarithm of a given number. 


Again, suppose we require the number which corresponds to a 
given logarithm. Let and +1 be integers between which the 
required number lies, and denote the required number by n+d. 
Then log (x +d) —logm is known; call it x, and let § denote the 
known quantity log(n+1)—logn; thus dd=a; therefore d =5 : 


This is the rule which was used in the preceding Chapter, Art. 157. 


180. We shall now proceed to examine how far the principle of 
proportional parts holds in the case of the Natural Trigonometrical] 
Functions ; this we shall do by considering these Functions sepa- 
rately. We shall suppose throughout this Chapter that the angles 
which occur are positive angles not exceeding a right angle, this is 
sufficient because it has been shewn that any Trigonometrical 
Function of any angle is numerically equal to the same Function 
of some positive angle not exceeding a right angle ; see Art. 55. 


181. To prove that in general the change of the sine of an 
angle 1s approximately proportional to the change of the angle. 


We have sin (6 +h) - sin 6 = sinh cos 6 — sin 6 (1 — cosh) 


a an) 


sin A 





= sin / cos 6 (1 — tan 6 
Py 


= sin h coe 6 (1 — tan 6 tan 5). 


Let us now suppose. that 2 is the circular measure of a very 
small angle so that sinh =A approximately ; thus, approximately, 


sin (6 + A) ~ sin @=h oon (1 — tan 6 tan 5) ; 
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let us also suppose that 6 is not very nearly equal to 5 so that 


tan 6 is not very large, and thus tan 0 tan 2 may be neglected. 


We have then, approximately, 
sin (6 + h) — sin 6 = h cos 6, 


and this establishes the proposition. 
Similarly sin (0—/) —sin 6 =—h cos 6 approximately. 


182. We may however require to know more exactly the 
amount of error to which we are liable in using the result of the 
preceding Article; this point we will now examine. The approx- 
imate value of sin (6 + A) — sin 0, is hos 0, while the exact value is 
sin h cos@ —(1— cos h) sin 6; thus to obtain the approximate value we 
change sinh into / in the first term of the exact value, and we neglect 
the second term of the exact value. First then consider the error 
produced by writing A for sinh. The circular measure of an angle 


of half a degree is 55 3 and by Art. 130 sin 4 cannot differ from h 


8 
by so much as 7 , 80 that it may be shewn that for an angle of half 


a degree the sine cannot differ from the circular measure by so much 
as 00000012. Hence if our calculations extend to only seven 
places of decimals an error will hardly be introduced by changing 
sinh into h even for an angle of half a degree, and a fortiori no 
error will be introduced by the change if we restrict h to be not 
greater than the circular measure of an angle of one minute. Next 
consider the error produced by neglecting the term sin 6 (1 — cosh), 


that is, 2sin sin’. Since sin is never greater than unity and 


ane is lees than h , the value of the term neglected is less than 


2 
h* i’ 
53 and if be the circular measure of an angle of one minute 5 


is less than ‘0000001. Hence if our calculations extend to only 
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seven places of decimals, no error will be introduced by neglecting 
the term sin 6 (1 — cos h) if we restrict h to be not greater than the 
circular measure of an angle of ene minute. 


Therefore if we have a Table of natural sines calculated for 
every minute to seven places of decimals, no error will be intro- 
duced by our célculating to seven places of decimals the sine of an 
angle which lies between two in the Table from the formula 


sin (6 + h) —sin 0=h cos 8. 


183, We will now shew how this result is applied in practice. 
Suppose that we have a Table of natural sines calculated for every 
minute, and that we require the sine of an angle which lies be- 
tween two in the Table. Let & be the circular measure of an angle 
of one minute; let 6 and 6+ be the circular measures of the angles 
in the Table between which the given angle lies, and let 0+h be 
the circular measure of the given angle. Then 


sin (6+ &) — sin 6 = k cos 6 =8 suppose, 


sin (6 +h) ~ sin 6 = h cos = 78; 


h 
thus sin (0+h)=sin 6+ 7 d= sin 9+ 558 
where s is the number of seconds in the angle of which & is the 
circular measure, Now 6 is the difference between two consecutive 
sines in the Table, and is therefore furnished saeares by the 


Table, and we must multiply this ee quantity by 7- zi 7 and add 


the result to sin 9 in order to obtain sin(9+h). This is the rule 
which was used in the preceding Chapter, Art. 163. 


Again suppose that we require the angle which corresponds to 
a given natural sine. Let & be the circular measure of an angle of 
one minute; 6 and 6+ the circular measures of ungles in the 
Table between which the required angle must lie, and let 0+’ be 
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the circular measure of the required angle. Then sin (6 + 4) —sin 6 
is known; call it #, and let 6 denote the known quantity 


sin (6+) —sin 6; therefore a = 2, therefore r=* = 


Ie 53 let s be the 
number of seconds in the angle of which the as measure is fh, 
then 55 = 5 =5 therefore s = ud This is the rule which was used 


in the preceding Chapter, Art. 164. 


184. When @ is nearly 4 , Since cos @ is then very small, the 


term cos 6 will be very small if A be the circular measure of a 
small angle. Thus the difference between the natural sines of two 
angles, each of which is nearly equal to aright angle, is very small ; 
this is expressed by saying that the differences in the sines of con- 
secutive angles are nearly insensible when the angles are nearly 
equal to a right angle. 

There is also another point to be noticed in this case; we have 


sin (6 +h) — sin 6 = sin / cos 6 — (1 — cosh) sin 8 ; 
the ratio of the second term to the first is numerically 


sin 0 (1 — cos h) 


cos@sinh ’ 


that Pe 


5° and when @ is nearly equal to 7 this ratio 


will be a sensible quantity unless . be extremely small, Thus the 


second term ought not to be tejected in comparison with the furst 
term unless : be extremely small, This is expressed by saying 
that the differences in the sines of consecutive angles are irregular 
when the angles ure nearly equal to a right angle. In the present 
case this wregularity is not of much importance on account of the 
accompanying insenstbility. 


THBORY OF PROPORTIONAL PARTS. 1399 


185. We have shewn that, approximately, 
sin (6 + h) ~sin 6 =h cos 6; 


change 0 into 5-6, thus 


sin (5-6 +h) —sin G-°) = heos (5 - 0) 7 
that is cos (6 —h)—cos@ =Asin & ; 
and by changing the sign of h 
cos (6' + h) — cos & =—h sin 6’. 

It is convenient to deduce this formula from that atraaiy 
proved, because we thus know, without a new investigation, the 
amount of error to which we are liable in using it; it may how- 
ever be proved independently, as we will now shew. 


186. To prove that in general the change of the cosine of an 
angle is approximately proportional to the chanye of the angle. 
We have 
cos (6 — h) — cos 0 = sin h sin 6 — . — cos }) 


= sin hin 6 (1 Gobe= =o") 





sin h 
= sin h sin 6 (1 — cot 6 tan 3). 


® 
Let us now suppose that A is the circular measure of a very 


small angle, so that sinh = 4 approximately ; thus, approximately, 
cos (6 —h) — cos 6 =A sin 0 (i - cot 6 tan 5) ; 
let us also suppose that 6 is not vewy small, so that cot 0 is not very 


large, and thus cot 6 ee may be neglected. We have then, 


2 
approximately, 
cos (6 — h) — cos 6 =h sin 6, 


and by changing the sign of A, 
cos (9 + h) —cos 6 = — hain 6; 
and this establishes the proposition, 
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187. From the result of the preceding Article, we can deduce 
the rule used in Aris. 165 and 166 of the preceding Chapter ; the 
method is the same as that’ which we have already given in 
Art. 183. The only peculiarity to notice:is that the cosine 
diminishes as the angle increases. 

And by proceeding as in Art. 184 we see that the differences 
in the cosines of consecutive angles are nearly insensible and are 
also irregular when the angles are very small, 

188, To prove that in general the change of the tangent of an 
angle is approximately proportional to the change of the angle. 
sin(6+h) sin@ 


We have so es aaa r \ Soo 


_ sin (+h) cos@—cos(6+h)sin@ sin 


cos (6 + i) cos 6 ~~ cos (8+/) cond cos (8+/) cos 0 
sin h tan h 


~ cos* 6 (cos 4 — sin tan 6) cos* (1 — tan 6 tan A)’ 
Let us now suppose that / is so small that we may put A for 


tan A, and also that 0 is not nearly equal to ; so that tan 6 tan 


may be neglected. We have then, approximately, 
tan (6+ h) — tan 0 = ae = h sec’ 6, 
cos’ 6 
also by changing the sign of h 
tan (6 — h) - tan 0 =— h sec’ 6; 

this establishes the proposition. 

189. From the result of the preceding Article we obtain the 
same rule for the tangent as we obtained in Art. 183 for the sine. 


We will now proceed to examine the amount of error to which we are 
liable in using the approximate formula of the preceding Article. 


tan h . oa 
We have wol meu 6 (1 — tan 0 tan h) 


= tan i sec’ 6 (1 + tan @ tan A+ tan’ 6 tan*h+...); 
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thus if we take only the first term tan hsec’@ we neglect a series 
of terms beginning with tan"/sec* @ tan 6, that is approximately 
i? (1+ tan’ 0)tan6. Now if we have a table of natural tangents 
calculated for every minute and we wish to find the natural 
tangents of intermediate angles the greatest value of h is the cir- 


cular measure of one minute, that is, 180 260 , or (0003 approxi- 


mately. Hence the numerical value of the greatest error is not 
less than (:0003)* (1 + tan* 6) tan 6, and therefore even if 6 be not 


greater than 7 we are liable to an error in the seventh place 


of decimals. If, however, we have a table calculated for every 
ten seconds the greatest value of hk is the circular measure of 


: T ‘ : 
ten seconds, that is Isox60x6? % 00005 approximately ; in 


this case we shall be free from error in the seventh place of 
decimals until tan 6 is nearly as great as 34: the table shews that 
tan 73° 18’ is rather less than 34. 


190. Since tan (6+) —tan@=hsec’@ approximately, and 
sec @ is never less than unity, the differences of consecutive tan- 
gents are never insensible ; but as we have shewn in the preceding 
Article, the differences are irregular when the angles are nearly 
right angles, 


191. We have shewn that approximately 
tan (0 +h) — tan 0 =h sec’ 6 ; 
change 6 into 5 — 6, thus 


bani (3-0 +4) —tan (5-0) = hsect G- 0’), 


that is cot (6’ —h) — cot 0’ = h cosec’ 6’, 
and by changing the sign of h 
cot (6’ + h) — cot 0’ = —h cosec’ 6’. 
This may be proved independently, as we will now shew. 


9% 
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192. To prove that im general the change of the cotangent of 
an angle is approximately proportional to the change of the angle. 


a cos(9—h) cos 0 
We have cot (0—h) cot 0 = ain (=). ane 


_ 008 (9 — h) sin 6 — cos O sin (6 - A) _ sin (0 — —O+h) 
sin (6 —h) sin 6 sin (6 —h} sin 0 
_ sin h 7 sin h 
~ sin(@—h) sin sin’ 6 (cosh — sin A cot 6) 





ns or 
® 


~ sin" @(1 — tan / cot 6) 


Let us now suppose that h is so small, that we may put h for 
tan A, and also that @ is not very small, so that cot 6 tanh may be 
neglected. We have then approximately 


cot (0 — h) — cot 6 = < a= = h cosec’ 6, 


also by changing the sign of h 
cot (6 +h) —cot 6 =—h cosec’ 6; 
this establishes the proposition. 
193. Zo prove that in general the change of the secant of an 
angle 1s proportwnal to the change of the angle. 


l 1 
We have ROKR) nen = abe i oe 





cos @ — cos (6 + h) Bi aca as — cos /) cos 6 


~ cos @cos (6+h) cos’ 6 (cos A — sin A tan 6) 





tan hin 6(1+ tan 5 5 cot 8 ) 


eT Te 


Let us now suppose that A is so small that we may put A for 
tan h, and also that 0 is neither very small nor very nearly equal * 
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to 5° so that tan @ tanh and cot 0 tan 5 


have then approximately ° 


noo (0 +1) — 800 0 ="""27 _ f sin 8 soc 8, 


may be neglected. We 


also by changing the sign of h 
sec (0 —h) —sec 6 = —h sin 0 sec* 0; 
this establishes the proposition. 


194, We have shewn that approximately 
sec (6 + h) — sec 6 = h sin 6 sec’ 6 ; 
change 6 into 5 — @, thus 


sec G ne — sec (5-%)= h sin G- 6’) scot(5- 6), 


that is cosec (6’ — h) — cosec 7 = h cos 6’ cosec’ 0’, 
and by changing the sign of h 
cosec (6’ + h) — cosec 0’ = — h cos & cosec’ 6’. 
This may also be proved independently. 


195. The amount of error to which we are liable in using the 
approximate formule of the preceding two, Articles may be in- 
vestigated as in Art. 189. It will be seen that the differences of 
consecutive secants are insensible and irregular when the angles 
are very small, and they are irregular when the angles are nearly 
right angles ; the differences of consecutive cosecants are irregular 
whon the angles are small, and insensible and irregular when the 
angles are nearly right angles. : 

We will now proceed to examine how far the principle of pro- 
portional parts holds in the case of the Logarithmic Trigonometrical 
Functions. 


196. Zo prove that in general the change of the tabular loga- 
rithmic sine of an angle is approximately proportional to the change 
of the angle. 
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We have approximately sin (6 +) =sin 6 + h cos 9, 
therefore pd eas ng ee ee 
sin 0 


therefore log sin (0 + A) — log sin @ =log = 2+) og (1+A cot), 


and log (1+h cot 6) =phcot@ approximately (Art. 148), where p 
is the modulus, thus approximately 


log sin (6 + h) — log sin 6 = ph cot 6, 
also by changing the sign of 4 
log sin (8 — h) — log sin 0 = — ph cot 6. 
If Z stand for tabular logarithm, we have 
L sin (6 +h) = 10 + log sin (6 +h), 
L sin § = 10 + log sin 6 ; 
therefore L sin (6 = h) — L sin 6 = & ph cot. 
This establishes the proposition. 
197. We will now shew that in general the principle of pro- 
portional parts holds approximately in the case of the other 
tabular logarithmic functions, and then we will consider the 


amount of error to which we are liable in using the approximate 
formule. 


198. We have shewn that approximately 
L sin (+h) — L sin 6 = ph cot 6, 


change 6 into 3 @, thus 


Lin = @+h)—Lsin(5-¢)=phoot(*-0'), 
that is L cos (0 ~h)—L cos & = ph tan 6’, 
and by changing the sign of h 
L cos (6 +h) —L cos 6’ =— ph tan &. 


This proves the principle in the case of the tabular logarithmic 
cosines, 
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199. We have shewn that approximately 
log sin (6 + h) — log sin 6 = ph cot 6, 
and log 00s (0 + 8) — log con 8 = — ph tan 8; 
then by subtraction 


log sin (0+) — log cos (6+) — {log sin 6 —log cos6}= wh (cot 0 + tan 6), 


: e 7 _ Qh 
that is log tan (0 + h) log tan 6 = op 


2h 
therefore Z tan (6 + h) - Ltan$=— > 
and by changing the sign of h 


Oph 
L tan (6 —h) ~ LZ tan 6 ~ ~ Bin 26° 
This proves the principle in the case of the tabular logarithmic 
tangents. By changing 6 into 57 @’ we obtain 
Oph 
L cot (7 #h) - Lcot ¢ = + 96" 


this proves the principle in the case of the tabular logarithmic 


cotangents. : 
200. We have shewn that approximately 
log sin (6 + h) — log sin 0 = ph cot 0, 


1 1 
therefore log ain@+h)~ lof ay ee ph cot 0, 
that is log cosec (6 + h) — log cosec 6 = — ph cot 6, 
therefore L cosec (0 + h) — L cosec 0 = — ph cot 6, 


also by changing the sign of 4 
T, cosec (6 ~ h) ~ L cosec 6 = wh cot 0 ; 
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this proves the principle in the case of the tabular logarithmic 
cosecants. By changing 6 into 37 6’, we obtain 


L sec (7 +h) — L sec @ = = ph tan @ ; 
this proves the principle in the case of the tabular logarithmic 
secants, ‘ 


201. From the results of Arts. 196...200 we obtain the rules 
which were exemplified in Arts. 171...174. It will be observed 
that we have deduced the approximate formule for all the other 
logarithmic functions from that of the logarithmic sine ; thus if we 
investigate the amount of error to which we are liable in the case 
of the logarithmic sine, we shall know the amount of error for all 
the other logarithmic functions. The approximate formule how- 
ever for the other logarithmic functions may be obtained inde- 
pendently, and we will for example give the investigations for the 
logarithmic cosine and the logarithmic tangent. 


202. To prove that in general the change of the tabular loga- 
rithmic cosine of an angle is approximately proportional to the 
change of the angle. 

We have approximately cos (9 —h) =cos 8 +hsin 8, 

cos (6 — h) 
cos 8 
cos (6 —h) 
cos 6 


therefore =]1+h tan 0, 


therefore log cos (9 — h) — log cos 0 = log = log (1+ tan6), 


and log (1 + / tan 0) = ph tan 6 approximately (Art. 148), 
therefore log cos (6 — h) — log cos 0 = ph tan 6 approximately, 
therefore L cos (9 —h) — L cos 6 = ph tan 6, 
and by changing the sign of h 
L cos (0 + h) — L cos 6 =— ph tan 0. 

203. To prove that mm general the change of the tabular loga- 
rithmic tangent of an angle is approximately proportional to the 
change of the angle. 


THEORY OF PROPORTIONAL PARTS. 137 


We have approximately tan (6+h) = tan 6 + h sec’), 
eee a1 4 AF 1 4 28 cosee 26, 
therefore log tan (0 + 4) — log tan 6 = log (1 + 24 cosec 26) 
= 2h cosec 26 approximately, 
therefore Lrtan (6 +h) —Z tan = 2yh cosec 26, 
and by changing the sign of 4 
L tan (6 —h) — LZ tan 0 =— 2ph cosec 26. 

204. We will now proceed to consider the amount of error to 

which we are liable in using the approximate formula 
L sin (6 +h) —L sin 6 = ph cot 6. 

In obtaining this formula log (1 +4 cot 6) was taken equal to 
ph cot 6, so that the square and higher powers of Acot@ were 
neglected. But when 6 is very small cot @ is very large, and thus 
h? cot?@ may be too large to be neglected; this case then will 
require further examination. 

We have shewn in Art. 18] that 


sin (6 + 8) — sind = sin i o0s 6 (1 —tan 6 tan 3) ; 


therefore 


y} 


let us suppose 4 so small that we may write / for sin / and 9 for 


tan ; thus approximately sin (# + A) — sin 0£h cos 6 — . sin 6, 





1 2 
therefore ain (0 + 4) =1+hcoté— f ; 
sin 6 2 
sin (O+h) | - a 
therefore log Sages = = (1 +hcot 6 — 5 


=»(h cot 6-5) _ (4 cot 6 ~ 5) +... (Art. 148) 


= ph cot 6-H (1 + cot? 6) + ...; 
thus if we omit powers of f higher than h" we have 


log sin (6 +h) — log sin 0 = wh cot 4 — We eonec” 4 
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If our Table is calculated to every ten seconds, then the 
greatest value of & is the circular measure of ten seconds, that is 
about 00005; and »=4 approximately. Thus the greatest error 


s5\ Which we ars. Hableds abouts nn”. “has Gaus al basoas 


sensible in calculations to seven places of decimals if 6 cosec’ 6 is 
as large as 10°, that is if sin*@ is as small as 006: the tables 
shew that the sine of 4}° is rather greater than / 006. 


Thus we see that the differences of consecutive logarithmic 
sines are irregular when the angles are very small. 


When @ is very nearly a right angle, cot @ is very small 
while cosec’@ is not very small; thus the above formula for 
log sin (6 + h) — log sin @ shews that the differences of consecutive 
logarithmic sines are nearly insensible when the angles are nearly 
equal to a right angle, and that these differences are at the same 
time irregular. 


From these results we can immediately infer the corresponding 
results for the logarithms of the other Trigonometrical functions; 
they will be found enunciated in Art. 206. 


205. It appears from the preceding Article, that when an 
angle is small it cartnot be accurately determined from its loga- 
rithmic sine nor the logarithmic sine from the angle by means of 
the common tables, because although the differences of consecutive 
logarithmic sines are then sensible, yet they are irregular. To 
obviate this difficulty three methods have been proposed. 


4 
First Method. We may have a Table of Logarithmic sines 
calculated for every second for the first few degrees of the quadrant; 
in this case the greatest value of 4 is the circular measure of one 


8 
second, and thus a cosec’@ becomes small enough to be neglected, 


provided sin 0 is as small as ,/-00006: the tables shew that the 
sine of half a degree is rather greater than ,/-00006, : 
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Second Method. This is called Delambre’s Method. A Table 


is constructed which gives the value of log = : 


second for the first few degrees of the quadrant. 





+ Lsin 1” for every 


Let 9 be the circular measure of an angle of seconds, then 


6=nsin 1” approximately (Art. 123), 


therefore log —— = : = log a ens = log sin »” — log m — log sin 1”, 


ee ae 





therefore logn=JZsinn” — (105° + L sin i, 


If the angle is known, then the Table gives the value of 





log— g + Z sin 1”, and logn can be found from a Table of the log- 


arithms of numbers; thus the formula enables us to find Z sm n’. 


If the value of Zsinn” is given and we have to find n, we pro- 
ceed thus: since Z sin nm” is known we can find approximately 
the value of the angle, and then from the Table we get the value 


of log - + £sin 1"; then the formula gives us log n, and we can 


find m by an ordinary table of logarithmseof numbers. In this 
operation we are liable to an error by using an approximate value 
of = instead of the real value. But it may be inferred from 
Chap. Ix. and will be more fully shewn hereafter, that when @ is 
small me is very nearly equal to 4 — - , and thus a small error in 


6 will not produce any sensible error in our calculations, since 
log _ will vary far less rapidly than 0. 
Third Method. This is called Maskelyne’s Method. It may be 


used if Tables such as those described in the other methods are 
not accessible, 


140 THEORY OF PROPORTIONAL PARTS. 


It may be inferred from Chap. 1x. and will be more fully shewn 
hereafter, that when 0 is very small we have approximately 


—— con =1-5 ; 
gi 
therefore ae =l]- ra ae ~ 5) approximately, 
= (cos g)3 approximately, 
therefore log sin 6 = log 6 + 3 log cos 6 approximately. 


This formula gives log sin 8 at once if @ be given. If log sin 0 
be given, we must find an approximate value of 9, and then find 
log cos § approximately ; then we have 

log 6 = log sin 6 — 4 log cos 6. 

Here since cos 6 varies far less rapidly than 6, we are free from 
sensible error by using an approximate value of log cos @ instead of 
the real value. 

A similar formula may be found for the tangent of a small 
angle ; for 


* =) 
tan 0 =— : = (0 - a) € — 5) approximately, 





cos 6 
tan 6 
therefore ig =(1-5 -= . + 5) 
“4 
=1 ad 5 1- 5) approximately, 


therefore log tan 6 = log 6 — 3 log cos 6 approximately. 


206. We will now sum up the results of the investigations 
of the present Chapter. 

The principle of proportional parts is applicable to all the 
trigonometrical functions natural and logarithmic with certain 
exceptions, which occur when the angles are small or nearly equal 
to a right angle. In the exceptional cases the differences of 
consecutive functions are sometimes irregular only; sometimes 
they are nearly insensible, and then they are also irregular. 
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For the natural functions we have the following exceptional 
cases. For the sine the differences are insensible when the angles 
are nearly right angles; for the cosjne they are insensible when 
the angles are small, For the tangent the differences are ir 
regular when the angles are nearly right angles; for the cotangent 
they are irregular when the angles are small. For the secant 
the differences are insensible when the angles are small, and 
irregular when they are nearly right angles; for the cosecant 
the differences are irregular when the angles are small, and in- 
sensible when they are nearly right angles. 


For every logarithmic function the principle of proportional 
parts fails both when the angles are small and when they are 
nearly right angles. For the log sine and the log cosecant the 
- differences are irregular when the angles are small, and insensible 
when they are nearly right angles. For the log cosine and the 
log secant the differences are insensible when the angles are 
small, and irregular when they are nearly right angles. For the 
log tangent and the log cotangent the differences are irregular 
when the angles are small and when they are nearly right angles. 


207. In using Trigonometrical Tables it is necessary to avoid 
as much as possible the cases in which the principle of pro- 
portional parts does not hold. In other words we must endeavour 
to use a Table such that the differences of the function corre- 
sponding to given small differences of the angle are both sensible 
and regular. If the differences of the function are insensible 
for a certain number of decimal places we cannot by any method 
determine the value of the function for any intermediate angle, 
or perform the converse operation, so long as we are restricted 
to the certain number of decimal places. If the differences of 
the function are irregular we cannot determine the value of the 
function for an intermediate angle, or perform the converse 
operation, by the principle of proportional parts, though we may 
by retaining the terms which were neglected in the first approxi- 
mation. 
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208. Lf we have to determine an angie from ita natural 
sine or cosine it will be advisable to employ the natural sine 
if the angle be less than 45°, and the natural cosine if the angle 
be greater than 45°. For the differences of consecutive sines 
vary approximately as the cosine of the angle, and the differences 
of consecutive cosines vary approximately as the sine of the 
angle; thus the differences of consecutive sines are greater or 
less than the differences of consecutive cosines according as the 
angle is less or greater than 45°. A similar remark holds for 
the logarithmic sine and cosine. 


209. The student who is acquainted with the elements of 
the Differential Calculus will see that all the results of the present 
Chapter may be obtained from Taylor’s Theorem ; and thus these 
results may be easily retained in the memory, or at least readily 
recovered when required. For example, consider the natural 
sine; we have by Taylor’s Theorem 


sin (9 +h) =sin 6 + h cos 6— 5-sin (0 + Ah), 


where X is some proper fraction. This formula shews that if 
we put 
sin (6 +h) =sin 6 +h cos 0 
g 
the error 18 less than . Moreover we see that when @ is small the 
principle of proportional parts is especially applicable, for then 
3 
the term ; sin(9+Ah) is extremely small in comparison with 


hcos 6; and on the other hand, when @ is nearly 5 the principle 
2 
is not so appropriate, because then > ain (06+Ah) may be sensible 


in comparison with h cos 6. 
Again, by Taylor’s Theorem, we have 


8 
log sin (6 + h) = log sin 6 + wh cot 6 — 4 conect (6 + Ah), 
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where yw is the modulus and A some proper fraction. This equa. 
tion shews that the principle of proportional parts is in general 
applicable for the logarithmic sine,,but that the differences of 
consecutive logarithmic sines are irregular when the angles are 
small, and insensible and irregular when the angles are nearly 
right angles. 


210. The following application of Taylor’s Theorem will give 
a good mode of estimating the amount of error involved in the 
principle of proportional parts. Take the logarithmic sine for 
example; we have 


log sin (6 + h) = log sin 0 + ph cot (6+ Ah), 


where A is some proper fraction, Thus the approximation 
uses cot @ instead of cot(@+Ah). The true value in fact of 
log sin(6 + h) — log sin #@ must lie between uh cot 6 and ph cot (6 +h), 
so that the error is less than ph {cot 6 — cot (6+ h)}. 


MISCELLANEOUS EXAMPLES. 


1. From one of the angles of a rectangle a perpendicular 
is drawn to its diagonal, and from the poin€ of their intersection 
straight lines are drawn perpendicular to the sides which contain 
the opposite angle: shew that if p and q be the lengths of the 
perpendiculars last drawn, and c the diagonal of the rectangle, 


2. If two circles whose radii are a and 6 touch each other 
externally, and if 6 be the angle containcd by the two common 
tangents to these circles, shew that 


sin 6 =- 


3. Given sec a sec 6 + tana tan 6 = sec f, find tan 6. 
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4. Kind the limit when @=0 of 


. 6 
sin 5 cos 20 69 


and eee 
vers 6 cot 6” O” gec 20-1" 


5. Shew that cot 5 is never less than 1+cot 6 if 6 lies be- 


tween Q and z. 


6 tan6é+c-1 6 
6. If tan 5 = Gaon’ find tan 5. 


7. Find the condition necessary that the same value of 6 
may satisfy both the equations 
asec’@?—bcos6=2a, 6cos’d- asec 6 = 26. 
8. Eliminate a and 8 from the equations 
a = sin a cos 8 sin 6 + cosa cos 6, 
6 = sin a cos B cos @ — cosa sin 6, 
c=sinasin Bf sin 0. 
9, Eliminate a and £ from the equations 
b+ccosa=wucos(a—O), b+ccosB=weos(B— 6), a—B=28; 
and shew that u*— 2uc cos # + c* = b* sec’ 6. 
10. Eliminate x4rom the equations 
a tan’ é — x 2a tan 6 
tan 2a tan 2a’ tan2a+tan2a 
and shew that tan (2a + 2a’) = tan 20. 
11. Eliminate 6 and ¢ from the equations 
sin # + sin ¢ =a, cos 6 + cos ¢ = b, cos (0 — p) =c. 
12. Eliminate 9 and ¢ from the equations 
x cos 9+ ysin@=a, xcos (0+ 2¢) — y sin (6+ 2¢) =a, 
b sin (6+ d) = asin ¢. 
13. Eliminate x and y from the equations 
tang+tany=a, cota+coty=b, r+y=c. 


x ; 
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14. Eliminate @ from the equations 


xz sec*@—cos*9 26 : r 
a ag acct? yo 6 + cos’ 0. 


15. Eliminate 6 from the equations 
(a + 6) tan (0 — d) = (a —b) tan(6+¢), acos 26+ bcos 20=c. 


2 
16. Given cos § = a cos @ + A cos 6”, 
a @ b 





waned ee eee te, he 
sin(6+6’) sin(@—6') sin 20’ 
shew that eZ Ss g a. 
sin?’ a’ 


17. Eliminate ¢ from the equations 


ycos@-xsingdg=acos2d, ysind+xcos¢ = 2asin2¢; 


and shew that (a + y)3 + (a@— y)3 = Qai4, 
18. Eliminate 6 and ¢ from the equations 
_ sing _siny cond fet oy 
cos 9 = cosh = cos (6 — ) = sin Bain y; 
and shew that tan*a = tan’ 6 + tan’ y. 
8 


19. Eliminate 6 from the equations 
m= cosec 6-—sin 6, n=sec 0 — cos 0. 

20, Eliminate @ from the equations 
cos'@ sin'O 1 

a* BB tty? 
21. Eliminate 6 and @’ from the equations 

asin? 6+ a’cos*6=6, a sin* é’ +acos* = 6, 

a tan 0=a' tan 6’; 

bstst J 

b 6 a" 


T. T. 10 








x sin 6 —y cos 6 = ,/(x* +4"), ® 


and shew that = . + 
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4. Kind the limit when 6=0 of 


_ 8 
sin 5 cos 20 , tan® 8 


vors@cotg? BA Of gy - 


5. Shew that cot 5 is never less than 1+ cot @ if 6 lies be- 


tween Q and z. 


6 tand+c-1 6 
6. If tan 5 = nen? ond tang: 


7. Find the condition necessary that the same value of 6 
may satisfy both the equations 
asec’@—bcos6=2a, 6 cos’ 6 - asec 6 = 20. 
8. Eliminate a and B from the equations 
a= sina cos B sin 0 + cosa cos 6, 
6 =sina cos 8 cos 8 - cosa sin 6, 
c=sinasin Bf sin 6. 
9, Eliminate a and B from the equations 
b+c cosa =wucos(a—6), b+¢cosB=ucos(B— 6), a—B=28; 
and shew that wu’ — 2uc cos 6 + c* = 6% sec’ 6. 
10. Eliminate «drom the equations 
a tan’ 6 — x 2a tan 0 
tan 2a tan 2a’ tan2a+tan2a 
and shew that tan (2a + 2a’) = tan 26. 
11. Eliminate 6 and ¢ from the equations 
sin 9 + sin d=a, son 0 deeon hs =F: cos (6 — p) =e. 
12. Eliminate 6 and ¢ from the equations 
xcos 6+ ysind=a, «cos (6+ 2¢) — ysin (0+ 2¢) =a, 
b sin (6+ >) = asin ¢. 
13. Eliminate x and y from the equations 
tana+tany=a, cotx+coty=6b, w+y=ce. 


& 5 
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14, Eliminate @ from the equations 


x sec’ — cos’6 2b _ sec? 6 + cos? 0 
a@ sec’@+cos’6’ yy? 


15. Eliminate @ from the equations 
(a + 6) tan (0—¢) = (a —6) tan(6+¢), acos 26+ bcuos 2=c. 


3 
16. Given a cos 6 = ee cos 6 + . cos 6’, 
a a b 
. ee a 
am sin(@+@) sin(@—6') sin 260’ 
: 3 
shew that, sin G = a ; 
sin?’ a 


17. Eliminate ¢ from the equations 
ycosd—xsing=acos2¢, ysingd+xcos¢ = 2asin2¢; 

and shew that (x + y)s + (a - y)s = ai, 

18. Eliminate 6 and ¢ from the equations 

cos 6 = ee cos -—, cor (0 - ¢) = sin B sin y; 

and shew that tan’ a= tan’ 8 + tan’ y. 

19. Eliminate @ from the equations ; 

m = cosec §- sin 6, n= sec 8 — cos 0. 
20, Eliminate 6 from the equations 


cos*@ sin* @ l 


sin 0 —y cos 0 = Y(xt+y'), + a. 





21. Eliminate 6 and 6’ from the equations 
asin? 6+ a’cos*6=6, a’ sin’ @’+acos’ = 6, 
a tan # =a’ tan 6 ; 
1 1 
a 
T. T: 10 


and shew that = i + ue 
a a 
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8 1.8 
22. Given a*+y*=a'+0'*, ae sin a, al — =4, 
shew that « cot 26 = cot 2a +o, i Sosa Za. 
cosz cos2z2 cos 3a 
23. If — = ——— = , shew that 
a, a, 8 
ein?” — Za, —a,—4@ 
4a, 
04 If sinz sind sin dx 
; a, 7 a, 7 a, 
yee a,~2a,+4, 4, — 3a, 
a, ay, 
25 Given £82 — 0% (a+) cos(%+26) cos (x + 36) 
1 a, a, ae 
shew that pt a le 
a, a 


26, If BP oi a cos 2a’ 


ee sp _ 
cost(a+ a’) ? then tan 


=) 





97. If sin (6 — 8) cosa 


,, 008 (a + 6) sin B 


sin (@—a) cos cos (p — B)sina~”? 
tan@tana cos (a— £) 
=“ fan ¢ tan B cos(a+ ae 


28, If : 


1+ 
shew that 


cos (a +B) 


shew that tand=—4(tan8+cota), tang=4 (tana — cot £) 


_sinBsin@ tan (0—a) 
~ cos (B—6) 


—cotB 


at = (oo cot & — 2 cot (tan 5 + 2 cot B). 


29. Given sin 6 sin ¢= sin a sin £, 


tan ¢ cos B= cobs, prove 


shat one of the values of cin 5 is sin 5 sin B. 


30. Given sing=nsin#, tangd=2tan9#, find the limiting 
values of n that these equations may coexist. 
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81. Shew by means of a Trigonometrical formula that 
if at+y+Z= LyZ, 
th 22 2y_ 22 ‘ae ay 22 
en fra til tire re le Te 
32. Find the values of v, x, y, z from the equations 


singe siny sing 
Os a ety tele. 


33. Find the limit of (cos ax)°""** when a is zero. 


34, From a table of natural tangents which goes to 7 places 
of decimals, shew that an angle may be determined within about 
zéoth part of a second when the angle is nearly 60°. 


35. When an angle is very nearly equal to 64° 36’, shew that 
the angle can be determined from its sine within about 7th of a 
second ; having given log, 10. tan 64° 36’ = 4:8492, and the tables 
going to 7 places of decimals. 


36. Shew that 


2 @ © = OY lee 
(1 — tan 3) (1- tan’ 5,) (1- tan’ 5.) eaihg ad inf. =~ —. 


37. If A, B, C be positive angles which satisfy the equation 
sin*A +sin’B+sin*C = 1, prove that 4+ B+ C is greater than 90°. 


38. A circle is drawn touching the tangent and secant of a 
given angle a, as well as the corresponding arc ; find its radius and 
explain the double value. I1f une value be equal to the radius of 


the original circle, shew that a =3 ; 
e 


39. If J cos(6— 8) —m cos (9—a)=n, shew that 
isin (0 — 8) — msin (0 — a) = .//?+m'—n'— 2lm cos (a—8). 
40. Shew that @- sind is less than tan 6—6 if @ lies be 


tween 0 and 5 


10—2 


( 148 ) 
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XIIL RELATIONS BETWEEN THE SIDES OF A 
TRIANGLE AND THE TRIGONOMETRICAL 
FUNCTIONS OF THE ANGLES. 


211. We shall now investigate certain relations which hold 
between the sides of a triangle and the Trigonometrical Functions 
of its angles; these relations will be applied in the following 
Chapter to the solution of Triangles. We shall denote the angles 
of a triangle by the letters A, B, C, and the lengths of the sides 
respectively opposite to these angles by the letters a, b,c; thus a, 6, ¢ 
are numbers expressing the lengths of the sides in terms of some unit 
of length such as a foot, or a yard, or a mile. The unit of length 
may be whatever we please, but must be the same for all the sides. 


212. In @ right-angled triangle each side 
is equal to the product of the hypotenuse into 
the cosine of the adjacent angle. 

Let ABC be a triangle having a right angle 
at C ; then 

a6 = 008 Af c= 008 B 
therefore b=ccosA, a=ccos B. 


& C 


Since cos 4 =sin B and cos B=sin A, we may alsuv enunciate 
the proposition thus: i a right-angled triangle each side is equal 
to the product of the hypotenuse into the sine of the opposite angle. 


213. In any right-angled triangle each side is equal to the pro- 
duct of the tangent of the opposite angle into the other side. 


From the figure of the preceding Article we have 
BC AC 

AC’ tan B= BC ’ 
therefore a=btanA, 6=atan B, 


tan A = 
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Since tan.A = c6tB and tan B=cotA, we may also enunciate the 
proposition thus: im any right-angled triangle each side is equal to 
the product of the cotangent of the adjacent angle into the other side. 

214. In any triangle the sides are proportional to the sines of 
the opposite angles. 

A 


B D Cc B C 


Let ABC be any triangle, and from A draw AD perpendicular 
to the opposite side meeting that side, or that side produced, at D. 
If B and C are acute angles we have from the left-hand figure, 


AD=AB sin B, and AD=AC sin(; 


therefore AB sin B= AC sin@, 
c sind 
therefore b = sin B s 


If the angle C’ be obtuse we have from the right-hand figure, 


AD=AB sinB, and AD=AC sinACD=AC sin(180°-C)=AC sin@; 


therefore AB sin B= AC sin C, 
ec sind 
therefore d = aie . 


. @ 
If the angle C be a right angle, we have from the figure of 
Art. 212, 


AC = AB sin B, 
c 1 sin C 
therefore b = Ne = an . 


bv ; ec sinC 
Thus it is proved that in every case 5 sind 
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ee a sind a sind ° 
cuca: AM YW aaa ays 
The results may be written symmetrically thus, 
snA sn asin. 


eS 3 


a b C 
and we shall shew hereafter that each of these is equal to as ; 
where / is the radius of the circle described round the triangle, 








215. To express the cosine of an angle of a triangle in terms 
of the sides. 

Let ABC be a triangle, and suppose C’ an acute angle. (See the 
left-hand figure of the preceding Article.) ‘....0 by Euclid IT. 13, 
A B= BC? + AC*—2BC .CD, 

and CD=AC cosC ; 
therefore c’ =a’ + b* — 2ab cos C. 

Next suppose C’ an obtuse angle. (See the right-hand figure of 
the preceding Article.) Then by Euclid IL 12, 

AB = BC? + AC" + 2BC . CD, 

and CD = AC cos (180° — C) =— AC cosC, 
therefore o* = a* + b° — 2ab cos C. 

Thus in both cases‘we have cos C= oe ; 

Moreover when C is a right angle, a*°+ 6°=c* and cosC is zero; 
thus the formula just found for cos C’ is true in every case, 


2 3 3 2 a 2 
Similarly ey ie +C = BA° te b 


2be 


216. In every triangle each side is equal to the sum of the 
product of each of the other sides into the cosine of the angle which 
tt makes with the first side. 

From the left-hand figure in Art. 214, we have 

BC = BD+DC =AB cosB + AC cosC, 
th at ix a=cceriB +h eos), 
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From the right-hand figure in Art. 214, we have 
BC = BD - DC = AB cos B — AC cos (180° — C) 
= AB cos B + AC cos C, 
that is a=ccos B+ bcos. 
Similarly we shall have b=acosC’+ccosA, and c= 6cosA tacos JB. 


217. To express the sine, the cosine, and the tangent of half an 
angle of a triangle in terms of the sides. 


We have by Art. 215, 


6° +c*—a?® 
cos A = 7) ; 

B'+c?-—a"' a’—(b-c)* 
therefore 1~cos 4 =1-—-57 — = Sigs 
therefore sin fia dal) Aol 9 ih ACS) 

4be 


Let ey so that s is half the sum of the sides of the 
triangle ; then 
a+b—c=at+b+c-—2c=2(s-c), 
at+ce—b=a+b+c—2b=2(s-—)). 
= _ (¢-4) (s- —c) 
bc : 


and ‘in 4 = je 


g = 2 72 
Also 1+cosA = ice ial (i) 


Therefore sin? — 





%e2O~*é‘“t«~S:(‘«i‘ 
S _(at+b+e) (b+e-a) _8(8—a) 
therefore cos Sree gp ee rT 
A 8 (8 — a) 
and cos 3 = area pees : 


From the values of eins and con we deduce 


[(s—6) (8—¢) c) 
tan = s(s—a) - 
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The positive sign must be given to the radicals which occur in 
this Article, because ‘ is less than a right angle, and therefore its 
sine, cosine, and tangent are all positive. 


Similar expressions hold for the sine, the cosine, and the tan- 
gent of half of each of the other angles. 


218. Zo express the sine of an angle of a triangle in terms of 
the sides. 


Since sin A = 2 sin 008, we obtain 


naa, /@G=J, [r= 


=7 8 (8 — a) (s— 6) (s—c). 


Or we may find sin A directly from the known value of cos A ; 





- b? + c* — a*)® 3. Qe%a? + 2a*h* — at — bt — c* 
thus sintA=1-C +e a) _ Tie + tee eee: 


2,2 2.8 373 4 4 4 
tharetecs saw 2b + 2c*a ee —a‘—b*—c 
the former expression may be shewn to agree with this by forming 
the product of the factors s, s—a, s— 6, and s—c. 


Similar expressions hold for sin B and sin C. 


219. We have proved the formule in Arts. 214...216 inde- 


pendently from the figures; we may however observe that it is 
easy to deduce those in any two of the Articles from those in the 
third. Thus we may first estabjish as in Art. 216, that 


a=boos('+ccosB, b=ccosA+acosC, c=acosB+bcos A; 
multiply the first of these equations by a, the second by 8, and the 
third by ¢; then add the first two resulting equations and subtract 
tho third ; thus we obtain 

a’ + 6° — c* = 2ab cos C. 
Similarly the other two formule of Art. 215 may be deduced, 
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Then from these results we may proceed as in Arts. 217, 218, 
and shew that me 5. ee a) (8 — 5) (8 — ©), 


sin B sin C 


and that - } and are equa] to the same expression. 








snA sin sind 
Thus ae ee ee 


a b Cc 


Or we may begin by establishing the formule of Art. 214 
directly from the figure, and then proceed thus: 


sin A = sin (180° ~— A) =sin (B+ C) =sin B cos C'+cos Bsin( ; 


therefore 1=cosC ae oan os oon RAE = 2 cos C' rie Pi B; 
sin A” sin A a 
therefore a=bcosC +c cos £. 


Similarly the other two formule of Art. 216 may be deduced ; 
and then those of Art. 215 will follow in the manner shewn in the 
beginning of the present Article. 


220. The reason why an ambiguity of sign occurs in the 


formuls for sin 5 and cos 4 of Art. 217 may be explained as on 


former occasions. It will be observed that we have an expression 
A 


Pee | 
for cos A, and we proceed to deduce expressions for sin 9 and cos = ; 
and in Art. 96 it has been shewn that in this case we may expect 
two values differing only in sign foweach of the required quantities, 


221. Since the formule in Art. 217 have been strictly demon- 
strated, they must of course always furnish real values for sin : ; 


COB , and tan = if the triangle really exist. That they do so 


may be easily verified from a known property of a triangle. 
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Take for example the formula 
ein’? 4 (a+b—c)(a+e- é) 


— el ie 
= 


that this may give a possible value for sin 4 the expression on the 


right hand must be positive and less than unity. It ts positive, 
because from the fact that two sides of a triangle are greater than 
the third, we have a+b -—c positive and a+c—b positive. And 
the numerator is a*—(c—5)*, and this is less than the denominator 
provided a* be less than (c—b)*+4bc, that is provided a’ be lexs 
than (6+c)’, which is obviously the case, 


MISCELLANEOUS EXAMPLES. 
1. The sides of a triangle are 2°+a”+1, 2a+1, and 2-1: 
shew that the greatest angle is 120°. 
sin A 
2 sin C’’ 
3. Ina right-angled triangle of which C is the right angle, 


cot 4 =7te, 


2 
A+B 
4. If in a triangle atanA+6tan B= (a+ 6) tan ~ shew 


2 
that A = B. 


5. The angles of a plane triangle form a geometrical pro- 
gression of which the common ratio is 4: shew that the greatest 


a 
6. If A’, B,C’ are the external angles of a triangle, shew that 


2be vers A’+ 2ca vers B’ + 2ab vers C'= (a+b +c)’. 





2 If cose b= shew that the triangle is isosceles. 


side is to the perimeter as 2 sin — is to unity. 


7. From the angle A of any triangle ABC a perpendicular 
AD is drawn to the base, and from D perpendiculars DZ, DF are 
drawn to AB, AC respectively : shew that 


AE. EB. cos*C= AF. FC. con® B. 
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8. Ifa, }, c be the sides of a triangle and the opposite angles 
be 26, 36, 40, shew that tan’d = (=) - 1. 


9. ABC is a triangle of which C is an obtuse angle: shew 
that tan A tan B is less than unity. 
10. If the sides a, b, c of a triangle be in arithmetical pro- 
gression, shew that 
ae ea and a cos* c + ¢ COS” — La 
2 2’ 2 2 2 
ll. If D be the middle point of the side BC of a triangle 


cot BAD — cot B= 2 cot A. 


12. If an angle of a triangle be divided into two parts such 
that the sines are in the ratio of the sides adjacent to them 
respectively, shew that the difference of their cotangents is equal 
to the difference of the cotangents of the angles opposite to their 
sides. 

13. If the cotangents of the angles of a triangle be in arith- 
metical progression, the squares of the sides will also be in arith- 
metical progression. 

14, Given the vertical angle and the ratio between the base 
and altitude of a triangle, find the tangents of the angles into 
which the vertical angle is divided by the perpendicular drawn 
from it to the base. 

15. If the base of a triangle be divided into three equal parts, 
and ¢,, ¢,, ¢, be the tangents of the angles which they subtend at 


the vertex (: . :) (; + +7) ve (14 i) 


16. If the sines of the angles of a triangle be in arithmetical 
progression, the product of the tangents of half the greatest and 
half the least is 4. 

17. If the side BC of a triangle be bisected at D and AD he 


drawn, shew that tan 4 DB = ee ani : 
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18. If A, B, C be the angles of a triangle and cot S cot Ss 


oot in arithmetical progression, shew that cot cot 5 = 3. 


19. Straight lines are drawn from the angles A and B of a 
triangle dividing the angles respectively into parts whose sines are 
in the ratio of 1 to 7; these straight lines intersect at D: shew 
that DC either bisects the angle C’ or divides it into parts whose 
sines are in the ratio of 1 to ’*. 

20. If 72 be the length of the straight line which bisects the 
angle A of a triangle and is terminated by the base, 6 the angle 
which it makes with the base, 2s the perimeter of the triangle, 


shew that a (sin @— sin) =1008 sin 6. 


21. If6 and ¢ be the greatest and least angles of a triangle, 
the sides of which are in arithmetical progression, shew that 
4 (1 — cos 6) (1 — cos ¢) =cos 6 + cos ¢. 
22. From the angular points of a triangle ABC straight lines 
are drawn making each the same angle a towards the same parts 
with the sides of the triangle taken im order. Shew that these 


straight lines will form another triangle similar to the former, and 
that the linear dimensfons of the two triangles are in the ratio of 


cosa — sin a (cot A + cot B+ cot C) to 1. 


Shew that in any triangle the relations given in the following 
Examples, from 23 to 42, hold: 


23. a (bcos C —c¢ cos B) = bi —e?. 


24. a(cos B cos C + cos A) =b (cos A cos C’ + cos B) 
= ¢(cos A cos B + cos C), 


25. (b+c~a)tan 4 =(¢+a—B) tan ~(a+b—e) tan. 


26. bcos B+ccos C=acos(B-C). 
27. (a+) conC +(b+c) cos A+ (c+a)cosB=atb+e, 


28. 


29. 


30. 


31. 


32, 
33. 
34, 
35. 


36. 


37. 


where 


38, 


39. 


then 


40. 


41, 


42. 
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(a* — 6°) cot C + (6° —c*) cot A + (c’—a*) cot B=0. 


(a — b) cot & + (ca) oot > + (b— ¢) cot 5 = 0 


A, B 2c 
PG Ble = ape. 
(a +b +c) (cos A +cos B+ cos C) 








A B 
= 2a cos" = + 26 cos? z + 2e cost : 
sin’ A _ cos A cos B ‘ cos AcosC’ cos Bcos( 
aa ab ac bo 


acos-.4 +6cos B+ ccos C = 2asin B sin C. 
2asin B sin C 


atbt+e 
a’ — 2ab cos (60° + C) = c* — 2be cos (60° + A). 


cos A +cos B+ cos C =1+4+ 





A A B C 
cot 7 — cosec > : cot > + cot > :b+e-—a: 2a. 


coat! cost cos = 43 (2-008) (3-cos5) (= _ co9 | ; 





2 2 2 
A B C 
23 = cos > + cos g + O85 - 
The perimeter of any triangle is I cos 4 cos 5 sec ad Z 


If y sin’ A +asin’ B=zsin’ B+ ysin’C=asin’C + zsin’d, 


a:y:2: sin 24: sin2B: sin 2. 


8 sin 7 sin = sin 5 is les8 than 1, except when A=3-—C. 

asin (B - C) cos (B+ C0 - A) +bsin (C — A) cos(C'+4-- B) 
+csin (A — B) cos (A + B—C) =0. 

sinA sin / sin (| sin A sin B sin C 

cos BB cosC cosd cosC’ cosd cos 


= gin A +sin B +sin C + (cos 4 + cos B + cos C) tan A tan B tan C. 
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XIV. SOLUTION OF TRIANGLES. 


222. Inevery triangle there are six elements, namely, the three 
sides and the three angles, The solution of triangles is the process 
by which when the values of a sufficient number of these elements 
are given we calculate the values of the remaining elements, It 
will appear as we proceed that when three of the elements are given, 
the remaining three can be found except when the three angles are 
given, and then we cannot determine the lengths of the sides but 
only the ratio they bear to each other. We shall have occasion to 
introduce logarithms into our formuls, and we shall as before by 
the word logarithm or the abbreviation log denote a logarithm to 
the base 10; and by the letter Z placed before any Trigonometrical 
Function, we shall denote the tabular logarithm of that function, 
which is formed by adding 10 to the logarithm to the base 10. 


We shall begin with a right-angled triangle and shall suppose 
C the right angle. 


223. To solve a right-angled triangle having given the hypo- 
tenuse and an acute antyle. 


Suppose the hypotenuse and the angle A given; then 
B=90°-A; 


<= in A, therrfore a=c sin A, 
therefore log a= log ¢ + log ain A = log c+ Lwin A - 10; 
© asin 2, therefore 5=c sin B, 


therefore log b = log ¢ + log sin B = loge + Z sin B10, 
Thus B, a, and } are determined. 
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224. To solve a right-angled triangle having given the hypo- 
tenuse and a side. 


Suppose c anda given; then - 
sin A = -, log sin A = loga—loge; 


therefore Lsin A =10+ loga-— loge; 
this determines 4 ; then B= 90° — A. 

And c'=a’+0', therefore 6*=c’ —a’= (c— a) (c+), 
therefore b = V/(c—a) (c+), 

log b = 4 log (c— a) + } log (¢ +a). 

Or we may find 6 from the formula 6 = c cos A. 

Thus A, B, and 6 are determined. 

225. To solve a right-angled triangle having yiven a side and 
an acute angle. 

Suppose a and A given; then 


B= 90°-A; 


a . a 
—=sin A, therefore c= . ’ 
- sin A 


log c = log a — log sin A = loga— Lsin A +10; 
7 = tan A, therefore 6 = 4 ; 
log b = log a — log tan A =loga — Z tan A + 10, 
Thus 3B, c, 6 are determined. 
If a and B are given, then A= 90-2; thus A is known, and 
we may find c and 6 as before. bd 
226. Zo solve a right-angled triangle having yiven the two 
sides. 
Here a and 6 are given; then 


a 
a? 
therefore Ltan A = 10 +loga — log 4; 


tan A=, therefore log tan A = loga — log, 
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B=90°~—A; 





a. a 
= sin A, therefore C= snd? 
therefore log ¢ = loga— LZ sin A + 10. 
Or we may find ¢ from the formula ¢= ,/(a’°+6"), but this is 
not adapted to logarithmic computation. 
Thus A, B, and ¢ are determined. 


227. We may remark here that when an angle of a triangle 
is determined from its cosine, versed sine, tangent, cotangent or 
secant, no uncertainty can exist about the angle, because only one 
angle exists less than 180° for which any of these functions has an 
assigned value. But when an angle of a triangle is determined 
from its sine or cosecant uncertainty may exist, since there are two 
angles less than 180° which have a given sine or a given cosecant. 
But no uncertainty will exist in the case of a right-angled triangle, 
because each of the other angles of the triangle must be acute. 


We now proceed to the solution of oblique-angled triangles. 


228. To solve a triangle having given two angles and a side. 
Suppose A and C the given angles, and 6 the given side ; 
eG 
then B=180°-A-C; 


2 snd therefore a Lone 
6” sin B’ ~ gin B’ 


therefore log a = log 6+ log sin A —log sin B = log 6+ Lsin A —Lsin B; 





similarly loge=logd+ Zsin C — L sin B. 
Thus B, a, and ¢ are determinecl. 
If A and B are the given angles then 
C=180°— B-A, 
and we may proceed as before to find a and c. 
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229. To solve a triangle having given two sides and the in 
cluded angle. 
Suppose b and c the given sides and A the included angle. 
We have 2 ao therefore ne) =- 
sin?’ ¢ sin C’ 
sin A cosC’+cos.A sin C =¢; 
sin C 





a 
therefore ; that is sin AcotC +cosA =< 


thus cotC is determined, and therefore C can be found; and 
then B. 


But as this process is not adapted to logarithmic computation 
another is usually given : 








snB Ob sin B-snC b6b—c 
we have ae a? ee cae: 
tan $(B-C) _ 
therefore tan (B+C) 2 6 ’ (Art. 88), 
and tan }(B +0) = tan } (180° A) = cot, 
therefore tan }(B- 0) =7— Soot, 


A 


therefore log tan 4(B—C) = log (6 — c) — log (8 + c) + log cot 5 


therefore Ltan } (BC) =log (bc) — log (b +0) +L cot 4; 


this formula determines 4(B-—C); i and 4(8+(C) is known since 


it is 90° -$3 ; thus B and C can be immediately found. 


Also = -= —- from which a can be found. 

We have supposed 6 and c unequal; if however 6=c then 
B= (, and all the angles will be known, so that @ can be found as 
in Art, 228. 


T. T, 71 


162 SOLUTION OF TRIANGLES, 


230. In finding a from the expression just quoted we should 
require three logarithms, namely, those of ¢, sin A, and sin (’; in 
the following method we shal! only require two new logarithms. 





a 6b ¢ Gi _ b+e 
We have Sod anB anc’ ‘erefore 77 “ain Bo ain 0 
and sin B + sin C= 2 8in}(B+C)cos}(B—C) (Art. 84) 
= 2.cos $4 cos 4 (B-—C), 
(6+) sin A _(b+e)sin}A | 
therefore 4" 55 fA 008 (8-0) ~ 008} (BO) | 


as the logarithm of b +¢ has been used in the former part of the 
solution, we shall only require two new logarithms, namely those 
of sin 4.4 and cos $(B - C). 
We may observe that we have also 
eg ae 
sin A sin B--sinC’ 
and from this in the way already shewn wo can deduce 
_ (b-c) cos$ A 
oe "sin §(B—O) ° 
Thus we have the two formule, 
a cos 4(B-C) =(b+¢) sin} A, 
asin 4(B-C)=(b—c) cost A. 


231. We can also from the given quantities in the preceding 
Article determine the third side without premou ly determining the 
other two angles. For we have a® =b" + c’— 2be cos A, by Art. 215; 
and we can transform this formula into another, which 3 is adapted 
to logarithmic computation as follows: 

dt = B+ ot — Bho(2 c0s"'5 1) = (6 +0)" — Abo cos" 5, 


= (b+ 0) {1- cost 


SOLUTION OF TRIANGLES. 163 


Now find an angle @ such that sin® 6 = era cost ; 
thus a® = (b +c)’ (1 —sin’ 6) = (6 + c)* cos’ 8, 
therefore a = (b +c) cos 6, 


therefore log a= log (b +c) + log cos 6 = log (6 +c) + LZ cos 6 — 10; 
thus a is determined. 


It is usual to give the name of subsidiary angle to an angle 
introduced into an expression for the purpose of putting it in the 
form of a product of factors. Thus @ in the preceding investiga- 
tion is a subsidiary angle. We are certain that an angle exists 
which has the square of its sine equal to the given expression ; for 
that expression is positive, and it is less than unity because 4bc is 
never greater than (b+ c)* and cos" 
equation for determining 0 gives by taking logarithms 


is less than unity. The 


2 log sin 6 = log 4 + log 5 + loge — 2 log (b+ c) + 2 log cos 4, 


therefore 2Z sin 6 = 2 log 2 + log 6 + log e— 2 log (6+c)+ 2Z cos : 
232. The process of Art. 229 is sometimes facilitated by the 
use of a subsidiary angle when the logarithms of b and c are known. 


A 


We have tan }(B-C) =7—* cot 5. 





b b—c tand-1 v 
Now let “= tan; therefore -—° = => =ton (0-7); 


+ 
A 
thus tan }(B-C) = tan (0-7 cot 


Or thus, suppose c less than 0; let c=b cos¢; 


b—-c l—cosd ., ,¢, 
ee bre 1+oug "3! 
thus tan 4(B —C) = tant © oot 5. 


2° 
l1l—2 
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233. To solve a triangle having given two sides and the angle 
opposite to one of them. 

Let a and 6 be the given sides, and A the given angle ; 
) sin B 
sin A 
therefore L sin B =logb—loga + Lsin A. 


If pene is less than unity, two different angles may be 


then ° therefore cin B=" ein A; 


b sin A 





found less than 180° which have for sine, one of these 


angles being less than a right angle, and the other greater. If a 
be greater than 6, then A must be greater than B, and therefore 
B must be an acute angle; thus only the smaller value is ad- 
missible for B. If a be less than 6, then either value may be 
taken for B. When B is determined, C is known since it is 
180° — A — B, and then ¢ can be found from 





Thus if two values are admissible for B we obtain two correspond- 
ing values for C’ and c, so that ¢wo triangles can be found from 
the given parts. ‘ 
b sin A : : ' 
If a ae 1, then B is a right angle, so that only one tri- 
angle can be found from the given parts. 


If ozs is greater than wnity, no triangle exists with the 


given parta. 

Thus, when two sides are given and the angle opposite the 
lees we can generally find two triangles from the given parts, and 
this case in the solution of triangles is therefore called the ambigu- 
ous case. We say that two triangles can be generally found in 
order to have regard to the exceptions; for the triangle may be 
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right angled, and then only one triangle can be found, or the 
triangle may be impossible. 
234. The ambiguous case may be illustrated by figures, 


CG 





Let CAD be the given angle A, and AC the given side 6; sup- 
pose a circle described from C as a centre with radius equal to a. 
The perpendicular from C on AD is equal to bsin A; therefore 
if a be greater than bsin A, the circle will meet the straight line 
AD at two points, which we will denote hy B and B’. If a be 
less than 6, then B and B’ are on the same side of A, as in the 
first figure ; thus two triangles, namely ABC and AB’C, can be 
obtained, each having the given parts a, 6, A. If a be greater 
than }, then B’ and B are on opposite sides of A, as in the second 
figure ; thus only one triangle, napely C'AB, can be obtained hav- 
ing the given parts a, 6, A; the triangle CAB’ has an angle CAP’ 
which is 180° —.A instead of A. 

If a be equal to bsin A, the circle touches the straight line 
AD, and the two points B and ZB’ in the first figure coincide ; 
thus one triangle is obtained which has a right angle at B. 


If @ be less than b sin A the circle does not meet the straight 
line AD, and no triangle exists with the given parts a, 6, A. 
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235. In Art, 233 we first found the angle B, and afterwards 
the side c; we may however adopt another mode of solution and 


begin by finding ec. For ‘ 
a’ = b* +c ~ 2bc cos A ; 
therefore c* — 2bc cos A + b°—a*®=0; 
by solving this quadratic equation in c we obtain 
c=6bcos A = ,/(a°— 0’ sin’ A), 
and we shall now discuss the values thus found for c. 


If a is less than 6 sin A, the values of c are impossible, and no 
triangle exists with the given parts. 


If @ is egual to bsin A, we obtain c=bcosA. If A be an 
acute angle, c is positive and one triangle exists with the given 
parts. If A be an obtuse angle, c is negative, and this indicates 
that the triangle is impossible; and in fact a is less than 5, since 
it is equal to bsin 4, and so A cannot be an obtuse angle in 


a real triangle. 


If @ is greater than b sin A, then two values occur for c, and 
these will both be positive if A be an acute angle and bcos A 
greater than ,/(a’—6* sin’ A); the latter leads to the condition 
6° cos’ A greater than, a’—b* sin’ A, that is, 6° greater than a’. 
Hence we see as before that there are two triangles if A be an 
acute angle and a be greater than 6sin A and less than 0. 


236. To solve a triangle having given the three sides. 
Let s denote half the sum of the sides ; then by Art. 217, 


(8-6) (s~e) | 


s(e—a) ’ 





A 
tan > = 


ead girilar formuls are true for the other half anles., 
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The formule for the tangents of half the angles will be the 
best to use with logarithms, because then we only require the 
logarithms of 8, s—a, s—6, and ¢—c, in order to find all the 
angles ; whereas if we use the formule for the sine or cosine we 
shall require in addition the logarithms of the sides, 


237. When all the sides of a triangle are given, the angles 
may also be found by dividing the triangle into two right-angled 
triangles. 

Thus, with the left-hand figure of Art. 214, we have 

AD! = AB*— BD', and also = AC*— CD"; 
therefore AB ~ AC* = BD* ~ CD*, 
therefore (AB + AC) (AB -— AC) =(BD+CD)(BD-CD); 


from this we can find BD—C'D, and then since BD+CD is known 
we can find BD and CD; then 


BD CD 
cos B= 75, cos C = 73 


thus B and C are determined. 


With the right-hand figure of Art. 214 we have as before 
(AB + AC) (AB -— AC) =(BD + CD) (BD -CD); 


from this we can find BD+CD, and then since BD-CD is 
known we can find BD and CD; then 


CD 


BD ‘ 
cos B = —— COs (180 ~%)=7@3 


AB’ 
thus B and C are determined. 


238. We have seen in Chap. xr. that the Tables of trigo- 
nometrical functions cannot always be used with advantage ; this 
circumstance guides us in selecting the method of solution of a 
triangle to be adopted when more than one method is theoretically 
applicable, and leads us to modify the method of solution in some 
cases. For example, suppose we have to find 4 from the equation 
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sind =n, where n is nearly equal to unity; this is an inconve- 
nient equation for determining A, because the difference of conse- 
cutive sines is nearly insensible when the angles are nearly right 
angles, We have however 


sin (45°-5) = af ja = a} 
M$) MF) 


and this formula is free from the objection. 


Similarly if we have to find A from the equation 


cos A =n, 





where n is nearly equal to unity, we may advantageously transform 
the equation thus 


wt JF) JC) 








ae as }-cos4_1l—n. 
l+cosA ln’ 
therefore as 2). 
2 lta 
EXAMPLES, 


1. Find the values of the angle 4 having given sin B= 25, 
a=5, b=2°5. 


2. One side of a triangle,is half another and the included 
angle is 60°: fiud the other angles, 


3. The sides of a triangle are in the ratio of 2: ,/6:1+,/3: 
determine the angles, 

4. If 4= 30°, 6=100, a=40, is there any ambiguity ? 

5. Having given A= 18°, a=4, 6=4+ /(80), solve the 
triangle, 
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6. Having given 4=15°, a=4, 6=4+,/(48), solve the 
triangle. 
7. Ifa, 6, A be given, and a be less than 6, and if ¢, c’ be the 
two values found for the third side of the triangle, then 
c* — 2cc’ cos 24 + ¢* = 4a* cos® A. 
8. Find the sum of the areas of the two triangles which satisfy 
the conditions of the problem in the ambiguous case. See Art. 247. 


9. If B,C, and B,, C, are the angles of the two triangles 
in the ambiguous case, then 


sin C _ sin, 


sin B * in B. = 2 cos A. 








10. In the ambiguous case the area of one of the triangles is 
m times that of the other; shew that if b be the greater of the 
given sides and a the less, 3, is less than a . Bee Art. 247, 

11. If loga+10=logd+JZ sin A, can the triangle be ambi- 
guous | 


12, If @ be an angle determined from the equation 


cos 6 = et , prove that in any triangle 





A-B (a+b)sn0 A+B casing 
ee Baby)? OP 2 Bab)’ 
13, If tang=-“) gin ©, then o=(a—b) seed. 


14. In a triangle ABC in Which a=18, b= 20, c= 22, find 


Lan, having given log 2= 3010300, log 3 =-4771213. 


15. The sides of a triangle are 32, 40, 66: find the greatest 
angle, having given 
log 207 = 23159703, log 1073 = 30305997, 
L cot 66° 18’ = 96424342, diff. for 1’ = 0003431. 
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16. The sides of a triangle are 4, 5, 6: find B, having given 
log 2= 3010300, Z cos 27°53’ = 9:9464040, diff. for 1’ = -0000669. 


17; apaly tig ania cos $= e {2 2)} to find the 
greatest angle in a triangle whose sides are 5, 6, 7 feet respect- 
ively, having given 

log 6 = ‘7781513, 
L cos 39° 14’ = 9°8890644, diff. for 60” = 0001032. 
18. Two sides of a triangle are 18 and 2 feet respectively, 


anu the included angle is 55°: find the other angles, having given 
log 2=°3010300, ZL cot 27° 30’ = 10°2835233, 


L tan 56° 56’ = 1071863769, diff. for 1’ = 0002763. 
19. Two sides of a triangle are in the ratio of 9 to 7, and the 
included angle is 64° 12’: find the other angles, having given 
log 2 = ‘3010300, JZ tan 57° 54’ = 102025255, 
L tan 11°16’ = 9-2993216, Z tan 11°17’ = 9:2999804. 


20. If a=70, b=35, C=36" 52’ 12”, find the other angles, 
having given log 3 = °4771213, L cot 18° 26’ 6” = 10-4771213. 


21. The ratio of two sides of a triangle is 9 to 7, and the 
included angle is 47°23’: find the other angles, having given 
log 2= °3010300, JZ tan 66°17’ 30” = 10:3573942, 
L tan 15° 53’ = 9°4541479, diff. for 1’ = 0004797. 
22. Ina triangle a= 30, 6 = 20, and the contained angle = 22°: 
find the other angles, having givén 
EL cot 11°=10-7113477, Z tan 45° 48’ = 100121294, 
L tan 45° 49’ = 10°0123821, log 2 = ‘3010300. 


23. Given b= 14, c=11, 4=60°, shew that B= 71° 44’ 29”, 
having given 
CD tan 11° 44’ 29” = 9°31774, log 2= 30103, log 3 -_ 4771 2. 


4 
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24. The sides of a triangle are 7, 8, 9: determine all the 
angles, having given 
log 2 = 3010300, . 
L tan 24° 6’ 40” =9°6505069, Z tan 24°5’ 50” = 9:6505634, 
L tan 29° 12’ 20” = 9°7474183, Z tan 29° 12’ 30” = 9-7474677. 
25. In a right-angled triangle the hypotenuse c= 6953 and 
b= 3: find B, having given 
log 3-475 = ‘5409548, log 6-953 = 8421722, 
L sin 44° 59’ 15” = 9°8493902, diff for 1” = -0000021. 
26. Two sides are 80 and 100 feet, and the included angle 
60°: find the other angles, having given 
log 3=°47712, Z tan 10°53’ 36” = 9:28432. 
27. Two sides of a triangle are 3 and 5 feet, and the included 
angle is 120°: find the other angles, having given 
’ log 4:8 = 6812412, 
L tan 8° 12' = 9-1586706, diff. for 60” = 0008940, 
28. <A side of a base of a square pyramid is 200 feet and each 
edge is 150 feet: find the slope of each face, having given 
log 2 = °30103, Z tan 26° 33’ = 9-69868, Z = 26° 34’ = 9-69900. 


29. Find the other angles, having given >= 1:2, C=60°, 


log 3 = 4771213, Lcot 9°49’ = 10°7618797, diff for 1’= 0007514. 


30. If a=2, c=3, Lsin A = 9:5228787, find C; log 3 being 
4771213. wv 


31. Shew how to solve a triangle having given the base, the 
height, and the difference of the angles at the base; these angles 


being supposed both acute. 


32. Shew how to solve a triangle having given the three per- 
pendiculars from the angles on the opposite sides. 
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XV. MEASUREMENT OF HEIGHTS AND 
DISTANCES. 


239. We shall now give a few examples which will shew a 
practical application of some of the preceding formulm; we shall 
assume that by means of suitable instruments an observer can 
measure the angle subtended at his eye by the straight line joining 
two visible objects. For a description of the requisite instru- 
ments, and the method of using them, we must refer the student 
to treatises on the instruments used in surveying. 


240. To find the height and the distance of an inaccessible 
object on a horizontal plane. 


P 


A C 


Let P be the top of an object, and let it be required to find its 
height PC, and the distance of the object from a point A in the 
horizontal plane through C. At A observe the angle PAC’; then 
measure any length AB directly towards the object, and at B 
observe the angle PBC. Then in the triangle APB the side 4B 
is known, and the angle PAB; also the angle PBA is known, 
since it is the supplement of PBC; therefore AP can be found. 
Then PC = AP sin PAC, and AC = AP cos PAC; thus the height 
PC and the distance AC are determined. 


If however it is not convenient to measure the length AB 
directly towards the object, we may proceed thus; measure the 
length AB in any direction from A; at A observe the angles PAC 
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“N\ / C 
B 
and PAB, and at B observe the angle PBA. Then in the triangle 
APB the side AB and the angles PAB and PBA are known; 


therefore AP can be found. Then, as before, PC = AP sin PAC, 
and AV’ = AP cos PAC. 


241. To find the distance between two visible but inaccessible 
objects. 


Let P and Q be the objects, A and B two accessible points 
from which both the objects are visible, At A observe the angles 
PAQ and QAB, and if A, B, Q, P are not all in the same plane 
observe also the angle PAB. At B observe the angles PBA and 
QBA, Measure AB. Then in the triangle 4PB the side AB and 
the angles PAB and PBA are known: thus PA can be found. 
Again, in the triangle ABQ the side AB and the angles QAB and 


Q 





B 


QBA are known; thus AQ can be found. Lastly, in the triangle 
PAQ the sides AP, AQ, and the angle PAQ are known; thus 
PQ can be found. 
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242. The lengths of the straight lines which join three points 
A, B, 0, are known ; at any point P in the same plane as A, B, O, 
the angles APC and BPC arg observed: tt is required to find the 
distance of P from each of the points A, B, C. 


Let the angle APC be denoted by a, the angle BPC by 8, the 
angle PAC by a, and the angle PBC by y; then a and B are 


known, and when x and y are found the required distances PA, 
PB, PC can be found ; for in each of the triangles PAC and PBC 
two angles and a side will then be known. We will shew how x 
and y may be found. 


Since the angles ef the triangles APC’ and BPC are together 
equal to four right angles, we have 
2+y=Ir—-a-—B-C; 


thus the swm of # and y is known. 


From the triangle ACP we ‘have 


po AC sn PAC _ basing | 
~ gnAPC © sina’ 


from the triangle BCP we have 


BC sin PBC asiny 
PC= — RP = wR? 
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being asiny 


therefore 





sina ainB ’ 
sin’ asita 
— 


therefi aca g ppicbercs 
erefore ny bane 





Now assume tan ¢ = bain 2 then the value of ¢ can be found 
from the Trigonometrical Tebles ; thus 
sin x 
siny = tan ¢ ; 


therefore 








sina—siny tan¢—1 = tan (4 Ys 


sine+siny tan¢d+1 4 


tan } (%—y) _ tan ( i) ; 
therefore (Art. 88) ape rey ie o- i); 
from the last equation we can determine x-y, since a+y 18 
known ; thus x and y can be found. 


243, It is sometimes important to know what amount of 
error will be introduced into one of the calculated parts of a 
triangle by reason of any error which may exist in the given parts ; 
such questions are best treated by the assistance of the Differential 
Calculus, but we will give here two simple examples which will 
shew how they may sometimes be treated without going beyond 
the limits of the present subject. 


244, Suppose that the height of a building is determined by 
measuring a horizontal straight line from its base, and by observing 
at the extremity of this straight dine the angular elevation of the 
top of the building above the horizon; if a small error be made 
in observing the angle, required the error in the estimated height 
of the building. 


Let a be the length of the measured straight line, 6 the 
observed angle, x the estimated height of the building ; 


then = a tan 6, 
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Let 6 +’ be the true angle, and 2 + é the true height, 
then o+€=atan(6+h); 
by subtraction, ga {tan (0+h)—tanO}= er. 


If & be small we may put & for sin’ in the numerator, and 
cos 6 for cos (9+ /) in the denominator ; thus approximately 
ah, 
f= cost} 
this gives the error in the height consequent upon an error in the 
angle. 
The ratio of the error to the estimated height 
eee 6= : ee 
~ cos" 6” ~ sin @cos6 sin 26’ 
thus this ratio is least for a given value of h when sin 26 is greut- 





est, that is, when 20 =. 


245. A triangle is solved from the given parts, A, 6, c; if 
there be a small error in A, find the consequent small error in B. 


We have for connecting B with the given quantities the 
formula 


sin B= 2 gin 0 =" sin (A +B)oesesses (1). 


Now suppose that 4 denotes the circular measure of the error 
made in estimating A, and & the circular measure of the conse- 
quent error in B; then instead ef (1), the correct formula is 


sin (B +k) =< ein (4 +B+h+2)..0...0(2) 
By subtraction, 
sin (B+ #)—sin B=°{ein( +B+h+2)~sin(A+ B)} 
from this equation we have approximately (Art. 181) 


EXAMPLES. CHAPTER XY. 177 


kos B= (h +) 008 (A+ B) =—2(h+ b) cos 0 


3 


thus k (cos RB +2 08 OY = - ~* cos C 
sin B h sin B cos C 
therefore k (cos B+ ain 0° C)=- in ; 
therefore k= _ ee a’ ; 
sin A 
thus the ratio of & to A is found. 
EXAMPLES. 


1, A person standing on the bank of a river observes the 
angle subtended by a tree on the opposite bank to be 60°, and 
when he retires 40 feet from the river’s bank he finds the angle to 
be 30°: determine the height of the tree and the breadth of the 


river, 


2. From a station B at the base of a mountain its summit A 
is seen at an elevation of 60°; after walking one mile towards the 
summit up a plane making an angle of 30° with the horizon to 
another station (’, the angle BCA is observed to be 135°. Find 
the height of the mountain in yards. 


3. The altitude of a tower is observed to be 30° at the end of 
a horizontal base of 100 yards measured from its foot. Find the 
height of the tower. 


4, The angular elevation of a tower at a place A due south of 
it is 30°; and at a place B, due west of A, and at the distance a 
from it, the elevation is 18°: shew that the height of the tower is 


a 
J(2+2 /5) 
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5. A spherical balloon whose radius is r feet subtends at an 
observer's eye an angle a, when the angular elevation of its centre 
is 8: determine the height of the centre of the balloon. 


6. A person wishing to ascertain the distances between three 
inaccessible objects A, B, C, places himself in a straight line with 
A and B; he then measures the distances along which he must 
walk in a direction at right angles to AB until A, C and B,C 
respectively are in a straight line with him, and also observes in 
those positions their angular bearings: shew how he can find the 
distances between A, B, C. 


7. Two posts 4B and CD are placed at the edge of a river at 
a distance AC=AB, the height of CD being such that AB and CD 
subtend equal angles at H, a point on the other bank exactly oppo- 
site to 4: shew that the square of the breadth of the river is equal 


to soe , and that AD and BC subtend equal angles at £. 


8. <A flag-staff a feet high stands on the top of a tower 6 feet 
high. Find at what point on a horizontal plane passing through 
the base of the tower an observer must place himself so that the 
tower and the flag-staff may subtend equal angles, the height of 
the eye being h. 

9. A tower situaced on a horizontal plane leans towards the 
North ; at two points due South and distant a, b, respectively from 
the base, the angular altitudes of the tower are a and 8. Shew 
that if 6 be the inclination of the tower, and A the perpendicular 
height, 
b —-@ ( b — @& 


nee peo aoe! = neta 


10. An object a feet high placed on the top of a tower sub- 
tends an angle y at a place whose horizontal distance from the foot 
of the tower is 5 feet: determine the height of the tower. 


11. On the bank of a river there is a column 200 feet high 
supporting a statue 30 feet high ; the statue to an observer on the 
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opposite bank subtends an equal angle with a man 6 feet high 
standing at the base of the column: required the breadth of the 


river, 
e 


12. The height of a house subtends a right angle at an oppo- 
site window, the top being 60° above a horizontal straight line: 
find the height of the house, taking the breadth of the street 
to be 30 feet. 


13. Two chimneys are of equal height. A person standing 
between them in the straight line joining their bases observes the 
elevation of the nearer one to him to be 60°. After walking 
80 feet in a direction at right angles to the straight line joining 
their bases he observes the elevations of the two to be respectively 
45° and 30°. Find their height and the distance between them. 


14, An object is observed at three points A, B, C lying ina 
horizontal straight line which passes directly underneath the object ; 
the angular elevation at B is twice that at A, and at C is three times 
that at 4; AB=a, BC=b: shew that the height of the object is 


ain i(a + 8) (35 -a)}. 


If the tangent of the angle of elevation at A be 4, shew that 
da = 136, 


15. A vertical tower whose base is * the same horizontal 
plane with the observer, is observed from a station A to bear 
directly North and to subtend an angle of 15°; the observer then 
walks 100 yards so that the tower always subtends the same angle, 
and then it bears North-east: find its height and distance from A. 


16. A person walking along “a straight road observes that the 
greatest angle which two objects subtend is a; from the spot 
where this is the case he walks a distance c, and the objects now 
appear as one, their direction making an angle 8 with the road. 
Shew that the distance betweon the objects is 

2c sina sin 8 
nates” 
12—2 
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17. A fortress was observed by a ship at sea to bear East- 
north-east, and after sailing 4 miles to the East it was observed to 
bear North-north-east: shew that the distance of the ship from 
the fortress at the first and second observation was ,/(16 + 8 ,/2) 
and ,/(16— 8/2) miles respectively. 

18. A ship sailing towards the North observes two light- 
houses in a line due West; and after an hour’s sailing the bearings 
of the lighthouses are observed to be South-west and South- 
south-west. The distance between the lighthouses being 8 miles, 
find the rate at which the ship is sailing. 

19. From the top of the mast of a ship 64 feet above the level 
of the sea the light of a distant lighthouse is just seen in the 
horizon ; and after the ship has sailed directly towards the light for 
30 minutes it is seen from the deck of the ship, which is 16 feet 
above the sea. Find the rate at which the ship is sailing, con- 
sidering the eurth as a sphere of 4000 miles radius. 

20. A man ascends a mountain by a path which is the shortest 
distance between the base and the vertex. The inclination of the 
path to the horizon at first is a, but afterwards suddenly increases 
to 8, and then continues the same. On reaching the vertex he 
finds by the barometer he has ascended n feet in altitude, and 
observes the angle of depression y of the point from which he 
started. Shew that tke distance he travelled in the ascent is 


a+B 
neos (“FF - y) 


—-@ 








COB sin y 

21. If from two points ima horizontal plane an object be 
seen at angles of elevation a, 8, and if from a third point between 
the two points and in the straight line joining them and at dis- 
tances a, 6 from them respectively the object be seen at an angle 
of elevation y, shew that the height of the object above the hori- 
zontal plane is 

sin a sin B sin y {ab (a + b)}4 
{a sin’ a (sin’y — sin®) + bsin"f (sin'y—sin*a)}* 
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22. A person walking along a straight road observes the 
angles of elevation a, a’ of the summits of two hills in front of him, 
one behind and partially hid by the other. After walking c miles 
the farther hill becomes entirely hidden, and on observing the 
elevation of the lower hill after walking another mile he finds it 
to be 8. Find the heights of the two hills, 


23. A tower is surrounded by a circular moat. At noon on 
a certain day the shadow of the top of the tower is observed to 
project 45 feet beyond the edge of the moat. When the sun is 
due West on the same day the shadow projects 120 feet beyond 
the moat. The distance between the extremities of the shadow is 
375 feet. The angle of elevation of the top of the tower from any 
point of the edge of the moat is 60°. Find the height of the tower 
and the altitude of the sun at noon. 


24, A tower stands upon an inclined plane, meeting it at a 
point A; at a point C in the plane the tower is observed to subtend 
an angle a; on proceeding to a point D in the straight line A( 
such that CD = AC, the tower is observed to subtend an angle B: 
if @ be the angle between the tower and AC, shew that 


cot d = 2 cota — cot B. 


Also if similar observations be made in another straight line 
AC’ D’, it is found that tan a = 2 tan §’; the angle CAC’=y: prove 
that if 6 be the inclination of the plane to the horizon, 


sin 6 sin y = cos ¢. 


25. Ina triangle 4BC having given A = 30°, b=3,/3, a = 3, 
solve the triangle ; and supposing that an error of 2” is made in 
observing the angle A, find approximately the corresponding error 
in the angle B. 


26. The distance between two objects on the opposite bank of 
a river is known to be c. An equal distance is taken anywhere 
along the bank on this side and the angles subtended by ¢ at the 
extremities of this distance are a and 8. Find the breadth of the 
river, the sides being parallel. 
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27. A person wishing to obtain the breadth of a square fort on 
a distant hill, observes that when he is due South of one corner, 
the face towards him subtendsean angle a. He then walks due 
West, and at a distance of a feet from his first position, finds that 
the face subtends the same angle as before. On walking 6 feet 
further, he is due South of the other corner of the face. Shew 
that the breadth of the fort is 


b tana 
a+b ° 





(a +6) sec feet, where tan ¢ = 


28. A and A’ are the peaks of two mountains, and BC is a 
straight horizontal road ; shew that if the nearer of the two peaks 
just conceals the more distant at some point of the road, then 
sin a sin 6’ = sin a’ sin 8, where a is the altitude of A as seen from 
any point B of the road, 8 is the angle ABC, and a’, are similar 
quantities for the peak A’ as seen from any point B’ of the road. 


29. A and B are two objects in the same horizontal plane, 
P is a point in the same plane at which the angle a subtended by 
AB is observed ; from P two persons walk in this plane in directions 
at right angles to PA, PB respectively, to points Q, R, at each of 
which the angle subtended by AB isa; the distances PQ, PR are 
a, 6. Find the length of AB. 


30. A, C, B are three objects in the same plane as an ob- 
server; AC=CB, and AC, CB are at right angles to each other. 
At the point O, AC, CB subtend angles a, B respectively. The 
observer moves from O in the direction OO’ at right angles to CO 
through a space OO’=d; here he finds that AC, CB subtend angles 
a’, B respectively. Find the distance AB. 


31. A tower 150 feet high throws a shadow 75 feet long 
upon the horizontal plane upon which it stands, Find the Sun’s 
altitude, having given 

log 2 = -3010300, L tan 63° 26’= 10°3009994, 
L tan 63° 27’= 10°3013153. 
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32, A person standing at the edge of a river observes that 
the top of a tower on the edge of the opposite side subtends an 
angle of 55° with a horizontal strdight line drawn from his eye ; 
receding backwards 30 feet he then finds it to subtend an angle 
of 48°, Determine the breadth of the river, having given 

Lsin 7°=9-08589, Lain 35°=9-75859, 
L sin 48°= 9-87107, log 3 = *47712, 
log 1:0493 = -02089. 


33. A ro cer wishes to ascend a tower 100 feet high, by 
means of a rope 196 feet long. If he can do so, find at what incli- 
nation he must be able to walk up the rope, having given 

log 2 = 30108, L sin 30° 40’ = 9-70761, 
log 7='84510, Zsin 30° 41’=9-70782. 

34, Two hills rise at the same point, with inclinations of 60° 
and 40° to the horizon. At a distance of 64 feet from the base of 
the latter hill the angles of elevation of the bottom and top of a 
vertical object on the former hill are 40° and 70°. Find the height 
of the object, having given 

L tan 20° = 95610659, L cos 40°= 9'8842540, 
log2 = °3010300; — log 26940031 = 7:4303981. 


35. A vessel observed another a’ from the North sailing in a 
direction parallel to its own. After an hour's sailing its bearing 
was 6°, and after another hour y° from the North. Find in what 
direction the vessels were sailing. 


36. In the problem discussed in Art. 242, shew that if 
a+B+C=7, then o=75) 


and the solution cannot be obtained from the data. 
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246. The present Chapter will contain some miscellaneous 
propositions relating chiefly to the properties of triangles. 


247. To find expressions for the area of a triangle. 


A triangle is half a rectangle on the same base and altitude ; 
thus if ABC be any triangle, and 4D the perpendicular from A on 
the opposite side, we have (see the figures in Art. 214) 


area of triangle = 4BC’. AD, 
and AD = AB sin B, 
therefore area of triangle = 4 acsin B,..........0e000 (1) ; 


thus the area of a triangle is half the product of two sides into 
the sine of the included angle. 


By Art, 218, sin B=~ J/{e (¢—a) (¢—8) (0—c)}; 


substitute the value of sin B in (1) and we obtain 
area of triangle = ,/{s (8 — a) (¢— 6) (8—c)}.......06 (2) ; 
this furnishes a convenient expression for the area when all the 
sides are known ; the expression ,/{s (s — a) (s — b) (¢— c)} is often 
for abbreviation denoted by S. 
bsinA “ bsinC 
By Art. 214, ha Cn Bh? 
substitute these values in (1); thus we obtain 
‘ b* sin A sin C 
area of triangle = San Boe (3); 


thus we can find the area when a side and two angles are given, 
for if two angles are given the third angle is also known, 
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248. To find the radius of the circle inscribed in a triangle. 





Let ABC be a triangle, O the centre of the circle inscribed in 
the triangle and touching the sides at the points D, #, F. Join 
OD, OF, and OF. The angles at D, #, and F are right angles 
by Euclid 111. 18, Let 7 denote the radius of the circle; then 


area of triangle BOC = 4 BC.OD= = ; 


area of triangle COA =34CA.OH= aa 
area of triangle AOB=34AB. OF = 53 
therefore, by addition, 


(a+b+c) = =area of triangle ABC = 8, (Art. 247), 


that is rs=S, therefore rat, ® 


The radius of the inscribed circle is thus equal to the area of 
the triangle divided by half the sum of the sides; and hence dif- 
ferent forms can be obtained for the radius by employing tho 
different expressions already given for the area of the triangle. 


It is easy to shew by Geometry that 
AK=AF=s-—a, BF=BD=s-b, CD=CE=8-<«. 
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249, We may also obtain the value of r in another form, 
which will be often useful. 

By Euclid tv. 4, the strkight lines OA, OB, OC bisect the 
angles A, B, C respectively. Thus 


Basu. OD =r S. therefore r (cot 5 + cots) = a 
2 2 2 2 
C 


a: ae 
a@sin-— sin - 
therefore r sin ie c =a sin sin , therefore r = 2 2 


cos = 
2 


Or thus: r= AE tan =(e—a) tan 5. 


250. To find the radius of the curcle which touches one side of 
a triangle and the other sides produced. 





Let ABC be a triangle, and let O be the centre of the circle 
which touches the side BC, and the other sides produced at the 
pointa D, EH, F. Join OD, OF, and OF. The angles at D, &, 
and F are right angles by Euclid m1. 18. Let r, denote the radius, 
of the circle 
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The quadrilateral OBAC may be divided into the two triangles 
OAB, OAC; therefore the area of this quadrilateral is 5 +r 
Again, the same quadrilateral may be divided into the triangles 
OBC and ABC; therefore the area of this quadrilateral is 


5M +S. Thus 


b a 
\1+t=PT 


5 1=5NtS; 


= 
2 


therefore (c + b— a) 3 = §, that is r, (¢ —a) =S, therefore r, = = 


It is easy to shew by Geometry that 
AF=AK=8, BD=BF=8-c, CD=CE=s-—-6. 


The centre of the inscribed circle is also on AO, and the dis- 
tance between it and O subtends a right angle at B and at C. 


Similarly, if +, be the radius of the circle which touches Cd 
and the other sides produced, and r, the radius of the circle which 
touches 4B and the other sides produced, 


ss 


r=—,r,=-——. 
2 s-b’ *® sg-¢ 


A circle which touches one side of a triangle and the other 
sides produced is called an escribed circle. 


251. We may also obtain an expression for the radius of an 
escribed circle similar to that in Art. 249 for the radius of the 
inscribed circle. 


e 
For, in the figure of Art. 250, the straight line OB bisects the 
angle which is the supplement of B, and the straight line OC 
bisects the angle which is the supplement of C’ Thus 


BD =r, cot (90° -3) , CD=r, cot (90° 5) 


therefore tr, (tan 5 + tan 5) =} 
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B @O B @ 
BORG CONG POP OR ss 
therefore r= LP» a iy maze ° 
§1n cos — 
2 2 
Or thus: 1, = AF tan =etan 4. 


252. To find the radius of the circle described round a tri- 
angle. 





Let ABC be a triangle, and O the centre of the circle described 
round it. Draw OD perpendicular to BC, then BC is bisected at 
D by Euclid 11. 3. Let # denote the radius of the circle. 


The angle BOC is double the angle BAC, by Euclid m1. 20; 


therefore BOD=A4; 
; a a 
and BD = Rein A= 5; therefore R=5_ a? 


thus 2 is expressed in terms of a side and the opposite angle. 


; 28 abe 
By Art. 218, sin 4 ae therefore R= 9° 


, 253. Many theorems have been demonstrated with respect to 
the circles which have been noticed in Arts. 248...252; as an 


example we will find an expression for the distance between the 
centres of the inscribed and circumscribed circles of a triangle. 
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Let ABC be a triangle; let O be the centre of the circum. 
scribed circle. 





From O draw a perpendicular 0D on BC, and produce it to 
meet the circumference of the circle at H. ‘Then the arc BE is 
equal to the arc CH; and therefore the straight line AZ bisects 
the angle BAC. Thus the centre of the inscribed circle will be 
on AF; let the point J denote it. Join OJ and IC. 


The angle HJC=4(4+C) by Euclid 1 32: and the angle 
ACI= ECB+ BCI =4(A+C): therefore the angle ZIC = the 
angle HCJ: and therefore EJ = EC. 


And EC = 2K sin = therefore HJ = 2A sin = ; 


2 2 
Hence EI x [A =2R sin & x = 2Rr, 
sln 9 
And (R-O1)(R+ Ol) =2Rr, by Euclid 11. 35 ; 
therefore O]*= k* — 2Rr. 


If we suppose //' produced through £ to a point J such that 
EJ = EI, the point J will be the centre of the escribed circle 
which is opposite the angle A ; and we shall have 
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254. To find the area of a.quadrilateral which can be tn 
sortbed in a@ circle. 
Let ABCD be the quadrilateral ; let 
AB=a, BC=b, CD=c, DA=d., 





The figure can be divided into the triangles ABC, ADC; its area 
therefore 


= 4 (ab sin B + cdsin D) = } (ab+ cd) sin B, 
for the angles B and D are supplemental by Euclid 111. 22. 


Now from the triangle ABC, 
AC* = a’ + 6° — 2ab cos B, 
and from the triangle C'DA, 
AC" = c+ d* — 2cd cos D = c' +d’ + 2cd cos B; 
therefore c' + d°+ 2cd cos B=a* + b* — 2ab cos B, 
a it Seal 
2(ab+cd) ’ 


; a (a* + 6*—c* — d")" 
therefore sin’ B= 1 - aaa WP rp hy od\? 


therefore cos B = 


' PaVPERr1 bs Us ‘TRIANGLES. ly] 
gee) ee ee 
- 4 (ab + cd) 


_ {(c+ 4)’ - (a - 6} {(a + 8)" - (0 -d)"} 
4 (ab + cd) 


_(c+6 +d—a)(atc+d—- 6) (a+ b+d—c)(a+b+e~d) 
4 (ab + cd)? 
Now let $(a+b+e+d)=8; thus 


2 _ 16 (3-4 a) (s — b) ( —c) (8 —d) 


se 4 (ab + cd)? 


Hence the area of the quadrilateral 
= ,/{(8— a) (8 —b) (s — c) (8 — d)}. 
If we substitute the value of cos B in the expression for AC’, 
2cd (u* + Lb? —c* — d’*) 
2 (ab + cd) 
cd (a* + b* — ct — d*) 
— ab+ed 


_ (ae + bd) ( + bd) (ad - + be) 
~~ ab+cd 


we obtain AQ? = 8° + 474+ 





=c+d*+ 


Similarly it may be shewn that 


Fe el od 
oe 8 (ad+ bc)’ 


(ac + bd) (ab + cd) 


2 
BD’ = d+be 


The radius of the circle described round the quadrilateral may 
be easily expressed ; for this circle passes round the triangle ABC, 
hence by Art. 252 its radius 


_ AC 11 (ab + cd) (ac + bd) (ad + be)) 
“raeB iV (ed 0-5-9 eed) 
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255. To find the radu of the wmscribed and curcumscribed 
circles of a regular polygon, that ts of a polygon which has all 
tts sides equal and all its angles equal. 


A D B 


Let AB be the side of a regular polygon of n sides; let O be 
the centre of the circles, OD the radius of the inscribed circle, OA 
the radius of the circumscribed circle. 

let AB=a, OA=R, OD=r. 

The angle AOB is the n™ part of 4 right angles, that is, 


40B=", sop =" 


n- 








AD =5=Resin™ =r tan=; 
therefore a 
2 sin - 2 tan — 


256. The area of a regular polygon may be expressed by 
means of the radius of the inscribed circle, or of the radius of the 
circumscribed circle. For with the figure of Art. 255, the area 


of the triangle AOB 
aa r a 


. 
3 


sia 
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therefore the area of the polygon 
9 
= +. cot =n’ sin? “cot = =” RE ne. 
n n n 2 1) 


Also the area of the polygon = nr* tan’ = cot =nr* tan = , 


257. To find the area of a circle. 


The area of a regular polygon of m sides described about a 
circle of radius r 


T 
= nr" tan —. 
n 


Now suppose m to increase without limit, then the area of 
the polygon approximates continually to the area of the circle as 
its limit, and therefore the area of the circle will be equal to the 
limit of the above expression. But when 7 is indefinitely great, 


ntan =m, (Art, 119); 


therefore the arew of a circle of radius r = mr". 


258. To find the area of a sector of a cicle. 
Let @ be the circular measure of the angle of the sector; then 


area of sector 0 
a Paine Ge! (Euclid vi. 33) ; 


6 
therefore the area of the sector = m7" x ts As 
Since 6 is the circular measure of the ungle of the sector, the 
length of the arc of the sector is 7; hence the area of a sector is 
equal to half the product of the length of tho ure into the radius. 


The area of a segment of a circle can now be found. Fora 
segment of a circle which is less than a semicircle is equal to the 
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difference between a sector and a triangle; so that if 6 be the cir- 
cular measure of the angle of the sector the area of the segment is 
(9 -sin 6), A segment of a circle which is greater than a 


semicircle is equal to the difference between the circle, and a 
segment less than a semicircle. 


EXAMPLES. 


1. ‘The sides of a plane triangle are 24, 30, 18: find the area. 

2. Two angles of a triangle are 15° and 45°, and the included 
side is 10 feet: find the area. 

3. The sides of a triangle are equal to 3 and 12 respectively, 
and the contained angle is 30°: find the hypotenuse of an equal 
right-angled isosceles triangle. 

4. The area of a triangle = } (a’ sin 2B + 6* sin 2.4). 

a* —b* sin A sin B 
5. The area of a triangle = —>— sin (4 -B)" 
2abe A B 
a+b+o. 20% SE 
7. Shew that the triangle whose sides are proportional to 
gh(k +P), ki(gi+h'), (hk + gl) (hi —gk) 
has its area and the trigonometrical ratios of its angles rational. 

8. The sides of a triangle are in arithmetical progression, and 
its area is to that of an equilateral triangle of the same perimeter 
as 3 is to 5. Find the ratio 6f the sides and the value of the 


largest angle. 

9. If the alternate angles of a regular hexagon be joined so as 
to form another regular hexagon, and again the alternate angles of 
the latter hexagon be joined, and so on, shew that the sum of the 


areas of all the figures so formed =, where S is the area of the 
original figure, 


6. The area of a triangle = 
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10. If we proceed with a regular figure of m sides, and of 
area S,as with the hexagon of Example 9, and & denote the 
sum of the areas so formed, shew that sin gin 7 = S cost =. 


Explain the cases where 7 = 3 or 4. 


11. Ifan equilateral triangle be described with its angular points 
on the sides of a given right-angled isosceles triangle, and one side 
parallel to the hypotenuse, its area will be 2a*sin 60° (sin 15°)’, 
where a is a side of the given triangle. 


12. Shew that, with the notation of Arts. 248 and 250, 
B C 


A 
r7.7,=7 cot’ 7 cot? 3 cot’ 3° 
13. The straight lines which bisect the angles A, C of a 
triangle 4 BC meet the circumference of the circumscribing circle 
at the points A’, C’: shew that A’C’ is divided by CB, BA into 


three parts, which are in the proportion 
eG, 


ear 2 si 2 ne ane sin’ -= 

sin’: 2sin 5 9 sing: 5° 

14. If & be the difference between the sides containing the 

right angle of a right-angled triangle, and & its area, the diameter 
of the circumscribing circle is equal to ,/(h* + 48). 


15. The sides of a plane triangle are 3, 5, 6: compare the 
radii of the inscribed and circumscribed circles. 


16. OQ is the centre of the circle circumscribed round an acute- 
angled triangle, and AO is produced to meet BC at D: shew that 


DO cos (B~— C)=A0 cos A. 


17. A-circle is inscribed within a given triangle, and another 
triangle formed by joining the points of contact; within this latter 
triangle a circle is inscribed, and another triangle is formed as 

13—2 
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before, and so on continually: shew that the triangles thus formed 
ultimately become equilateral. 


18. The sum of the diameters of the inscribed and circum- 
scribed circles of any plane triangle is equal to 
acot A+bcot B+ccotC. 


19. Perpendiculars are drawn from the angles 4, B, C’ of 
an acute-angled triangle on the opposite sides, and produced tu 
meet the circumscribing circle: if those produced parts be a, B, y 
respectively, shew that 

OP Eo oO Gand +tan B+ tan C). 
a B y¥ 


20. In any triangle the area of the inscribed circle is to the 


area of the triangle aa 3 is to cot oot = oot ©. 


21. On each side of an acute-angled triangle as base an isos- 
celes triangle is constructed externally, the sides of each being equal 
to the radius of the circumscribed circle: if the vertices of these 
be joined a triangle will be formed equal and similar to the original. 


22. If & be the radius of the circumscribed circle of a triangle, 
acos A +6 cose +¢cosC =4F sin A sin Bain C. 


23. O is the centre of the circle circumscribed about a triangle 
ABU; from O the perpendiculars OD, OH, OF are drawn to the 
sides: shew that 

4 (OD* + OL" + OF") = a’ got’A +b’ cot’ B + c* cot? C. 

24. If r be the radius of the circle inscribed in a triangle, 
and r, the radius of the circle inscribed between this circle and 
the sides containing the angle 4, shew that 


l—« A A. A\’ 
— sin 5 (cos 7 sin ) 
Qo ge 


1 e e s° 
TE (cos $+ sin 7) 
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25. If be the radius of the circle inscribed in a triangle, 
and 1,, ;, 1.) the radii of the circles inscribed between this circle 
and the sides containing the angles A, B, C’ respectively: shew 


that 
I (rats) + I (ta%.) + J (rere) = 1 


26. Ifa triangle A’BC" be formed by joining the feet of the 
perpendiculars let fall from A, B, C on the opposite sides, shew 
that B’C’ is numerically equal to Asin 2A, where F# is the radius 
of the circle circumscribed about ABC. 


27. Perpendiculars drawn from the angular points of an 
acute-angled triangle to the opposite sides meet those sides at the 
points D, #, #: shew that if & and £, be the radii of the circles 
described about the triangles ABC and DEF respectively, and r, 
the radius of the circle inscribed in the latter triangle, 


R,=4, and r,= 2 cos A cos B cos C. 


28. If r, 7, 7,, 7, denote the radii of the inscribed and 
escribed circles of a triangle, shew that 
tan’ = a. 
2 rr, 
29. If A be the area of the circle inscribed in a triangle, 
A,, A,, A, the areas of the escribed circles, then 


1 1 s1,.P 
sr =— +5 ht. 
r/ A r/ A, r/ A, J A, 

30. If the sides of a triangle be in arithmetical progression, 
the perpendicular on the mean side from the opposite angle, and 
the radius of the circle which touehes the mean side and the other 
two sides produced, are each equal to three times the radius of the 
inscribed circle. 

31. The distances of the centre of the circle inscribed in a 


triangle from the centres of the three escribed circles are respeo 


tively equal to asec , b a0, e800 5 
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32. Two similar triangles have a common escribed circle 
touching sides not homologous a,, 6... Shew that 
a, : a,=sin B+sinC—sin A - sin A +sinC —sin B. 


33. If 0,, O,, O, are the centres of the escribed circles of a 
triangle, then the area of the triangle 0,0,0, 


b+c-—-a a+c—b at+b-e 


= area of triangle ABC}1+ 4 ee + Eh 


34. The centres of the three escribed circles of a triangle 
are joined: shew that the area of the triangle thus formed is 
ei , where r is the radius of the inscribed circle of the original 
triangle. 

35. A’, B’, C” are the centres of the escribed circles of a tri- 
angle; A’, B’, C’ are joined so as to form a triangle: if r and r’ be 
the radii of the circles inscribed in ABC and A'B'C’ respectively, 


A B C 
ee cot = cot = cot 5 
Ay Ss + . 

9 co 9 oF 


36. If r be the radius of the circle inscribed in a triangle 
ABC, 2s the sum of the sides, 7’, 2s’ similar quantities for the 
triangle which is formed by joining the centres of the escribed 
circles, shew that 


. 
2 = 2sin gin 5 sin 


37. Let a, a, be the distances of the angle A of a triangle from 
the centres of the inscribed circle, and the circle touching the side 
a and the other two sides produced; 8, 8, similar quantities for 
the angle B; y, y, similar quantities for the angle C: shew that 


uBy a,Pyy = (abe)’. 
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38, Shew also that “+ 2 + 24= 1 
1 
1 1 1 1 1 1 
89. Shew also that a’ lit lial 
b- one gas b 
40. Shew also iat +3 ek ae 0. 


41. There is only one point within a triangle, such that if 
perpendiculars be drawn from it to the sides, circles can be in- 
scribed in each of the three resulting quadrilaterals: prove this, 
and if p,, p,, pg be the radii of those circles, and p that of the 
inscribed circle of the triangle, then 


Fl ar gta) eg ga tar or 
—- —-)(—--—)+(- -—-)(- --)+(---)(- --) =. 
1 PS \P2 P a = P/ \Ps P 8 ?P P/ Pp 

42. A circle is inscribed in a plane triangle ABC. Another 
circle is inscribed so as to touch the two sides AB, AC, and the 
last circle; again, a third circle is inscribed so as to touch the 
same two sides AB, AC, and the second circle, and so on. Circles 
are also inscribed in the same way so as to touch BC, BA and 
CA, CB. Shew that the area of the inscribed circle is to the sum 
of the areas of all the other circles as 1 is to 


B+ A. ,C+A B.,.,A+B C 
cosec — + Sin’ ——, -—- cosec —+SIn -—,- cosec=. 


4 2 4 2 4, 2 


sin 





43. O and O’ are respectively the centres of the circles 
described about and inscribed in a plane triangle ABC. Join 
OA, OB, OC, O'A, O'B, O'C, and let B,, R,, B,, 735 15) To be respect- 
ively the radii of the circles circumscribing the triangles BOC, 
COA, AOB, BO’C, CO'A, AO’B. *If R be the radius of the circle 
circumscribing the given triangle ABC, shew that 


TTT. R az ie c abe 
abo at+o+e’ z +R RR 





44, From any point P within or without a triangle ABC, 
perpendiculars PA’, PB’, PC’ are dropped on the sides BC, CA, 
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AB; and circles are described about the triangles PA’B’, PBC, 
PC’A’. Shew that the area of the triangle formed by joining the 
centres of these circles is one-fourth of the area of the triangle 
ABC. 


45. Three circles touch each other externally: prove that the 
square of the area of the triangle formed by joining their centres 
is equal to the product of the sum and product of their radii. 


46. If the sides of a triangle be in geometrical progression, 
and the perpendiculars from the angles on the opposite sides be 
taken as the sides of a new triangle, then the angles of this new 
triangle will be equal to those of the original triangle. 


47. Ifa, B, y be the ratios which the sides a, 8, c of a triangle 
bear to the perpendiculars on them from the opposite angles 
A, B, C, then a’ + B?+y°—2(aB+ By + ya) +4=0. 

48. On the sides of any triangle equilateral triangles are 
described externally, and their centres are joined: shew that the 
triangle thus formed is equilateral. 


49. The sides of a triangle are 65 and 25, and the difference 
of the opposite angles is 60°: find all the angles, having given 
log 3 = °4771213, log 2= :3010300, 
L tan 52° 24’ = 101134508, Z tan 52° 25’ = 10-1137122. 


50. If perpendiculars be drawn from the angles of an acute- 
angled triangle to the opposite sides, shew that the sides of the 
triangle formed by joining the feet of those perpendiculars are 
a cos A, bcos 4, and ccosC; and thence shew that 

a* cos’ A — b* cos" B — c* cos*C | 24 
2bc cos B cos C’ ere 


51. Six circles are inscribed between the three escribed circles 


of a triangle and the angular points, each touching a side and 
a side produced: shew that the products of their radii taken 


alternately are equal. 
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52. Straight lines are drawn from the angles A, B, C of a 
triangle through any point P meeting the opposite sides of the 
triangle at the points A’, B’, C’ respectively: shew that 


AB’. BO’. CA'= AC’. BA’. OB. 


53. Shew conversely that if the relation just expressed holds 
then the straight lines 44’, BB’, CC’ meet at a point. 


54, Shew that the perpendiculars from the angles of a tri- 
angle on the opposite sides meet at a point. 


55. Shew that the straight lines which bisect the internal 
angles of a triangle meet at a point. 


56. Shew that the straight lines which join the angles of a 
triangle with the middle points of the opposite sides meet at a 


point. 
57. Shew that the straight lines which join the angles of a 


triangle with the points where the inscribed circle touches the 
opposite sides respectively, meet at a point. 


58. Let a straight line be drawn from the angle A of a tri- 
angle to the point where the escribed circle opposite to the angle 
A touches the side opposite to it; let similar straight lines be drawn 
from B and C’ with respect to the other escribed circles: shew that 
these straight lines meet at a point. 


59. In the figure of Art. 250 shew that the straight lines 
BE, CF, and AD produced meet at a point. 


60. A quadrilateral figure is,so taken that a circle can be 
described about it and inscribed in it. If its sides be produced in 
both directions, and r,, 7,, 7,, %, be the radii of the circles, in- 
scribed in the triangles formed on two sides, and escribed on the 
other two sides, then r,r,r,7,=7, where r is the radius of the 
ciccle inscribed in the quadrilateral. 
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XVII USE OF SUBSIDIARY ANGLES IN SOLVING 
EQUATIONS AND iN ADAPTING FORMULA 


TO LOGARITHMIC COMPUTATION. 


259. We shall now shew how to obtain the numerical values 
of the roots of a quadratic equation by the aid of Trigonometrical 
Tables. 

(1) Suppose the equation to be 
xo 2a +q= 0, 
where p and g are both positive; from this equation we obtain 


a= p&/(p*— 9) =p{l = /(1 -4)}. 


Now if q¢ is less than p* assume =sin’@; thus 


a= p (1 +cos 6) = 2p cos, or 2p sin® . 
If g is greater than p* the roots are impossible; we may then 
assume 55 = sec’? ; thus 
x= p {1 &,/(—1) tan 6}. 
(2) Suppose the equation to be 
a* — 2px —q= 0, 
where p and qg are both positive; from this equation we obtain 


v=paJip'+a=p{ie, /(1+9)}. 


Now assume tan’6 = a ; thus 





cos 6 | cos 6 & | 
w= p (1 «sec 0) =p cos 6 =/9 sin 6 


6 6 
=,/qeot;, or —,/qtan5. 
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(3) If the equation is of the form 2*+2px+q=0, where 
p and qg are positive, we can solve the equation «* — 2px +q=0, and 
then change the signs of the roots (Algebra, Art. 340). 

(4) If the equation be of the form 2" + 2ne—gq=0, where 
p and qg are positive, we can solve the equation 2* — 2p7—q=0, 
and then change the signs of the roots. 


260. In like manner we may obtain the numerical value of 
the roots of a cubic equation by the aid of Trigonometrical Tables; 
we will exemplify this by considering one case. 


Let the equation be 2*—gx —r=0, and suppose 277* less than 
49°. Put xv=ny; thus 








5 WY 
therefore es ae 0. 
2 8 cos 3a 
Now by Art. 91, cos a— 7 copa — —F =0; 
assume y = COS a, St ie 
4 n? 3 n? 4 3 
4q\$ 3\i 
thus n= (ZF » cos da=4r (z) ; 
the last equation determines 3a, and thus a is known, then 
“ty 
y=cosa and z= n cos a= (7 COS a, 
e 


The value of cos 3a is less than unity, since we have supposed 
27r* less than 4q’. 


It appears from Art, 105 that we might also suppose 


Qr 
y = COB (5 aa), 
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consistently with the value of cos 3a given above; thus finally the 
three roots of the cubic equation are 


4 4 
2(2) COB a, and’ 2 (2) cos (Fue), 
i 
where cos 3a = - (=) : 
2\¢9 


261. “If in mathematical researches equations like those that 
have been given of the second and third degree, presented them- 
selves to be solved, their solution would be conveniently effected 
by the preceding methods, and by the aid of the Trigonometrical 
Tables; but the truth is, in the application of Mathematics to 
Physics the solution of equations is an operation that very rarely 
is requisite, and consequently the preceding application of Trigo- 
nometrical Formulz is to be considered as a matter rather of 
curiosity than of utility.”—(Woodhouse’s 7'rigonometry.) 


262. To the examples which have already occurred of the use 
of subsidiary angles we will add two more. See Art. 231. 


(1) Required to adapt a+6 to logarithmic computation, 
If @ and 5 are necessarily positive we may proceed thus: assume 


a tan’ 6; then 
a 


a+b=a(1 +2)=a(l + tan* 0) = asec’ 0. 


If @ and 6 are not necessarily both positive we may proceed 


thus: semume © = tan @; then 


cos@ = sin 


b _af2 
a+b=a(1+2)=a(1+tan 8) 28; (+ 


=2N8 sin (+7). 


BAMPLGS. UHAFLEK AVLI. Ae 
(2) Required to adapt acosadsina to logarithmic 


computation. Let ° tan 6; thus 


a 


cosa bein a=a(cosas? sina) =a (cosa. tan 6 sin o 





a 
= —~ cos (a—6) or 
COs 


5 cos (a + 6). 


a 
cos 6 


MISCELLANEOUS EXAMPLES. 
l. Solve 2° ~62+4=0. 


2. Shew that the roots of the equation 2°—-3c—-1=0 are 
2 cos 20°, — 2sin 10°, — 2 cos 40° 


3. Shew that the roots of the equation 2° —pa*+qr—r=0 


4 4 4 
are 2 (5) COS a, 2(B) cos (Fea), and 2 (F) cos (Fue), 
i 
where cos Ba= 5 (7) : 


provided p'= 5g and (5) be not greater than () 


4. Find the roots of the equation 
a’ — 102° + 202-8 =0. 


5. A person wishes to ascertain the side BC of a triangular 
field ABC, but is only able to make measurement of dimes within 
the boundary of a circle which passes through 4 and touches BC: 
shew how after measuring four straight lines he may determine BC. 


6. Two men standing at the same point C’ observe the hori- 
zontal angle subtended by two objects A and B; they then both 
move away, one in the direction AC, the other in the direction BC, 
until each observes the horizontal angle to be half what it was 
before. The distance each walked being given and the horizonta) 
angle at C’, determine the distance AB. 
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7. The altitude of a balloon is observed at three places 
A, B, C simultaneously to be 45°, 45°, and 60° respectively; 4 and 
B are respectively West and North of C: form an equation for 
determining the height of the balloon. 


8. The distances 6 and c of a station A from two other 
stations B and C’ are known, and the angle BAC is required. It 
not being practicable to observe the angle BAC, the angle BOC 
(a) and the angle AOC (8) are observed at a position O situated in 
the plane ABC, at a small known distance m from A, such that 
the triangle ABC is entirely within the triangle OBC. Shew that 
if 6 be the circular measure of the angle (BAC — BOC) then 
approximately 

6 =n 82 (2-8) +e 
( b ec} 


9. Ata distance of 50 feet from the foot of a tower the eleva- 
tion of its top is 45°: if the elevation and the distance be correctly 
measured within 1’ and 1 inch respectively, find approximately 
the greatest error in the height. 


10. A person standing at a distance a from a tower sur- 
mounted by a spire, observes the tower and the spire to subtend 
the same angle: if 6 be the known height of the tower, express 
the height of the spire (c) in terms of 6 and a. 

If y be the error in the height of the spire corresponding to a 
small error 8 in the height of the tower, shew that 
Y a an 
e 5b = a‘ — bf)" 

11. The side a of a triangle and the opposite angle A remain 
constant: shew that the small variations of the other sides y and 
B are connected by the relation 

ysec C+ B sec B= 0, 
12. The angular altitude and breadth of a cylindrical tower 


en a level plane are observed to be a and £ respectively; and at a 
point a feet nearer the tower they are observed to be a’ and #’ 
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find the height and the radius of the tower. Find also the relation 
existing between a, a’, 8, f’. 


13. In the preceding Example if the observed angular breadth 
be subject to an error 6, and if p be the greatest consequent error 
in the calculated radius (r), shew that p will be given by the 
equation 


atl eo oe fonm otal 


If B=60°, B’=120°, § =the circular measure of 6’, find approxi- 
mately the ratio of the greatest error in the calculated radius to 
the radius. 


14. P, Q, & are three known positions in a straight line, and 
PQ, QR are observed to subtend equal angles at a certain point S: 
find the error in the calculated distance of S from Q in conse 
quence of a small error a in the observed angles. 


XVIII. INVERSE TRIGONOMETRICAL FUNCTIONS. 


263. The equation sinz=a asserts that a is an angle of 
which the sine is a; it is found convenient to have a notation for 
expressing this relation in which « stands alone. The notation 
used is this, «=sin™'a. Similarly the equation x=cos”'a ex- 
presses that x is an angle of which the cosine is a; and x= tan™'a 
expresses that x is an angle of which the tangent is @; and so on. 


264. Experience will prove that the notation here given is 
often convenient; and we may shew that it is not altogether an 
arbitrary notation, but one that naturally presents itself. For, let 
any function of x be denoted by f(x); then the same function of 
F (x), that is, f{ /(a)}, may be briefly and conveniently denoted by 
f*(x). Thus, for example, the logarithm of the logarithm of x 
may be denoted by log*x. Similarly /[/{/(x)}] may be briefly 
and conveniently denoted by /*(x); and so on. Thus with this 
notation we have, when m and 7 are positive integers, 


SP (@) = f"(@). 
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Now we may examine what meaning it will be necessary to 
ascribe to /°(x), in order that the relation just given may hold 
when m or » is zero. Suppose n =0, then the relation becomes 


f° F°(@) =F"), 

this leads us to settle that /°(a) shall be considered equal to a. 

Again we may examine what meaning it will be necessary to 
ascribe to f~'(x) in order that the relation /" /"(x) =/"*"(«) may 
hold when m or n is—1. Suppose m=1 and n=-1; thus the 
relation becomes 

SF "(@) = f(a) = &, 

so that /~'(a) must denote a quantity whose function / is a. 

Thus sin“’s should denote a quantity whose sine is w; and 
this is the meaning which we have already assigned to the symbol. 

It will be observed that consistently with the remarks here 
made, sin’ should stand for sin (sin x), and not for sing x sin 2, 
But as sin (sin x) is a function which rarely occurs, it is custom- 
ary to use sin’ x for what should be denoted by (sin x)’. 


265. Any relation which has been established among trigo- 
nometrical functions may be expressed by means of the imverse 
notation. Thus, for example, we know that 

€ 


2 tan 6 


asia BT TU 





this may be written 
20 = tan™ (5 a) 


let tan 6=a, so that 0= tana; thus 
2a 
1l-a* 
Similarly the relation sin 36=3sinO—4sin’6 may be ex- 
pressed thus, 


2 tan™'a=tan™ 





$ sin~'a = sin~'(3a — 4a”, 


7. 
8. 
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EXAMPLES. 
e 


Shew that tan~'? = 2 tan’ 4. 


Find the value of sin (sin 4 + cos~' 4). 


17 Oo . 3 8 
rN ee -1— =~) Soe 
Shew that sin 8B sin 5 + sin 7° 
Find the value of tan (tan™'z + cot™'z). 
Shew that tan™' 4 + tan™' 4+ tan™' 4+ tan™ =F. 
~1 -, 4- b -1 b—c ~1 
Shew that tan7'a = tan7™!-——. + tan7’ ——— + tan™'e. 
1+ab 1 + bc 
Find the tangent of Stan hy tan™' L +tan™ + es 
8 7 3 26 4° 


Shew that 


tau{(,/2 + 1) tan a} — tan7"{(,/2 — 1) tana} = tan7\sin 2a). 


9. 


12. 


13. 


14. 
15. 


If tan (0 — a) tan (6 — 8) = tun’0; then 
_, 2 sinesin B 


sin (a + B) ° 


Shew that cos™' zy +cosec™ v ( a 


w/(82) 


4 5 
e -|1 e 
Shew that S8ln. 5 re Sln 13 
Shew th b Stan T+ tan 5 Buca 
ae 90°47 1985" 


+ 5 + tan oe as 73° 
Shew that tan (2 tan~'a) = 2 tan (tan™'a + tan™'@’). 
Shew that 
tan~) (4 tan 2.4) + tan™’ (cot A) + tan™' (cot®A) = 0. 


6=4tan 





mia 


Shew that tan™ 





2 iT. 14 
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16. Shew that 
= = tan (F+ 4 0087 5) + tan (F — $0087 fF). 
17. Shew that 
© cone (qtan) +5 + — geo *(gtan™ =) (a +b) (a + 6°). 


Solve the following seven equations in a: 


13 


18. sin™'a2+sin "5 = 


2a 26 
em} | = an7! 
19, sin Teg? 2 ie 2 tan~*a. 
20. tan™' (@—1)+ tan™'a + tan™’ (7+ 1) = tan” 32. 
21. sin” 2¢-sin™«/3=sin" 2 


22, tan™'4+2tan™'}+ tan"! b+ ten” > = 


ia 


23. sin 2cos ‘cot 2 tan™'2z=0, 


94, tan™ oe tan™ * een eee ‘ 
a-—1l1 x a—x+1 


—l 


wm! Go 


25. If sec d— cosee 0 = 5, shew that @ => sin 


26. If sin (7 cos 6) = cos (7 sin 6), shew that 6 == 4 sin™' 3. 


27. Show that if sin’ +sif'p=4, then (2n+1)5 is one of 
the values of y which satisfy the equation 
y = sin™ (sin 6 + sin ¢) + sin™ (sin 6 — sin ¢). 


28. Find x from the following equation, 


l l 1 
3 tan 3573 tan = tan 3° 
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29. Shew that one of the expressions 


-, 2b+a-c c. gin, /(2*") 
sin 
a+c <a) 
is an odd multiple of 5 


30. Find all the positive integral solutions of 
tan™' 2+ cot” y =tan™ 3. 
31. Shew that if c be a positive integer, the equation 
tan” «+ tan y=tan™'c 
has no positive integral solutions; while the equation 
cot™' 2+ cot™' y=cot™¢ 


has as many as there are different divisors of 1 +c’. 


32. Shew that tan” = fan Or SY ee SE 


Cy + a C40, + 1 
+tan7! “a "24 0... +tan@! Sa “a= 4 tan-? ua 
cc, + 1 cc. +1 Cc, 
where ¢,, Cy,....+. Cc, are any quantities whatever. 


33. Shew that we can express theesum of any number of 


angles of the form sin™’ eas sin™ 2ab 


2mn ; : 
—;——;, where m and n are rational functions of a, 5, a’, b’,... 
m+n 


34. Write down the geneffil value of sin~ cy, where:Ws 


is an integer. 


a1)" 
3 


35. Write down the general value of cos , where m 


is an integer. 


36. Write down the general valuc of tan™'(—1)", where m 
is an integer. 
142 
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XIX. DE MOIVRE’S THEOREM. 


266. The student has already learned from Algebra that 
although the square root of a negative quantity is the symbol 
of an impossible operation, yet such roots are of great use in 
mathematical investigations. It is usual to adopt the convention 
that ,/(—a’)=a,/(—1), and that such expressions as a,/(- 1) 
shall be subject to all the laws of algebraical transformations. 
In the remainder of the present work it will be found that ,/(— 1) 
occurs very frequently in our investigations; we shall for the 
present assume that this expression may be freely used like any 
real algebraical expression, and hereafter we shall give some re- 
marks on the question of the validity of demonstrations which are 
obtained by the use of the symbol ,/(—1). (See also Algebra, 
Chap. xxv.) 

It is becoming usual in mathematical works to employ a 
simpler symbol instead of ,/(—1) in order to save room; the 
letter « is very converfient for this purpose, and we shall ac- 
cordingly employ it in some of the subsequent Chapters. 


267. De Mowre's Theorem. Whatever be the value of n post- 
twe or negatwe, integral or fractional, cosnO+,/(—1)sinn6 és 
one of the values of {cos 6+ ,/( — 1}sin 6}". 

Multiply cos a + ./(—1) sina by cos 8 +,/(—1)sinB; 
the product is 

cos a.cos 8 —sinasin 8 + ,/(— 1) {sin a cos B + cos a sin B}, 


that is, cos (a + 8) + ,/(— 1) sin (a+ 8); 
multiply the last expression by cosy +,/(—1)siny; the product 
is cos (a + 8+ y)+,/(- 1) sin (a+ B+). 
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By proceeding in this way we obtain the product of any num- 
ber of factors of the form cosa+,/(—1)sina. Suppose there are 
m of these factors, each factor being cos 6+ ,/(—1) sin 6; we then 
have : 


{cos 6+ ,/(— 1) sin 0}* = cos n6 + ,/(— 1) sin n6. 
This proves De Moivre’s theorem when 7 is a positive integer. . 
Next, let be a negative integer ; suppose n = —m, then 
{cos 6 + ,/(— 1) sin 6}" = {cos 6 + ,/(— 1) sin 6}™ 
= (em TC yea OF oon FC Tye 
multiply both numerator and denominator by 
cos m6 — ,/(— 1) sin m6, 


Haas ohana cos m6 — ,/(— 1) sin m6 | 


cos'mO+sin'm6 = ” 
that is cos mO — ,/(— 1) sin m6 ; 
that is cos (— m0) + ,/(—1) sin(— m6), 
or cos nO + ,/(—1) sin 8. 


This proves De Moivre’s theorem when n is a negatwe integer. 
Thus, since when 7 is any integer, 
{cos 6 + ,/( — 1) sin 6)" = cos 76 +e,/( — 1) sin n6, 
it follows that cos6+,/(—1)sin@ is one of the values of 
{cos v6 + ,/(— 1) sin nb}, when 7 is any integer. 
Lastly, let » be a fraction ; Suppose 7 =< , then 


{cos 6+ ./(—1) sin 6}" = {00s 6 + ,/( — 1) sin 6}¢ 


= {cos p6 + ,/(— 1) sin p6}*, 
and, by what has just been shewn, one of the values of the last 
pe 


expression is cos 2” 4 a air 


Thus De Moivre’s theorem is completely established. 


ran dod «© Wht hae be AAAL wd BK 8 


268. We have shewn in the preceding Article that when 
n is fractional, cosn@+ ,/(—1)sinn6 is one of the values of 
{oos 0 + ,/(— 1) sin 6}"; we shall now shew how all the values of 


the last expression may be obtained, Suppose n= ; - Now both 


cos 6 and sin @ remain unchanged when @ is increased by any 
multiple of 22, while by putting 6+2rnr instead of 6, and 
ascribing to r in succession different integral values the expression 
cos 7+ ,/(—1) sinn@ assumes g different values and no more. 
For suppose r successively equal to 0, 1, 2,...... q—1; then we 
obtain the series of angles 

po p(d+ Qr) p(0+ 47) p (0 + 2qm — 2a) 

a ae a aaa a a aa 
and we know that no two of these angles can have the same sine 
and the same cosine, because no two of these angles are equal or 
differ by a multiple of 27. (See Art. 93.) Hence we obtain 
q different values of the expression cos7@+,/(-1)sinn6. We 
shall not in this way obtain more than q different values, for if 
r=8+ mq, where m is any integer positiwe or negative, 


cos 2 (0 + 2rr) and sin n (6 + 2r7) 
are respectively equal to 
cos n (6+ 28) and sin n (6 + 2en), 


We can thus find g different values for the expression 


fcos 6+ ./(— 1) sin 6}*; 


that is, we can find g different exyfressions, which by being raised 
to the g™ power, produce cos p6 + ,/(— 1)sinp@. And it is known 
from the theory of equations that there must be g values of x, and 
no more, which satisfy the equation x*=c, where c is either real 
or of the form a+b ,/(—1); thus we infer that we know all the 


values of the expression 


{cos @ + ,/(— 1) ain 6}. 
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269. De Moivre’s theorem may be usefully employed in ex- 
tracting any assigned root of an expression of the form a +6 ,/(—1). 
Suppose for example we require the,cube root. Assume 


a=rcos 0, b=rsin@; so that 
r=a'+d*, and tan @=<. 
Then a+b,/(—1) =r {cos 6 + ,/( - 1)sin 6}; 
and therefore {a +5 /(—1)}#=r* {cos 0 +,/(— 1) sin 6}?. 
One value of {c08 4+4/(—1) sin 6} is cos 5 + M=1) sin 5 i 
the other two values are respectively 


oo TP 1) gin 7+" and c oe See Avan sree 














270. We proceed to deduce some important results from De 
Moivre’s theorem. In the equation 
cos n6 + ,/(— 1) sin n@ = {cos 8 + ,/( — 1) sin 6}, 


suppose n a positive integer. Expand the right-hand member by 

the Binomial Theorem, and equate the possible and impossible 

parts of the two members ; thus 

n(n — 1) 
1.2 

4 wln- 1) = 2) (n— 3) | 





@ 
cos 26 = cos"6 — cos"~*@ sin*@ 


os" “6 sin‘@ — ...... 
sin n =n cos" 6 ing 2 ®) cos"-* O sin® 6 
2 (e— 1) (w— 2) (8) (— 4) sg gintg — ....., 
G 
271. The preceding formule hold whether n be odd or even, 
but the last terms of the expressions on the right-hand side are 


different in the two cases, and it will be useful to distinguish the 
Cases. 
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If n be even, the last term of the expansion of {cos @ + ,/(— 1) sin 6)" 


is, possible, namely, (—1)*sin"6; and the last term but one 
n-l 


is impossible, namely, n ( - 1)* cosOsin*-'6, which may be 
n-2 
written ,/(-1)”(-—1)* cos @sin""' 6. Thus when is even the 


last term of cos 0 is (—1)*sin"@, and the last term of sinn@ is 
w-2 
n(—1) * cos@sin™” 6. 


If be odd, the last term of the expansion of {cos 6 + ,/(- 1) sin 6}" 
is impossible, namely (—1)*sin"6, which may be written 


n—l 
J/(-1)(-1) * sin*@; and the last term but one is possible, 
n=l 
namely n(—1)* cos@sin*’ 6. Thus, when n is odd, the last 
nn) 
term of cos”@ is n(—1)* cos@sin*”’ 6, and the last term of 
n=l 


sin nO is (—1) * sin" 6. 


272. From the formule for sin n6 and cos n6 we can deduce 
an expression for tan 7@ in terms of the powers of tan 6, 


sin 20 


For tan n6 = 
cos n§ 





n cos"? @ sin 6 — cos"~* @ sin® 6 +... 


- w, min—l) ans 
cos 6-—-3— 008 Osin* 6+... 


n (n—1)(n— 2) 
3 


Now divide both numerator and denominator of this expres- 
sion by cos*6 ; thus we find for tan 6 the expression 


a a 
1-2 ESD tanta MOON GAP tant ge 
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If n be even, the last term of the numerator of tan n6 
is n(—1)* tan’"'6, and the last term of the denominator is 
(- 1)Ftan"6, If n be odd, the last term of the numerator is 
(—1) 7 tan"#, and the last term of the denominator is 
n(- 1) ¥ tan*6, 
These results follow from those established in Art. 271. 
273. We may also obtain general formule for the sine, cosine, 


and tangent of the sum of any number of angles which are not 
all equal, We have seen (Art. 267) that 


{cosa +,/( ~ 1) sin a} {cosB + ,/(- 1) sin} {cos y + ,/( — 1) sin y}...... 
=cos(at+B+yt...... )+/(-1) sin (a+ B+yt......). 
Now cosa+,/(~1)sina=cosa{l] +,/(— 1) tan a}, 
cos 8B + ,/(— 1) sin B = cos B {] +,/(— 1) tan f}, 


thus we obtain 
cosacosBcosy...{1+,/(—1)tana}{1+,/(—1) tanB}{1+,/(—1)tany}... 
=cos(at+B+y+......)+4(—1)sin(a+B+y+t......). 
Let s, denote the sum tana+tanB+tany+...... ; let s, 
denote the sum of the products of the tangents taken two at 


a time; let s, denote the sum of the products of the tangents 
taken three at a time; and so on® 


Then by multiplying together the factors 1+ ,/(—1)tana, 
1+ ,/(-1) tan B, 1+,/(-1)tany, ...... and equating possible and 
impossible parts we obtain 


cos (a + B+y +...) =cosacos B cosy... {1—8,+8,—8,+...}, 


sin (a+ B+y+...) = cosa cos B cosy... {8, — 8, +8, - 4, +...}. 
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By division, 
8, — 8,+8,—8, +... 
eee = 8 5 e 
a al Sac das ) 1—8,+8—-8 +... 


If n be even, the last term in the numerator is (—1)* #_, 

and the last term of the denominator is (— 1)Fe ; if n be odd, the 
nal 

last term in the numerator is (—1)* ¢., and the last term in the 


n~l 
denominator is (-1)* ¢_,. If the angles a, ,... are all equal 
the formula will coincide with that given in Art. 272. 


274. We shall now prove formule for the expansion of sin 
and oos a in series of powers of a. 


We have, when 7 is a positive integer, 


n(n —1) 


cos n6 = cos"6 — = oe a cos*~*@ sin?6 


+ cme wanes cos*”*§ sin‘@ —...... 


Let n# =a; and suppose 7 to increase without limit, and let 
6 so change that 2 may remain a positive integer and 70 be always 


equal to a; thus 6 mbst diminish without limit. The preceding 
equation may be written 





ng 2(a-0) |, /sin 6\” 
cos a = cos") — --7—5 COs KW 
a (a—6) (a—"26) (a—30) sin 4 
ara aa cos (= errr 


Now when 7 increases without limit, and, therefore, 9 dimi- 


nishes without limit, = is equal to unity, and so is every power 


of = up to (SF): also cos @ is unity and so is every power of 


Dn MOLVKRES ‘HEOREM, 21Y 


cos 6 up to cos"@ (Art. 150). Hence the above formula becomes 
1 a a af 
cosa=i — T.3 + [4 (6 + 


n(n — 1) (n— 2) 
ie 


Also 


sin 20 = n cos*~'@ sin 6 — cos*~ @ sin® @ + ...... 


nig8inf a(a—6) (a— 29) oo a sin 6 
thus sin a = a cos™"’ 6 —— a Sree gree oe “(= a Shea 


Hence, by supposing 7 to increase without limit, we obtain 


The results of this Article are of the greatest importance; we 
shall make some remarks upon them in the next three Articles. 


275. It must be observed with respect to the formule esta- 
blished for the expansion of sina and cosa, that a is the circular 
measure of the angle considered; for it is only when an angle is 


estimated in circular measure that one is unity when 6 is indefi- 


nitely diminished. It is easy to obtain the requisite modification 
of the formule when any other unit of angular measurement is 
adopted. Thus, for example, 


a ae 


sin 2 =a-13 +15 aay 
nT 


where a is the circular measure of the angle of n’; thus a =TR0? 


and we have 


_ l 10) * (180) ~ 
sin w= 755 — 5 (ie0 iso) ~-7"" 


a L {nw \* 
Similarly cos n° = | “5 5(ig0) + (a ia ~~ coesee 
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276. The series for sina and cosa are convergent for all 
values of a. 


1)" a” 
The n® term in the series for sina Pi Ge) henve the 
{2n—1 2 


numerical value of the ratio of the (n +1)" term to the n™ is 
8 


Inne)’ and whatever be the value of a we can take n so 


large that for such value of m and all greater values on Gn a 


shal] be less than any assigned quantity ; hence the series is con- 
vergent (Algebra, Art. 559). 


Similarly it may be shewn that the series for cosa is always 


convergent. 


277. The proof given in Art. 274 involves one point that 
may not at first appear quite satisfactory. The (r+ 1)* term of 
cos a is strictly 


7 (n— 1) (n—2)...(n — Ir + 1) 
(-1y et oo 


cos"~*"6 sin® 6 ; 


this we write in the form 


(12 Mido dt 278+8) owing cur 


Now it is proved in Art. 150 that the limit of cos"""6 is 
hd or 
unity, and also that the limit of (=; y is unity; the only ques 
tion is whether the limit of |” 


a(a—6)(a— 26)...(a—2r6+6). a 
Br Be 


for all values of r. ne is obviously true when r=1; that is, 
the limit of —“—/ (o- 9) i. ; and we can shew by induction that the 
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required result is always true. For assume that 


a (a—6) (a—26)...(a—276+6) a®™ 
MAM lt BO 


where # diminishes without limit when 6 does so, so that the limit 
a—2r6- 
Wr+1’ 


ar 
of the right-hand member is - ; introduce a new factor 


[27 
wn nO = Haat am 


|2r+1 Qr+1 I+ 
a*t! Ra 2760 


“(Qrsi* Best sett *}5 
and when @ diminishes ve limit all the terms on the right- 
hand side vanish except [Sra os 1 
left-hand member. eee we can shew that when another 


a—2rd—-6., a" 
factor es ae aap ; and so on. 


, which is therefore the limit of the 





278. The following example will shew how the series for 
cos 6 may be practically useful. Suppose two sides a and 6 of a 
triangle are known, and the included angle C’; if C be a very 
obtuse angle we can give a convenient expression for the third side 
of the triangle. 

For suppose r—6 to be the circular measure of the angle C, 
so that 0 is very small; thus 


c’ = a’ + 6° — 2ab cos C = a" + 6" + 2ab cos 6 


=a" + 6° + 2ab (1 — s approximately, 


= (+0) —ab6'= (a+2)'{1- Ah. 


Hence, by extracting the square root, 


abl? : 
c= (a+b) {} _ Tern approximately. 
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EXAMPLES. 
1. Extract the square root of cos 44 + ,/( — 1) sin 4A. 
9, Find the values of (~ 1)}. 
3, Obtain the six values of (— 1), 
4, ind the three values of {1 +,/(—1)}*. 
5 sin@ 2165 


Given —— = 


a = 9166" shew that @ is nearly the circular 


measure of 3°. 
6. Given sin G + 6) =‘51, find approximately the value of 
6, neglecting powers of 6 above the second. 











a” aa" 
7. 6If tan 2 = ae+ oie + 5 Bsewids 
shew that 
(2n + 1) 2a (20 + 1) 2n (2n—1) (2n ~ 2) 
ea a, a cs eV TT Aggag + +8 
+... +(—1)**1(2n+1) a, +(-1)*. 
8. If Ocot6=a,+a,P+a6+... 
shew that 
a,, +4 (-1)""'a, (—1)". 
~3a—4 
oa aaa Ts Ses in? 
hence find @ cot 6 to four terms. 
9. If secO=a,+a0 +a +... +a,6" + 
shew that 
(—1)*"a, 


Gans Fon—s 
“12 4, +. + [an . 


10. If cos 2a + ,/( — 1) sin 2a be substituted for a in the ex- 


; be ae. sac 
pression CHINCED and similar quantities for 6 and c, and the 


result reduced to the form A+ B,/(—1), find the values of A and 
B in terms of a, 8, y. 
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11. Shew that 
{cos 0 + cos} + ,/( — 1) (sin 6 + sin $)}” 
+ {cos 6 + cos ¢ —,/( — 1) (sin 6 + sin ¢)}" 


=o (coo 54 5) cos he n (0 + >) + 9) 
ar aaa 
12, Shew that if a=e', and /(1-c") =ne-1, 
1 +eco80= 5 (1 + nz) (1+2). 


13. Prove the following rule for finding the length of a 
small circular arc: from eight times the chord of half the arc sub- 
tract the chord of the whole arc, and one-third of the remainder 
will give the length of the arc nearly. 


14, Shew that the following rule for finding the length of 4 
small circular arc is more accurate than that in the preceding 
example: to 256 times the chord of one-fourth of the arc add 
the chord of the arc; subtract 40 times the chord of half the arc, 
and divide the remainder by 495. 


15. From the identical equation 


(2 — b) (a — ~ 5) (w—e) | (% —c) (x ~ a) | (a — a) (w@—- b) 


(a~ 6) (a—e) * (Be) (6~a) * (ca) (e—8) ~ 
deduce the following by assuming 
x= cos 26 + ,/(— 1) sin 28, 
and corresponding assumptions fox a, b, and c: 
cin (9 — 8) sin (0) 
+ sin 2 (6 — 
in (a= A)sin (a=) 


sin (9 — y) sin (9 — a) 

* Gn (B—y) ain Bay? O-P) 

_ sin (0a) sin (0-8) (py 
sin (y—a) ain (y—p)°" 2 (@—V)=% 








( 924 ) 


XX. EXPANSIONS OF SOME TRIGONOMETRICAL 
FUNCTIONS. 


279. Let « denote cos 6+,/(~—1) sin 6; then 


1 1 ; 
@ 080+ (=) sind = 89 -W(— Nain 8 


thus w+ == 2088, and w—-=2,/(-1)sind; 


also a” = {cos 0+ ,/( — 1) sin 6}" = cos n6 + ,/(-1) sinnd, 
1 ] 
a {cos6 + ./(—1)sin0}" cos nO + ,/(— 1) sin nO 

= cos n6 — ,/(— 1) sin n€ ; 


p—_ 


thus a +2.=Boonnd, and a ~ = 2(—1) ain nd, 


We shall find this notation useful in the following investi- 
gations. 

280. To express cos"6 in terms of cosines of multiples of 0 
when n 18 @ positive integer. 


4 n (m — 2) i 





" nf __ I ete mn ae = on? . 
n(n—1) l ] 1 
+ 1.2 Oi. my te. ‘gel ton 


Now rearrange the terms on the right-hand side, putting 
together the first term and the last, the second and the last but 
one, and so on; thus we obtain 


1 = n(n-1)/ ., 1 
ats +n (at +o =) + = ( = + ami) tos 








but +2 = 2oonnd, af *+—5,=3.cos(n—2) 6, and 20 on; , 
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therefore 
2°" cos" @ = cos n6 + cos (n — 2) 6 + 
_2(n—)) .(n—7r4+1) 
Ir 


cos (n— 4) 6+... 





n(n—1) 
1.2 


cos (n ~ 2r) 0+... 


The last term of the series on the right-hand side will take 
différent forms according as » is even or odd. In the e£pansion 


of (« + =) by the Binomial Theorem there are n+1 terms; thus 


th 
when n is even, there will be a middle term, namely the G + 1) ; 
which is 


aaah pane art pak ty sen tiee’), 


Hence, when n is even, the last term of 2"~' cos" 6 is 


n(n—1) + (gn+1) 


2|gn 
When n is odd suppose it =2m+1; there are two middle 


terms in the expansion of (2 + 5) , namely, the (m+ 1)" and 
(m +2)"; their sum is r 
n(n—1)...(n—m+1) (+2). 


Gu 
Hence when n is odd, the last, term of 2"~’ cos" @ is 


n(n—1)... 4(n +3) 


[4 (~—1) 


281. We shall find that sin*@ can be expressed in terms of 
cosines of multiples of @ if m be an even positive intoger, and in 
terms of sines of multiples of 6 if m be an odd positive integer ; 


this will appear in the following two Articles, 
T. T. 15 


cos 6. 
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282. To express sin" in terms of cosines of multiples of 8, 
when n ta an even positive integer. 


m ery -)= eae ed) sy 1 
2" (~1)'in" 6 = ( — 5) HO ne 8 he He 


n(n-1) , ( ) 1\"" l\" 
+———— a". (--) +ne(--) +(--). 

1.2 a ( ( A 
Now rearrange the terms on the right-hand side, putting 


together the first term and the last, the second and the last but 
one, and so on; thus we obtain 


. it n(a*+ a5) + MO” ( +4 oh) 
x oan n~2 1.2 wx oi" 4 > ses 


Fay 1)? — 








Therefore 


9"-"(—1)F sin" 6 = cos nd — cos (n— 2) 04") cos (n—4) 0 —.. 





n(n—1)...(m—r+1) 


iF cos(n—2r)6+... 


+(-1)"" 


r (-1) n (n— ‘ie + 1) 


283. To express sin") tn terms of sines of multiples of 6 
when n is an odd positive integer. 


2" (- 1)f xin 6 = (2-2) mats nat 1 BOAT) afta 
Oe ilentls ee a 
OTT Os pet MO. i a 


Now rearrange the terms on the right-hand side, putting 
together the first term and the last, the second and the last but 
one, and so on; thus we obtain ‘ 
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1 ee n(n—1)/ ,- 
o—hen(o*-gh) +MY (eg) 
n(n —1) 2. 4(n+3) ay 
+(- 1) (Fa) 








but aa = 2 /(- 1) sin 70, 
at — — 2 /(— 1) sin(n — 2) 8, 


and so on; therefore 


2-'(- 1)? cin" 9 =sin nd — nsin (n—2)0+ Oo y) sin (n— 4) 6 


_n(n—1) (n— 2) 
LS 

284. If n be not a positive integer, the expressions for cos* @ 

and sin" @ in terms of the cosines and sines of multiples of 0 are 


very complicated. For these we may refer to the Theory of 
Equations, Chapter xxx1. 


sla6) 04.04 (= yr ree NG —— sin 0. 


285. In Art. 270 it is shewn that when ~ is a positive 
integer, 


cos 76 = cos" rg Bio =) 00 8” *@ sin®@ 





+ ater een cos" *@ sin‘ 6 — ...; 


since sin"? = 1—cos'6, sin’ =(1—cos? 6)', 


and so on, it is obvious that cos 70 can be expressed in terms of 
powers of cos@; we will now give a direct investigation of this 
expression. 


286. To express cosnO in a@ series of descending powers of 
cos 6 when n ts a positive integer. 


Let x = cos 6 + ,/( — 1) sin 9, 
15—2 
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so that = 2cos6, and a +=, = 2 008 nO 


sn 
Ba 
e 1 . 
now (1-22) (1 - *) = 1~'e(w +=) +2"=1-2(¢-2), 
where c= 2 cos @. 


Take,the logarithms of both members; thus 


log (1 — zx) + log € -=) = log {1 — 2(c — 2)}; 
therefore e+ de*n*+ d2°0° + Paar See 
x Gia eS to x ae 


=#@(c—2z) +4h2°5(c— 2)? +42 (c-2)* +... +: 2"(¢ —z)" +... 


In this identity we may equate the coefficients of 2. Ur 
the left-hand side the coefficient of 2" is ~ (2 + =); that is 


= 08 n§; the coefficient of 2* on the right-hand side must he 
obtained by picking out the coefficient of 2* from the expansion o. 
ie (c—2)* and of the terms which precede it. 


The coefficient of 2" in *( ~ ay is®, 


2”) _9\*~! 
the coefficient of z* in iia is) le is — — (n- l)ot"*; 
n—-1 
e 
3 a~3 
the coefficient of 2” in wena) is — , ord 9), a4, 


and generally the coefficient of 2* in — 2°" (¢— 2"°~" is 


(“1 (=H) (==) (= PD) gee 
n-? ea 
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n (n— 3) 
1.2 
ing: 


ir 


Thus 2 cos 76 =(2 cos 0)" - n (2 cos 6)" * + (2 cos 6)"~* ~ 


The series on the right hand is to continue so long as the 
powers of 2 cos @ are not negative. 


287. It is obvious either from the above series or from that 
in Art. 270, that when nm is an even positive integer cosn6 can be 
arranged in a series of powers of sin’@. Thus we may assume in 
this case 

cos n6 = 1 +4 A,sin’ 6+ A, sin‘ 6+ A, sin’6+...+ A, sin” 6, 

It is clear that the first term must be unity, because when 
6=0 we have sinf=0 and cosnO=1. Now we shall adopt an 
indirect method of determining the values of the coefficients 
yD. Peer Change 6 into 6+; thus cos@ becomes 


cos 70 cos nh — sin 6 sin nh ; 


now put for cosnf and sin nh their values in terms of nh by 


Art. 274; thus the above expression becomes 
23,3 


cos nO — nh sin nd ~~ cos nd + sas 


Again in the term A, sin” 6 change 6 dnto 6+/; we thus get 
A, (sin 6 cos 4 + cos @ sinh)”, that is, 


8 
A,, (sin 6+ boos 6—* sin @—...)" 


If this be expanded in powers of 4 the term involving 4’ is 
A, fe sin”-* 6 cos" @— rain” 0} i 
Equate the coefficients of h*; thus 


— 5 cos nb = A, {oos*@ — sin*6} + A, {2. Sein" cos*O — 2 sin‘d} 


tet A, {= sin? 8008" O~ rnin” 0} + st 
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Now put 1 —sin" 6 for cos’@ on the right-hand side; then the 
term containing sin” 0 will be 


Ir (2r — 1 2r + 2) (2r +1 
aE 


and = coefficient must be equal to that of sin” 6 in the series 


8 
for — % op nd, that is, to- 7 A, ; thus 


2 
Ag = 20 dy — Aan (tt 1) (2+ 1), 


_ n’ — (2r)* 
therefore Avs — p41) Or +3) 18 


By means of this law we may form the coefficients in succes- 
sion ; we may consider A,=1; then 





n* n* 
A= ~7 3 4.=-T > 
2. =~92 2 2...5F 
7 Ope tay Be ch ada 
BLS 8 284 
and so on. 
Hence, finally, 


a1 pints M2") 2 an i(nt—2') (n*—4') . 
cos nO = | 7 hee elas | sais eg ee 6+ 


In the above process by equating the coefficients of h we shall 
obtain 
—nsinnd =A,2 sin 6 cos6+A,4sin’6 cos6+..+4, Irsin”'8 con 6 +... 


_ Substitute the values of A,, 4,...; thus 
s_ 98 £98) (,,8_ 4% 
sin n6 =n 008 0 {in 8 —" = sin'g + OA) =D into —...} 
E [5 
When n is odd, we may start by assuming 
ninnd=A,sin@+A sin? §+ Asin? 6+...4+A sin"@; 
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then, by.proceeding as before, we shall find 


n(n? — a — 3°) sin 6 


sin® 6 + 


sin nf = nein 9-2" —*) 


2 2 8 2 
008 nf = 008 6 Tog nto into...) 


288. In the four formule obtained in the preceding Article 
change 0 into = 37 6; thus we have, if x be an even integer, 





" _ 92 
(- 1)' cos nd =1—™ cont + OT con - ee 
(- 1)" sinnd.=nsin {00s cog TE eost8 


and if » be an odd integer, 


(- 1) cosnd =ncos6- “= )e ost . Ma) ee on oxen 





n-1 g 3 2 
(—1) * sinn@ = sin of + = cos” 6 + ee ea cos* 6 — . , 


MISCELLANEOUS EXAMPLES. 


Expand (sin 6)**** in terms of cosines of multiples of 6. 
Expand (sin 0)**** in terms of sines of multiples of 6. 
Expand (cos 6)" in terms of cosines of multiples of @. 
Prove that in any trianglé 
a* cos $ (B— C) , Fi cos 3 (C - A) 4 2008 3 (A ~ B) 
cos 4 (B+ C) cos4(C +4) ~ cosd (A+B) 
= 2 (ab + be + ca). 

5. From the angles of a triangle ABC, perpendiculars AD, 
BE, CF are let fall on the opposite sides: prove that 
asin (BAD ~CAD) + bsin (CBE -— ABE) +c sin (ACF — BCF) = 0. 


Pp 
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6. From 4 and B two acute angles of a triangle draw AD 
and BD at right angles respectively to AC and BC. If p be the 
radius of the circle inscribed in ABD, then 

AB = p (sec A + sec B+ tan A + tan B). 

7. Three equal circles of radius @ touch each other: shew 

that the area of the space between them is 
T 


(v3 —5 a’, 


8. The area of a regular polygon inscribed in a circle is a 
geometric mean between the areas of an inscribed and of a 
circumscribed regular polygon of half the number of sides. 

9. The area of a regular polygon circumscribed about a circle 
is an harmonic mean between the areas of an inseribed regular 
polygon of the same number of sides, and of a circumscribed 
regular polygon of half that number. 


10. If the side of a pentagon inscribed in a circle be c, the 
- » 6nf(5 + /5) 

radius 810 
11. Three circles whose radii are a, b, ¢ touch each other 


externally: prove that the tangents at the points of contact meet 
at a point whose distance from any one of them is 


: (sy 
a+6b+c/ ~ 


12. The sides taken in order of a quadrilateral whose opposite 
angles are supplementary are 3, 3, 4, 4: find the area and the 
radii of the inscribed and circumscribed circles. 

13. The area of a regular polygon inscribed in a circle is to 
that of the circumscribed polygon of the same number of sides as 
3 is to 4: find the number of sides. 

14, If the radii of three circles which touch each other be 
a, 6, c, and a, B, y be the chords of the arcs between the points 
of contact in each, shew that 


san (a +5) (5+5) (= +2): 
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15. Shew that the limit of (‘3 =, when @ is indefinitely 


diminished, is ¢, ° 
16. The two diagonals of a quadrilateral figure whose oppo- 


site angles are supplementary cannot be equal unless some one of 
the sides be equal to the opposite one. 


17. Two circles whose radii are a and 6 cut one another at 
an angle y: shew that the length of the common chord is 
2ab sin y 
r/(a* + 2ab cosy + 5*)* 


18. The radius of the circle inscribed in a triangle can never 
be greater than half the radius gf the circle described about the 


triangle. 


XXI. EXPONENTIAL VALUES OF THE COSINE 
AND SINE. 


289. If we expand e” and ¢™ by the exponential theorem 
we obtain ; 
12° (4 [6 
ki on ve 5 _ ee 7 

2 BET 

If it were possible to make /*=-1, so that k*=1, #=-1, 
and so on, then the right-hand member of the first equation would 
be the expansion of cosa, and the right-hand member of the 
second equation would be the expansion of sin x (see Art. 274). 
Hence we are led to these results, 

eBVeD 4 greVir) ; er“) _ 7 Ven 


COS © = 9 ’ ee ely 


5 (e+e) =14 


or e™*) = a+ 
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The meaning of these equations is simply this: if we expand 
eV" and e“V—-™, by the exponential theorem, in the same way 
as if ,/(—1) were a real quantity, we shall by the above formuls 
obtain the known series for cos # and sin 2. 


These expressions for cos 2 and sin z are called the exponential 
values of the cosine and sine. 


290. From the exponential values of the cosine and sine we 
may deduce similar values for the other trigonometrical functions, 
Thus, for example, 

Ved _ entay(-b 


We shall now use the exponential values in establishing certain 
results. In the remainder of this Chapter and in the next Chapter 
we shall employ the letter « instead of the symbol ,/(— 1). 


291. To expand 0 in powers of tan 6. 


0 p20 

By Art. 290, « tan =p ge? 
l+ctanO ee 
——— > = ot 

therefore rer ae r 


Take the logarithms of both members ; thus 
26: = log (1 ++ tan 6) — log (1 —« tan 0) 


= 2{tam 6—3 tan"@ + 5 tan’ — oF 


~ 


therefore O=tan 6-5 tan*O+ > tan O—... 


This is called Gregory's Series. 
Let tan 6=2, so that O=tan™'2z; 


] 1 
~1 — = ae — —- 
thus tan™' 2 =a qvtge sf 
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292. The preceding investigation is unsatisfactory, because it 
gives no indication of the extent to which the result may be relied 
upon as arithmetically intelligible and true. The n™ term of the 


n=] 9 
last series is cee; ; hence the numerical value of the ratio of 


the (n+1)* term to the n®™ is Sn : 

convergent if a be less than unity pr Art. 559). Th® series 
is also convergent when « is equal to unity (Algebra, Art. 558). 
For values of a greater than unity the series is not convergent, 
and is therefore not arithmetically intelligible. 


x*; therefore the series is 





293. Moreover tan™'x has an infinite number of values corre- 
sponding to the same value of a, so that one member of what 
appears as an equation admits of more values than the other; 
this point is left unexplained in the investigation which has been 
given. 

The subject of series cannot be adequately treated without 
using the Differential Calculus. The student must therefore be 
referred to treatises on that subject for a satisfactory demonstra- 
tion of oe Series. It is there shewn that so long as 6 lies 
between say I ~ and > Zz? the result @=tan 0 — > tan"@ += tan’ 0 — ies 
is absolutely true. (See Differential Calculus, Chapter VII.) 


If, however, 0 =n + ¢, where ¢ lies between — ‘i and — , then 


1 
oa tan d— tanto +5 tang ...5 


that is, @— mm = tan O — 5 tan? + 5 tan’ O—... 
294. In Gregory’s Series put @=—; then since tan = 1, 
ee 
an oe oe 
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This series might be used for calculating the value of +; bat 
it is very slowly convergent, so that a large number of terms 
would have to be taken to calculate w to a close approximation. 


295. Huler’s Series. 








: 1 1 
a 
] l 2 3 wv 

“17 ag ete ~1i = a ee 
tan 3 + tan 3 tan —- tan™ ] 4? 

; eal 

6 

r 1 1 l l 
thus 7=59-g-p +529 72g7t 
ele, ay le I ge 
3 3.3°° 5.35 7.37 


296. Machin’s Series. W> shall first shew that 


To dten te tan 
q = 4 tan 5 tan 539° 


is a little greater than zi suppose 
l 
—_]} a =~) 
4 tan Bg 7 + tan™ x, 


Hence 4 tan™ 


Ou p= 


1+ 


120 
119 


8 


then ; 


= tan (F + tan™'2) = 


8 


I 


from this we find x= 


bo 
Gs 


9? 


™ _ gten tan 
therefore i 4 tan 7 — tan 545° 
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Therefore i=4{5-s pt pop pt} 











4 5 3.5% «+5. 5 ; 
11 ' 1, 1 - 
~ (239 3(239)* © 5(239)§ — 7(239)" } 
] 1 1 
-1 ee en ee OS al 
297. It may be shewn that tan 539 = tan’ zp - tan” 593 
thus ae 4 tan™ 1 tan™ 1 + tan”: i ® 
40 5 70 99 


The series for tan™ - and tan™’ = are convenient for pur- 


poses of numerical calculation. 


The value of 7 has been calculated by two computers inde- 
pendently to 500 places of decimals, and by one of them to 707 
places of decimals: see Contributions to Mathematics... by William 
Shanks, London, 1853; and the Proceedings of the Royal Society, 
Vol. xxi. page 319, and Vol. xxu. page 45. 


The value of ee has been calculated to 52 places of decimals : 


see the Proceedings of the London Mathematical Society, Vol. tv. 
page 308. 


298. Given sinzw=nsin (x +a), ieee to expand & wm 
powers of n. 


Here e*—emMt—n {eleven es e-tetaly 
therefore e*—]l=n { gitmtane ena} 
therefore e*" (1 —ne*) = 1 — ne, 
l-neo~ @ 
therefore eo cg area 
therefore 2an = log (1 — ne~*') — log (1 — ne*) 


3 3 
=n (e™ — e~*) +5 (ete) 4 (e°* — oe) 4. 


2 8 
; rn, nr, 
therefore a=nsina + — sin 2a + = sin 3a+...... 
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As an example, suppose a= 7 — 22, then n=1; thus 


; l. 1. ee 
e= ain 2z— > sin 40 + 5 ain 62 —7 sin Ba + ... 
299. Gwen tanzx=ntany, required to find a series for 2, 
eS al A el a 
7 tee va ew 


em _ ] eu — ] 
eneeere ms ea? 


(l+n)e“+1l—n 
ae (aa) s len 


1 + me7*"* eve. an l—-n 
-_————, wher = : 
1+me ’ L+n’ 





= Vt x 


therefore 
2a = 2ye + log (1 + me™) — ” (1 + me) 
= 2ye — m (e™ — e™") co (et — —~om") —...53 
m’* m 
therefore x= y—-msin 2y + “7 Bin 4y - 3 sin 6y +... 
300. To find the coefficient of 2" in the expansion of e** cos ba 
tn powers of x. 
Here e™cosbr=e™ (e™ + e-™) = f clotem + } eirm, 
Expand these two exponential expressions by the exponential 


theorem ; then the coefficient of x” is 


syn + + (a— di)" 


“{G-t)*G-1)} 


= sin 6, so that 7*= a’ + 6°. 


8 oO 


Now suppose == cos 6, 
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Thus the coefficient of 2" becomes 
3 
ne {(cos 6 + vsin 6)" + (008 6 — «sin 6)"} 


22H 
cance (cos nO + sin nO + cos nO — cain nf) 





2 Ke 
a eee) 


Similarly the coefficient of 2” in the expansion of e“ sin bz in 
one 
powers of & is ee) sin 76. 
ln 


301. The series in Art. 295 may sometimes be of assistance 
in the solution of triangles. 


We have sin B=" sin A =? sin (B+C); hence, by the formula, 
3 8 
eee C an 0a an 3C +... 
a 2a 3a 
If 6 be less than a the series is convergent, and if ° be a small 
fraction a few terms of this series may give B to a sufficient degree 
of approximation ; the series gives the circular measure of B, and 
the measure in degrees or minutes or seconds may be deduced by 
the aid of Art. 22. 
302. Given two sides of a triangle and the included angle, to 
Jind a serves for the logarithm of the third side. 
Suppose @ and 6 the given sides and C’ the circular measure of 
the given angle ; suppose } less than a, we have 
c= a" +b* — 2ab cos C = a? + 5° — ab (6% + 6) 
= (a — be") (a— be) 


-#(1-be)(1-be) 


aH) K.AMPLAS. CHAPTHR AXI. 
thus 2 log ¢ = 2 log a + log (1 ~7 6%) +10 (1-2 =) 
a 8 a 
=9] b Ce =O 6 t =30t 
= oga—- (e +6 ) ~ 53 (e” + € ore 


therefore log c= log a —° 008 C- © 008 20 - 008 80 —... 


This series is convergent since 6 is supposed less than a, and 


if ° be small a few terms may give loge to a sufficient degree 


of approximation. 


EXAMPLES. 


1. Apply the exponential values of the sine and cosine to 
sin 26 
shew that T— cos 26 = cot 0. 

2. If the sides of a right-angled triangle be 49 and 51, shew 
that the angles opposite to them are 43° 51’ 15” and 46° 8’ 45” 
nearly. 

3. If the angle C of a triangle be given, and the other two 
adjacent sides a, 6 be nearly equal, shew that the other angles are 


nearly equal to 
o C , 180° fa-d C l/sa-b CV’ 
90° 5 aaa 3(ar0 3) f 
4. In any triangle, if a—6 be small compared with c, shew 
that the circular measure of A — 3 is equal to 
3 
22—" sin B+ (=) sin 23 nearly. 
5. If a@ and b be the sides of a plane triangle, A and B the 
opposite angles, then will log 5 — log a 


=con 24 ~ 008 2B + 5 (008 4.4 — 008 4B) +5 (008 6A — 008 6B) + 
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6. Shew that = 7-3 + 57+ 5-11 


7. If A+ Be=log (m+), shew that 


1,11 
I 


tan B= =, and 24 = log (n* + m’). 


8. Reduce cos (6+ dr) to the form a+ fu. 

9. Reduce sin (6 + gx) to the form a + fu. 

10. If w=(a+b)?*", express log u in the form a + Bi. 
11. Reduce (a + d)?** to the form a+ Bu 

12. Prove that 


{sin (a — 0) + e* sin 6}* = sin"! a {sin (a — 6) + e** sin n6}, 


XXII. SUMMATION OF TRIGONOMETRICAL 
SERIES. 


303. To find the sum of the sines of a series of angles which 
we in arithmetical progression. 
Let the proposed series consist of the following n terms, 
sin a + sin (a +f) + sin (a +28) +... +8in {a + (n— 1) Bh. 


We have 
] I ae ee 
cos (a - p) -cos (a+ 5 8) =2sing Raina, 


os (a+ 285 8) — 00 (a+ 28=* 8) = 2 in 5 Pain fa+ (m1) 8} 
T. T. 16 
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Let S denote the proposed series ; then, by addition, 





cos (a 58) —cos (a+ =") = 28cin 5 8 





cos (2-58) — os os (a +g) 
therefore S = ee eee 
ein; A 





ee (a+%5 = B) sin“ 


cin 5B 


= 





304. To find the sum of the cosines of a serves of angles 
which are in arithmetical progression. 


Let the proposed series consist of the following n terms, 
cos a + cos (a + 8) + cos (a + 28) + ... +008 {a + (nm —1) Bh. 


We have 
sin (a5 ) -sin (a5) = 2sin 5 B cosa, 
sin (a+5 ) -sin (a+ 58) =2sin 5 Boos (a+ A), 


sn (oo$8) in (_0}6) 2a} pamtoosn 


SHPSSHESHSHESSHFEHEHEHSSHe SHH HSSHECHCE ESA DEE SHE OEE 








ain a+ >" A) —sin (a+ >>) = Dein 5 A cos {a + (n- 1) Bh 


Let S denote the proposed series ; then, by addition, 
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gin ( a+ an" g)- cin(a—5 8) =28sin 5 8; 


(oA) ao 


“e 





therefore S = 


np 


sin = 





PF 
305. Suppose in Arts. 303 and 304 that p= ; then since 


sin" — sin x =0, the sum of thesines or the sum of the cosines of 


the series of angles a, a+ 5, a+ 52, ¢ eos is zero. 


This is a very important result, and the student should pay great 
attention to it. Moreover we may give this wide extension to our 
result: let m and n be positive integers, m being less than n, and 


2a 
p=— , then the following sum is a number independent of angles, 


sin” a + sin™ (a + 8) + sin” (a + 28) +... +8in"(a+n— 16). 


The same theorem is true when sine is changed into cosine. The 
theorem is established by the aid of Arts. 280...283. Suppose, 
for example, we take m=4, We have 


sin‘ a = 4 {cos 4a — 4 cos 2a + 3}, 
sin‘ (a + 8) = 4 {cos (4a +48) — 4 cos (2a + 28) + 3}, 
and so on. 
Thus the proposed series can be replaced by other series ; the 


sum to n terms of cos 4a + cos (4a+ 48) +. .. 1g zero by Art. 304; 
the sum to terms of cos 2a + cos (2a+ 28) +... is zero by the 


same Article; thus the proposed series reduces to = . 


16—32 
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The condition that m is less than n ensures that the denomi- 
nators in the expressions for the sums of the sines and cosines dc 


not vanish. . , 
806. The series in Art. 304 may be deduced from that ir 
Art. 303 by writing a+; fora; the sums of these series are re- 


quired su often in the solution of problems, that the student 
should be able to quote them from memory. As we have just 
intimated, if the first result be known it is sufficient, since the 
second can be obtained from the first by changing sine into cosine 
in the first factor of the numerator. It will be seen that the 
results are obviously correct when n=1, and when ~=2; thus 
there is a test of the accuracy with which the formule are quoted. 
The cases in which 8 =a may be specially noticed ; we have then 














. n+l . na 
sin 9 asin -> 
sin a + sin 2a + sin 3a +... + sin na = : , 
sin — 
2 
n+1 - na 
Cos asin — 
2 2 
cos a + cos 2a + cos 3a + ... + COS Na = - 
sin — 
« 2 


307. We may now deduce the sum of the following n terms ; 
sin a —sin (a + 8) +sin (a + 28) —... + (— 1)" sin {a + (n — 1) Bh. 
This series may be written 
sin a+ sin (a+ +n) +sin (a+ 28+ 2n)+.. .+8in {a + (n—1)(B+z)}. 
We have then only to change B into 8B +7 in the result of 


Art. 303. 
dn {ae @=08+2) ia Bre 
Hence the required sur is - : So ean 


. t+? 
sin 77 
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Similarly 
008 a — cos (a + 8) + cos (a + 28)— ... + (—1)*"* cos {a + (n — 1) B} 
oo {a _ DB +'n) sin @ th 7) 


+7 
2 


308. To jind the sum of the following n terms: 


cosec @ + cosec 27+ cosec 4a + cosec 8x + ... + cosec 2"~'a, 


sin 





x 
We have cosec 2 = cot 57 cot x, 


cosec 2% = cot # — cot 2a, 
eeseaoteeos wpetteene cee 


cosec 27! a = cot 2"~*a — cot 2"! x. 


Let S denote the proposed series ; then, by addition, 


S = cot oe cot 2°~' x, 


2 
309. To find the sum of the following n terms: 
l 1 l x 
tang +5 tan + 5, tan 5+... + gami FAN Bai - 
e 
We have tanx= cot x — 2 cot 22, 
1 x 1 
5 tan 5 = 5 cot 5 — cota, 
1 x 1 zc | x 
ge 8 a5 = ga Clap — 3 Og 
1 x 1 x 1 x 
gant 48D 5a) = pani COb 5a=1 — gaan COb ams 
Let S denote the proposed series; then, by addition, 
Ga gen, oot 52, - Boot Ba 
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The term gr 006 a = * cos rat where B=smi5 if we 


suppose n to increase indefinitdly, oos = 1, and a L. 
Thus a limit of the proposed series, when n is indefinitely 
sa is 2 —— 2 cot 2a. 
310. To find the sum of the following n terms : 
sina +c sin (a + 8) +c" sin(a+28)+...+¢°'sin {a + (n—- 1)B}. 
Let S denote the proposed series; substitute for the sines 
their exponential values: thus 
QS = em + colatPh + cielatpy + ,,, + cM—lelatns— ple 
— 6-%— og— (e+ Be cig-(a+28he_ | — GP —1g- (a+ nB—Bhe 
We have now two geometrical progressions ; thus 
Lote = 1 — ce 
as ae as 
wg eof ¢le—Al_e-(a-Ph}_cM{glet+mBh—e—letnBlitsontl {glnB +a-Bh_e—(nB+a-Bh} 
1c (e+ 6-8) + “ 


therefore ‘ 
¢._tinacsin (a~ f)~¢'sin(a+ nf) +e" sinfa+ (n—1)B} 
“Be cos B+ 8 


If ¢ be less than unity, then when n is indefinitely increased 
ce’ and c**' diminish without limit; hence if ¢ be less than unity, 
the limit of the proposed series when n is indefinitely increased is 

sin a —c sin (a ~ £) 
1 — 2¢ cos 8 +0" 

Similarly we can shew that 

008 a + ¢ 008 (a + 8) + 0’ 008 (a + 28) +...+0°"' cos{a + (nm — 1) 8} 


_, 008. a — 6 008 (a — 8) — o* cos (a + m8) + 0°*" con {a + (n— 1) B} 
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This result may also be obtained from the preceding by chang 
ing a intoa+%. If o be less than unity the limit of the proposed 
series, when 7 is indefinitely increased, is 

cos a — c cos (a — B) 


1—2ccosB+c* ° 
o the infinite series “ 
8 
oom (a + B)+ 5 sin (a+ 28) + 5 sin (a+ 36)+..., 


and ¢ 008 (a +B) +S cos (a +26) +% cos(a + 38) +... 


[3 


Denote the former series by S and the latter by C’; multiply 
the former by ¢ and add it to thelatter: thus 


3 
7 eHla+88) +, 


8 


= 6 (e0F _ 1) = era(eccosB+icsinB — ]) = gocoeBgt(atcsin A) — ga 


2 
CO + oS = cetla+e) + 5 eila+28) +. 


= 6¢c08B {cos (a + ¢ sin 8) +e sin (a + ¢ sin B)} — (cosa +csina). 


Equate the real and imaginary parts : thus 
C = e¢ 8 cog (a + ¢ sin 8) — cosa, 


S = ¢¢088 gin (a + ¢ sin #) © sin a. 


The method of this Article might be used in Art, 310; or the 
metkod of that Article might be used here. 


312, We shall not solve any more examples of the summa 
tion of Trigonometrical Series ;*the student will find more exer- 
cise of this kind in the collection of examples for practice, In 
many cases the summation is effected by the artifice which is 
employed in Arts, 308 and 309, by which each term of the pro- 
posed series is resolved into the dijerence of two terms. Practice 
alone will give the student readiness in effecting such transforma- 
tions. If he cannot discover the necessary mode of resolution in 
any example, he will find no difficulty in recognizing it when 
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he sees the result of the summation given in the collection of 

answers. Thus, for example, required the sum of the following 

nm terms : : 

sec a sec 2a + sec 2a sec 3a + sec 3a sec 4a +... + 8e0 na sec(n + 1)a, 
The result is cosec a {tan (n + 1)a —tana}; and by putting n= 1 

this suggests the necessary transformation, namely, 


: Bec a sec 2a = cosec a {tan 2a — tan a} ; 


then, sec 2a sec 3a = cosec a{tan 3a — tan 2a}, 
and so on. 

The student who is acquainted with the Differential and In- 
tegral Calculus, will be able to deduce numerous series from known 
series by differentiation or integration ; and when the results are 
obtained they can frequently be established by more elementary 
methods, Thus, for example, differentiate both members of the 
equality established in Art. 309; then 

1 x 


PE ee += sect 4 pre sec —_. 
9? 9 Dh 93 “=e om gant 


=~ gar cove! 52 + 4 cosec* 2a 
Again in Art. 310 put B=a; thus 
sin a 
1—2ccosa+c* 
Integrate with respect to a; thus 


= gina+csin 2a+c*sin 3a +c’ sin 4a +... 


— 5, log (1 — 26 008 a +¢%) = 008.0 + 5 cos 2a +5 cos 3a +5 con da... 


No constant is required; for when a is zero both sides are 
equal, : 
EXAMPLES. 
1. Kind the sum of x terms of the series 
sin’ a + sin’(a + 8) + sin® (a + 28) +... 
2. Find the sum of 7 terms of the series 
sin’ a + sin’(a + £8) + sin’ (a + 28) +... 
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8. Find the sum of n terms of the series 
costa + cos‘ (a + 8) + 0os* (a + 28) +... 
sin 6+sin 36 +sin 56+... to ~ terms 


4. BShew that tan nO = —hicon 80400 b0+.. to n terms’ 


5. Sum to m terms the series 
208 6 cos (6 + a) + cos (0 + a) cos (0 + 2a) + cos (6 + 2a) cos (6 + 3a) +... 


6. Shew that e 
sin 6 — sin 20 + sin 39 —... to » terms n+1 
208 0608 20+ 008 30... tom torma =" ™ +6). 


7. Sum to nm terms the series 
sin (p +1) 6 cos 0 + sin (p + 2) 8 cos 26+... 
8, Sum to m terms the series 
sin asin 2a + sin 2a sin 3a + sin 3a sin 4a +... 
9. Deduce from the result of Example 8 the sum to ~ terms 
of the series 
1.24+2.34+3.4+... 
10. Sum to m terms the series 
sin 39 sin 6 + sin 66 sin 26 + sin 126 sin 46 + ... 


Sum to infinity the following series contained in the Examples 
rom 11 to 16 inclusive: 








2 8 

11. 008 6 + 99S 05 26 + 28? 00g 36 +008 6 eon 40+ eié 
. 3 

; sin26 sin 36 
12. sin 6 - 3 aaa 
cos 28 cos 46 
13. Peg ge ee 
14. 2 008 8 +5 cos" 0+ 5 cos" 8+ 7 cos" 8+ .. 


: sin 26cos*6@ sin 36 cos’ 6 
15. mT * 


in’ 
16. 008 6 + Be? cog 20+" oT 008 80 + .. 
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1 l 
17. Shew that cos 0 — 5 008 20 + 5 008 39... = log (2.0085). 
I, 1 1 

18. Shew that cos 26 + 5 cos 69 + — cos 106 +.. - = 5 log (cot 6). 
19. Shew that 

ee | + cot 8). 

6 2 3 H 7) 
20. Shew that 


6 6 
log cos 0 + log cos 5 + log cos 5 + sas = log ( 36 





sin ~) 


Sum the following series to n terms contained in the Examples 
from 21 to 35 inclusive : 


21. 


22. 
23. 


24. 


25. 


26. 


27. 


28. 


sin 6 (sin 5) +2sin 5 (sin) +4 sin (sing) ioe 


6 6 6 6 6 
tan 5 sec 0 + tan 7 sec 5 + tan 5 sec 7 +... 


cot 6 cosec 6 + 2 cot 26 cosec 20 + 2° cot 2°9 cosec 2°69 +... 
l 1 l 


ain 0 sin 20 * sin 208in 30 sin 30sim40~ 


1 ae 1 
gin 6 cos26 cos 268in 36 ’ sin 30cos40 
1 1 1 
=] ~1 =! 
we Typist Tote «Peso 


-1 1 ee 
ae ae Ta “a3 + tan 773-37 a* 


3a 3a 
sin — + sin seins mt 


27° 3 


1 1 1 
cos 0+ 00839 cosd+c0s 50 cosO+cos 76” 


sin a sin 3a +sin— 


sin 6 sin 26 sin 36 


cos 26+ 00s6  cos40+0086 cos 60 yoo 
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i ee 
" 1+2cos@ 1+2cos30 14+ 2 cos 3°9 
32. cot” (2a? + a) + cot™* (2a7! + 3a) + cot™ (2a7? + 6a) 
+ cot“! (247 + 10a) +... 


33. ere . 1 sec 6 800 20 + ~ 8006 neo 26 00 2°O + ... 


2 ? 2 
34, Slog tan 20 + 5, log tan 29 + log tan 20 + .. 
0 6 0. 6 6 @ 
35. cos 5 + 2 cos = COs 55 + 2" COB 5 COR 5, CO8 gat 


36, An equilateral polygon is inscribed in a circle and from 
any point in the circumference chords are drawn to the angular 
points: find the sum of the squares of the chords and the sum of 
the fourth powers of the chords, — 

37. Circles are inscribed in triangles, whose bases are the 
sides of a regular polygon of sides, and whose vertices lie in 
ane of the angular points: shew that the sum of the radii of the 


sircles is ar(1-nsint =), where r is the radius of the circle 


sircumscribing the polygon. 

38. Circles are inscribed in triangles whose bases are the 
sides of a regular polygon of sides and whose vertices lie in one 
of the angular points ; r is the radius of the circle circumscribing 
she polygon : shew that the sum of the areas of the circles is 

1627’ sin* maa sin? — + ot. 
2n (4 an 8 
39. Shew that if be a positive integer 


n sin 0 + (n—1) sin 260 + (@ — 2) sin 30 +... + sin n 
_n+1 wai e sin (n +1) 0 
a a re 


fain’ 


40. Shew that if n be a positive integer 
(n+ 1)n sind +n(n—1)sin 20 +(n—1) (n— 2) sin 36 +... + 2. 1sinnd 


= (M +3) 604 — | cosec! ¢ {008 5 — oon “25 9} 


2 2 3 
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XXID.. RESOLUTION OF TRIGONOMETRIOAL 
EXPRESSIONS INTO FACTORS. 


313. It is known from treatises on the Theory of Equations 
that thé expression 2*—1, where is a positive integer, can be 
resolved into n factors, each of the form «—a, where a is either 
a real quantity or an expression of the form a+£8,/(-—1), where 
aand § are real: and there is only one such set of factors. We 
proceed now to resolve the expression 2*— 1, and some similar 
expressions, into component factors. The factors of the expression 
x” ~1 are found by solving the equation a* -1=0; every root of 
the equation determines one factor of the expression: thus if a 
denote a root the corresponding factor is a — a. 


314. To resolve a* — 1 into factors. 


The expression cos a J(- 1) sin “2, where r is any in- 
teger, isa root of the equation 2*=1; for the n™ power of this 
expression is by De Moivre’s Theorem cos 2r7 = ,/( — 1) sin 2rn, 
that is 1. P 

First, suppose n even. If we put r=0 we obtain a real 


root 1, and the corresponding factor is x—1; if we put r=5 


we obtain a real root —1, and the corresponding factor is a + 1. 


If we put for r in succession the values 1, 2, 3, ...... 37) 


we obtain n—2 additional roots, since each value of ¢ gives 
rise to two roots, These roots are all different, for the angles 


are less than m7 and all different, and thus 008 AF cannot 


have two coincident values. Therefore a*-—1=(%-—1) (a +1) P, 
where P is the product of n-—2 factors obtained by ascribing 
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to r in succession the values 1, 2, 3, ...... 37 1 in the expression 


C= ~ 008 = e/(—1) sin =, e 


The product of the two factors eos ™ _ /(—1) sin = , 


and 2 cos" +/(-1) sin =, is the real quadratig, factor 


3 
(«~ cos =) + aint 2, that is, 2*— 2008 + 1, 


Hence when 7 is even 


x" —1= (2— 1) (@+1) (2* — 2008 = + 1) (2- 2a 008 <= +1)... 


i {ut 2a COS not, + 1} {at — 25008 ™— 7 + 1}... 


Secondly, suppose ~ odd. The only real root of 2*=1 
is now 1; the other ~-1 roots are obtained by giving to r 


in succession the values l, 2, 3, ...... oS in the expression 


008 = a /(— 1) sin 


Hence when is odd ° 


a —1= (2-1) (2"— 20 008 = +1) ( * 2a 008 4 1)... 





: {2* - 22-008 *= 7 +4} (2? 20008" r+i} seal), 


315. To resolve a" +1 into ail 


wats /(—1) sine 
any integer, is a root of ne equation 2"*=- 1; ve the n™ power 
of this expression is cos (2r+1)a#,/(—1)sin(2r+1), by De 
Moivre’s Theorem, that is — 1. 





an where ¢ is 





The expression oon 2 
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First, suppose n even; there is no real root of the equatior 
2"=—1; the n roots are all imaginary, and are found by giving t& 








r in succession the values 0, }, 2, 3, ...... 5-1, in the expressior 
00g tT a 1) sin 2r+1 So 
ne of the two factors 7—cos arte a —/(—1)sin at —— 7, 





and 2 — cos art a or ein “*** 7, 18 the real quadratic factor 





a, that is, 2° — 2a cos w+ 








ore] ain? 272} : 2r +1 
(«008 : 1. 


Hence when v7 is even 


a+ 1=(2"- 2a 008 — + 1)(a*— 21 008 = + 1)(x*— 2a 008 4 1)... 





=x+1)...(1) 


Secondly, suppose n odd. The only real root of 2*=-1 
is —1; the other n—1 roots are obtained by giving to r ir 
succession the values 0, 1, 2, 3, se EP in the expression 


cog 2 +1 tts 
w+ /(—1)sin 


- (2? — 21008 "—* w 4 1) (at ~ 22 008 == 








Hence when n is odd 
of +1 = (041) («1 2 008 +1) (2! Be cos = +1)... 
n / % 
m—4 n—2 
.. (a? ~ 22 008" w +1) (a* 20 008 ™=" w +1) isos: (2), 
316. The four formule established in the two preceding 


Articles are identically true; we may deduce many particular 
results by supposins particular values assigned to a Thus in (1) 
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of Art. 314, divide both sides by z—1; the quotient on the left- 
hand side will be a*7'+a*-*+...+a@+1. Now put 2=1; thus 
when n is even 


nF (eat) oom). (Iont teint) 


and by extracting the square root, 
Qr . 4r _n-4 , n-2 @ 


J/n= qr sin 5 sin ge + SiN Fw Bin pm oe ne (1). 


The positive sign of the radical must be taken on the left- 
hand side, because the right-hand side is obviously positive, 


Again, in (2) of Art. 314, divide both sides by 2-1, and 
afterwards put x=1; thus when n ts odd 


n= 2 (1- cos — =) (1- -cos =). (Ni neatels), 
n n n ” 


and by extracting the square root, 


Jn= Qi sing” sin 5 ...sin "=" rein" w. (2). 








Again, in (1) of Art. 315, put x=1; thus when n is even 


19 (ome ton) omg (tneetste 


and by extracting the square root, 





a—1 =< —_ 
1=2¥ sin nn a cin wain ™ eee (3). 


Again, in (2) of Art. S18 put ail: thus when n ts odd 


1-H (1-on3) ian). (t-mesHa)(t-oat2s) 


and by extracting the square root, 


— . on ~-n-4 . n-2 
Te en 
1=2 sin 5 ain 5 ee in on 








206 ReSULUTIOUN UF TRIGUNUMETRICAL 


Four other results may apparently be deduced from the four 
formulse of the two preceding Articles by putting «=—1; but it 
will be found on trial that these results do not differ really from 
those already deduced. Thus, for example, in (1) of Art. 314, 
divide both sides by +1, afterwards put z=—1, and extract 
the square root ; thus when n ts even 

—! 24 4m n—4 n—2 
Jn=2* COB” COB 5 «+. COS —5—— COB: 
this however is the same result as that in (1) of the present Arti- 
cle, the factors on the right-hand side being merely differently 


arranged ; for 
a sites Geet age ee 
a A an Tv, on on TT, eeoenene 


317. Zo resolve a™ — 22° cos 6 +1 into factors. 

If cos 6 =1 the expression becomes (a*— 1)*, and if cos0=—1 
it becomes (2*+ 1)’; in these cases the resolution into factors is 
effected by what has already been given in Arts. 314 and 315, and 
we will therefore suppose these cases excluded from what follows, 
If we put 

™ — 22" cos? +1 =0, 
we obtain 2*=cos?«,/(—1)sin@; hence 2 is an n® root of 
cos @+,/(—1)sin6; the n™ roots are found from the expression 


cog EHO 1) sin 27E*? by ascribing integral values to 1, 








for it is obvious from De Moivre’s Theorem that the n™ power of 
the last expression is cos (2ra + 6) ,/(—1) sin (2rm + 6), and if r 
be an integer this reduces to ccs #,/(—1)sin 6. If we ascribe 
to r in succession the values 0, 1, 2,...%2—1 in the expression 


ooe ETP 1)sin are + 2 we obtain 2n different values for 





the expression. For if r=y and r=g could give the same value 
to the expression we should have 


oon P+ Ea 2 /(-1)sin gin PETE _ yy EAE I)sin “22+ 





ON en ee 
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now by Art. 93 we cannot have 008 PETE _ ogg ae +8 


and 


sin PE*O gin OT *P, nor cai 00g PT +8 o09 e+? and 


ain = - - sin gid for that, by Art. 94, would require 
2pr + 6 - 2or +0 

" n 
multiple of +, and this value of 6 has been expressly excluded 
above. Thus we obtain 2n different values of x. 


to be a multiple of 27, so that 0 weuld be a 














The product of the two factors 2—cos et MY ~ J(- 1) sir ees 
and a — cos rn : + ./(—1) sin a is the real quadratic factor 
(x- cos rn . +sin er , that is, 2* — 2x cos sales ae 1. 


Thus 2" — 22" cos 9+ 1 


(2 20 008° + 1) (2*- 2icos"™*" +1) (2! 20 008 ==** +1) 





‘3 {2* 2a: cos (Qn—4)e+0 | 1} {2 — 2x; cos (2n-2)e+0 | 1}. 
n n 


318. We shall now deduce some important results from the 
preceding general theorem. Suppose e=1; then 


2 (1 ~ 008 8) = 2" (1 - 0087) (1 *e08 ===") (1 ~ con S72") 
n ” n 


( ne or +0) 
oo 1 — cos ————___—__- e 
() 








Let 6 = 2nd and Fe = 85 extract the square root; thus 


“ain nd = 2*"' sin d sin (2a + f) sin (4a + )...... sin (2na — 2a + ¢). 
T. T. 7 


258 RESOLUTION OF TRIGONOMETRICAL 


We shall now prove that the wpper sign must always be taken 
on the left-hand side. First, suppose ¢ to lie between 0 and 2a; 
then every factor on the right-hand side is positive, and so is 
sinnd. Next suppose ¢ to lie between 2a and 4a; then every 
factor on the right-hand side is positive except the last, and 
sinnd is negative. Next suppose ¢ to lie between 4a and 6a, 
then every factor on the right-hand side is positive except the last 
two, and sinnd¢ is positive. By proceeding in this way we see 
that for every value of ¢ between 0 and 2na, the upper sign must 
be taken, so that we have for all values of } between 0 and = 
sin np = 2" sin > sin (2a + d) sin (4a + d)...... sin (2na — 2a + ). 

We shall next shew that this formula is true for all values 
of ¢; for suppose ¢=mr+W where m is any integer, positive 
or negative, and y is between 0 and 7; then we know that 

sin my = 2°" sin y sin (2a + y) sin (40+ y)......8in (2na— 2a+y); 
but sin ny =sin (nd — nm) = sin nd cos nm = (— 1)™ sin ng, 
sin y = sin (¢ — m7) = sin ¢ cos mm = (— 1)" sin ¢, 
sin (2a+ yy) =sin (2a+ 6—m7)= sin (2a+¢) cosmn = (—1)" sin (2a+¢), 
and 80 on. 
Substitute these values of sin ny, siny, sin (2a+ y),...... in 


the formula which exyresses sin ny in factors; then divide both 
sides by (—1)™ and we obtain the required formula for sin nd, 


whatever may be the value of ¢. 
In the expression for sinnd change ¢ into ¢+a; then n¢ is 
changed into np +—; hence v 
cos np = 2*"' sin (¢ + a) sin (f + 3a) sin (> + 5a) ...sin (Qna—a + ¢). 
In the last result put ¢=0; thus 


where a=5. 
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Again we have 
sINnNp .,-1 . : : : 
ane = 2°" sin (2a + $) sin (4a + 9)...... sin (2na —2a+¢) ; 
now let # diminish without limit; then since the limit of 57 ne 
is n we obtain 
n= 2°" gin 2a.sin 4a sin 6a...... sin (2a — 2a), © 


These two formule are sometimes useful; the first includes 
(3) and (4) of Art. 316, and the second includes (1) and (2) of 
Art, 316. 


If we divide the expression for sinn@ by that for cosnd we 
obtain an expression for tannd; when n is odd this takes a 
simple form which we may obtain more readily thus: in the 


expression for sin vp change ¢ into ¢ + 33 we obtain 


cos np sin = 2™"' cos ¢ cos (2a + $)...cos (2na — 2a + d). 
Divide the expression for sin n¢ by this; hence when n 1s odd 
a—1 
tan np =(~1) ¥ tan ptan (¢ +=) sane tan ($+"——a). 
319. The expression for sinnd in Art. 318 may be put into 
a different form; for 
sin (2na — 2a + p) = sin (7 — 2a + p) = Sin (2a — M), 
sin (2na — 40 + p) =sin (7 — 4a + p) =sin (4a — 9), 
and 80 on, . 


Then by multiplying together the second factor and the last, the 
third and the last but one, and so on, we have 


sin nd = 2*”" sin  (sin* 2a — sin’ d) (sin’ 4a — sin’ ¢)... 
It will be necessary to examine separately the cases when n is 


even and when 7 is odd. 
17-9 
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First suppose » even; then the factor sin (na+¢), that is, 
cos @, will oocur without any factor to multiply it: hence if n be 
even, we have 2 
sin np = 2°~ sin ¢ cos ¢ (sin” 2a — sin’ ) (sin* 4a — sin’ ¢)... 

... {sin® (n — 4) a —sin® d} {sin’ (n — 2) a—sin® d}. 
Next suppose n odd; then we have 
sin np = 2*-' sin ¢ (sin® 2a — sin’ d) (sin® 4a — sin” 4)... 
...{sin’ (x — 3) a — sin’ } {sin® (n — 1) a — sin’ d}. 

Similarly from the formula 
cos 2p = 2*~' sin (> + a) sin (P + 3a) sin (> + 5a) ... sin (2Qna—a+ ¢) 
we obtain if m be even 
cos nh = 2°~? (sin® a — sin’ ¢) (sin® $a —sin’ ¢$)... 

... {sin’® (n — 3) a — sin® $} {sin® (n — 1) a — sin’ ¢} ; 
and if » be odd 
cos wp = 2°~' cos > (sin® a — sin* ) (sin* 3a — sin’ ¢)... 

... {sin (n — 4) a— sin’ d} {sin* (n — 2) a — sin® p}. 

320. We can now resolve sin 9 and cos @ into their factors. 
Suppose np = 6 and that n is odd; then by the preceding Article 

sin 9 = 2*"" sin“ (sin*2a—sin*®) (sin" 4a nin’). 
Divide both sides by sin , and then diminish 0 indefinitely ; since 


the limit of sin O+-sin © is n we oWcain 


m= 2°~' sin’ 2a sin’ 4a...; 
therefore by division, 


9 9 
: 6 sin re 81n ra 
sin 9 =nsin= 1-—75- 1-7, oes 


BaPKsSsIUND LNLU FALLOAD. abl 


Now suppose n to increase without limit; then since a= 
; . @ 

oe : aaa 6 
the limit of 57 is —, the limit of -—=—= is —, and so on; 


sin4da  Qr 
thus finally, 


cin 6 =0 (1-5) (1-36) (1-3)-- 


We shall obtain the same result if we begin by supposing 7 even. 


= 
2n 


ao 





Similarly we may shew that 


ere (1-4) (1- -#)(1 - Fs) 


321. In the same way as 2 22" cos 6+ 1 was decomposed 
in Art. 317 we may decompose 2” — 2z"a*cos?+a™, and each 
quadratic factor of the last expression will be of the form 

= 6 





at” — 2000 008 +a’, where r is an integer ; and all the factors 


are found by Rane to r in succession the values 0, 1, 2, ...n— 1. 


or eee cA lei Bldg dle cos 2 2) et ge 
nm n n ” 


and so on; thus all the factors will be found if we take 


a 6 


® 
ac" — 2aa cos sida +a’, and use both signs and give to r in suc- 





n—1 


cession the values 0, 1, 2,... up to a 


if n be odd, and up to 


5 if » be even; in the latter case when r= ; we must take only 


BE ne ee ee llc 


+a’, 





z z 
Now suppose a=1+> , anda=1-—; thus 


(1 + Z)"-2(1- AY coo + (1-2) 
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is the expression to be decomposed into factors; and the general 
form of the factors is 


1+ 2) ie ee 1-2) 
(1+ 55) ~2(1- fa) ee Q-s), 








that is, a(1+Z5)-9(1- ae 
4n’ 4n n 
that is, A sint (14 sot 2H 0) 


Suppose 2 to increase indefinitely ; then 
2 \™ ON. 2 
l+o) =e, (1- ) =e", (Algebra, Art, 552), 


zo Ore lot 


= int” On ~ Grea dy’ 


and by putting z= 0 we obtain 
6 ae ee aint oe 4 gin , 4a 6 


i 8 = i Pe a 
fan go Sein 5 tam a th? 


thus finally 
2c. qe O ta oe 2 2 
e& —2cos6+e"°%=4s8in s{1+4 lamp a} {!* aexa} cone 


Let « stand for ,/(— 1); then we may put 


e* — 2 cos 6 + e~* = 2 (cos wz — cos 6) = =4 sin 97 gin 
¢ 
it will be a useful exercise to resolve ein ot and rin 9 


into factors by Art. 320, and to shew that the result agrees with 
that which has just been obtained. 


For 6 put ++¢; thus we can obtain a formula for resolving 
¢& +2 cosh +6 * into factors. 
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322. It is usual in works on Trigonometry to give a brief — 
though unsatisfactory demonstration of the results of Article 320 
in the following manner. 


e 
Since sin 6 vanishes when 9=0, or #7, or + 27,...2¢ follows 
that sin 6 must be divisible by 0, O+7, O—7, 04+27, 6-27, .. 
therefore we may assume that 


sin 6 = AO (6 — 2) (0 + 3) (6 — 2rr) (6 + 2) (0 — 3r)(0 + Br)... 
where A is some quantity independent of 6; thus we may 


aan )(-£)0-8)- 


where a is also some quantity independent of 6. Divide both 
sides by 6 and then suppose 6 = 0; thus a= 1, and consequently 


ént-0(1-2)(1-2)(1-38)- 


73 


Again, since cos@ vanishes when = rial g? oF = = ; tt 
follows that cos@ must be divisible by 0-—, O+5, 6 — sah 
a+ 5, ... therefore we may assume that 


ont-4(6-5)(6+9) (6-3) (0499 (0-8) 6%). 


where A is some quantity independent of 6; thus we may 


suppose 
46° 
cos 6 = a( (1-S)(1-3 33 Fa) (} ~ Ba) 


where @ is also some quantity independent of 6; and by putting 
6=0 we find a=1; thus 


cos @ =(1—* a) (1- za)(1 - Fa) 


The portions of the preceding investigations which are printed 
in italics involve assumptions which cannot be considered legitimate, 
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323. De Mowre's property of the Circle. Let O be the centre 
of a circle, P any point within it or without it; divide the whol 





circumference into » equal arcs BC, CD, DEH, ..., beginning a 
any point B, and join O and P with the points of divisior 
B,C, D,... Let POB=6; then will 


OP™ —20F". OB* cus n6 + OB” = PB. PC’. PD’... to n factors. 
For PB = OP* —-20P . OB cos 0 + OB', 


T 


PC'= OP* + 20P.. OC cos (6 ‘ =). 0c? 


= OP*~20P. OD cos (6+ = a) + OD" 


and the radii OB, OC", OD are all equal. 


Thus, by Arts, 317 and 321, the product of all the terms or 
the right-hand side of these equations is 


OP* — 20F" . OB" cos n6 + OB" ; 
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The particular case when P is on the circumference may be 
noticed ; then 


205" sin = PB. PC. PD via a ein: 


Cotes’s properties of the Curcle. These are particular cases of 
De Moivre’s property of the circle. 
Let OP produced if necessary meet the circle at A, A sup- 
pose AB=BC==; then n6=27. Thus we obtain 
(OP* — OB")? = PB’. PC’. PD* ... to n factors ; 
therefore OP"~OB*=PB.PC. PD... ton factors. 


Again, let the arcs AB, BC,... be bisected at a, b,...; then 
by the theorem just proved, 


OP* ~ OB" = Pa. PB. Pb. PC... to 2n factors ; 
therefore by division, 
OP* + OB = Pa. Pb. Pc... to n factors. 
324. It has been stated in Art. 169, that the tables of the 
logarithms of Trigonometrical functions cag be calculated without 


the use of the tables of the Natural functions ; we will here briefly 
indicate how this may be effected. We have 


6 6 G 
sin 6 = 6 € _ =) (1- a) ¢ = a) eee y 


put ~ 5 for @ and take logarithms ; thus 


. mn ™m T m'® 
log sin ™ § = log ™ + log 5 + log (1 - Fs) 


m m’ 
+ log (1 - 3m) + log (1 - aE) + ose 
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The terms in the last line may be expanded by Art. 145 in 
series which will converge with sufficient rapidity ; thus we shall 
have if « denote the modulus 


log ain - 5 = logm-+logm-+log (2n+m)+ log (2n—m)—3 (log 2+ log n) 


-1(p+g 6 +R ) es 


_# joi m 
9 44 64 ry Ga nm 


EXAMPLES, 


1. Sum the infinite series 
1 1 41 =i 
Pret tet 
2. Sum the infinite series 
l} 1 #141 
T+ % ta tat 
3. Sum the infinite series 
1 1 1 =s4i 
T+ 3 +i trait: 
4, Sum the infinite series 


1 1 1 1 
tT t3 + + a tone 
5. If a=7, shew that 
sin a sin 5a sin 9a...... sin (4n~—3)a=2°"*4, 
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6. A polygon of m sides inscribed in a circle is such that its 
sides subtend angles a, 2a, 3a, ... na at the centre: shew that the 
ratio of the area of this polygon to the area of the regular 

® 


inscribed polygon of n sides is equal to that of sin [to main >. 


7. The product of all the straight lines that can be drawn 
from one of the angles of a regular polygon of 2 sides inscribed in 
a circle whose radius is @ to all the other angular points is na"~’, 


8. If 9,, Dor-sPen—,» Pe, be the perpendiculars drawn from 
any point in the circumference of a circle of radius a on the sides 
of a regular circumscribing polygon of 2n sides, shew that 


a 
PLP sPo- Panna + PoP Pon = FH" 


9. A polygon is described about a circle touching it at the 
angular points of an inscribed polygon ; the product of the perpen- 
diculars drawn to the several sides of the inscribed polygon from 
any point in the circumference of the circle is equal to the pro- 
duct of the perpendiculars drawn from the same point to the 
several sides of the circumscribed polygon. 


10. Shew that 
16 cos.A cos (72°— A) cos (72°+.4) cos (144°—A) cos (144°+.4)=c08 5.4, 


11, From the expression for sin 6 in factors shew that 


36 144 324 576 


w= 3.35 °793°393° 7B 


12. Shew that 


+e sett) (ied >) (1 + 5) re 


18. Shew that 


ade a" o* on” 
fe" = ax (1 +5) (1 +s) (1 +3) ee 
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14. Find the sum of the series formed by multiplying to- 


gether every two of the terms of the series . 7 7 a ou 


15. If be even shew that 
tan ¢ tan (# +=) tan ($+)... tan ($4 9 n)= (- 1yi 


16, Shew that sin 5 — 008 5.4 
= 16 00s (A — 27°) cos (A + 9°) sin(A + 27°) sin(A — 9°) (cos .4 —sin A). 


17. Shew that 
_2.2.4,.4.6.6.8. 
~13.3.5.5.7.7. 


a te 


8. 
9. 
18. By aid of the formula cos 0 = un deduce the expressior 


6 
for cos 9 obtained in Art. 320 from that for sin 0, 


19. Shew that 


a=: 36-100, 196. 324 ... 
“3.35. 99.195. 323... 


20. Shew that 


JS 8.80. 224.440... 
2 9.81. 225.441..." 


21. Shew that 008 + tan $ sin & = 


€ 
(+= (1- =) (+g \Q-— Veg ee 
w+y ony Sr+y 53 —y 


22. Shew that cos x ~ cot $ sin x= 


0-F)O+)( - teay)! tes5 5) (1 ~ae35) 


watAMPLES, CotAFianb ual. aug 


93. Shew that “loeay 
(-F)0- aecapll-Gesayll- cellent 
24, Shew that = 
+ COB Y 


{eel elyll acl! - aaa ~ 


sing+sin y _ 


25. Shew that -——. 
sin 


(+ (+5) -259) toa) (t-wS)- 


26. In Example 21 by expanding both sides in powers of 
and equating the coefficients of 2, shew that 


rane a 2 2 2 2 2 2 
2 w-y «ty * 39—-y Say br—-y br+y. 








27. Shew in like manner from Example 22 that 
4Y 2 2 2 2 2 


— 
— =- —- o—_ 


2 y w-y * Orty 4dor—~y Arty 
28. Shew that 





———_— a~w oe ——— we 


i See es 
8/38 2 4 5 7 8 10 
29. Shew that . 
ai-l,t_1,t iat 
7737 “B77 T1713 17 *i97 
30. Shew that a= = 
Bin y 
1 1 1 1 1 ] 1 1 


y aay Qe-y 4ty Iety 3n—-y Sa—y Sery”” 
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XXIV. MISCELLANEOUS PROPOSITIONS, 


325. Many demonstrations have been given of the very 
important formule of Arts. 76 and 77; see, for example, the 
Messenger of Mathematics, Vol. 111. pages 100 and 123, The 
demonstrations which we have adopted have the great advantage 
of being readily applicable whatever may be the size of the angles. 
The folowing process is very simple for the case of angles which 
are not too large. 


D 


A 
cr c 
Let the angle COD be denoted by A, and the angle CDO 
by B; draw CN perpendicular to OD, and DM perpendicular 
to OC produced. 
Then the angle DCM= 4+ 8B. 


Now by similar triangles, or by two expressions for the urea 
of the triangle OCD, we have 
OC. DM = OD. CGN wicissictisnicrsisisiass (1). 


DM _OD.CN _(ON+ND)ON 
Therefore Gn = G0.0D* ~OC.OD 


CN ND ON CN 
= 60° Ob * 00° GD" 
that is, sin (A + B) =sin A cos B + cos Asin B. 
Again, by similar triangles, or by Euclid, 111. 36, Cor., 
00 .9M=ON.OD; 
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therefore OC .CM+0C*=O0ON.ND +0N", 
therefore OC ..CM =ON.ND —CN® voc cccccccsceeee (2); 
CM ON ND°CN ON 


saa CD ~ 00‘ CD ~ 0¢* GD’ 
that is, cos (A + B)=cos A cos B—sin Asin B. 
Again, from (1) and (2), . 


DM OC.DM _ OD.CN  _ (ON+WND)CN 


me 


CM O0C.CM ON.ND—CN* ON.ND_—CON® 
CN CN 
_ ON* ND 
~,_ON OV CH’ 
- ON* ND 
tan 4 +tan B 


that i8, tan (A + B) =~ an B 


326. Having given 
sin (4 + B)=sin A cos B + cos Asin B, 
and cos (4A + B)=cos A cos B — sin A sin B, 
we can deduce the formuls: for sin (A — &) and cos (A — 8). 
For put 4+ B=8S; therefore d4=S-—B. Thus 
sin S = sin (S —B) cos B + cos (S # B) sin B, 
cos S = cos (S — B) cos B — sin (S — B) sin B ; 
multiply the first by cos B, and the second by sin B, and subtract, 
and we obtain the formula for sin(S—): multiply the first by 
sin B and the second by cos B, agg add, and we obtain the formula 
for cos (S — B). 
Similarly from the formula for tan (4 +2) we can deduce the 
formula for tan (A — £). 
We wight even deduce all the other formule from that for 
sin(4+). For since 
(sin 4 cos B+ cos A sin B)’ + (cos 4 cos B -sin A sin B)*=1, 


272 MISCELLANEOUS PROPOSITIONS. 


it follows that if sin (A + B)= sin A cos B + cos A sin 8, then 
oos’ (4 + B) = (cos A cos B — sin A sin B)’, 
and therefore 
cos (A + B) = «(cos A cos B—sin A sin B); 
and a little consideration shews that we must take the upper 
sign. 

32%, In Chapter viir. we have given exact expressions for the 
sines and the cosines of certain angles; we may add that the sines 
and the cosines of some other angles can be readily obtained by 
calculating the roots of certain equations. 

For example, we know that 

sin 30° = 3 sin 10°—4 sin® 10° ; 
put a for sin 10°: thus 
; = 3a — 427°, 

Now by Horner’s method which is explained in the Theory of 
Equations we can easily calculate the numerical values of the 
three roots of this equation; the least positive root will be equal 
to sin 10°, and the greatest positive root be equal to sin 50°, and 
the negative root to —sin 70°: see Arts, 105 and 106. 

It is obvious that 

sin 10° + sin 50° — sin 70° = 0, 
so that the accuracy ot the calculation can be easily tested. 

Since sin 10° can thus be found, and sin 9° is also known, we 
can by ordinary arithmetical calculation find the sine and the cosine 
of 1°; and then the sine and the cosine of any multiple of 1°. 

328. The propositions which are given in Chapter Ix, admit 
of some extensions beyond the enunciations to which, for the sake 
of simplicity, we have there confined ourselves, It wil] be suff- 
cient if we consider only posite angles. 

We have shewn in Art. 116 that sin @ is less than 6 so long 


as 0 is lees than 5 ; it is obvious then that sin 0 is less than 6 for 


gary v ine of A 


MISCELLANEOUS PROPOSITIONS. 273 


Now consider Art. 120. The demonstration there given de- 


pends on the fact that tans is greater than 4 Thus it is really 


e 3 
shewn that sin@ is algebraically greater than 9-7 as long as 6 
is less than +r: on examination we shall find that this holds for 


every value of 6; that is, sin 6 — (0 - . ) is always positive. For 
® 


we find, by calculation, that a 6 is greater than unity when 
6=7, and it increases as 0 increases beyond this value: thus 
. —6+sin @ is always positive. And sin 6 is arithmetically greater 
than 0 - . certainly as long as both are positive, that is certainly 


up to 6=2, which is beyond 6 = 5 


Next consider Art. 121. From that Article combined with 
the extension just given to Art. 116, it follows that cos @ is always 
2 


algebratcally creater than 1 — 7 . And from Art. 121 combined 


with the extension just given to Art. 120, it follows that cos @ is 
algebraically less than (1 - z) , certainly as long as : is less 
than 2: hence it follows that cos@ is a®ways algebraically less 


than (1 = , for this expression is greater than unity if 


: is not less.than 2. But cos@ is not always arithmetically 
2 


greater than 1-9 , even if 6 isYess than - On the other hand 


cos @ is arithmetically less than (1 - t) , while @ lies between 
0 and some value which is greater than 5 and less than 7. 


Now consider Art. 130. In the same manner as we extended 


Art. 120 we can shew that sin @ is algebraically greater than 
T. T. 18 
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6 =A for every value of 0, and that sin 0 is artthmetically greater 


than 6-5, certainly up to 6=,/6. And cos 6 is algebratcally 
less than a a certainly as long as ; is less than ,/6: 
hence it will follow that cos @ is always Bigobratcelly leas 


than ] -9 + 97° And cos 6 is arithmetically less than 1— 4 94? 


certainly while @ lies between 0 and = ; for 1 — . + 57 is positive 
throughout this range, and until 6= ,/(6— /12). 


329. We may add the following proposition to those of 
Chapter Ix. : 
If 0 be the circular measure of a positive angle less than a 


right angle tan 0 is greater than 6 +5. 


For sin@ is greater than 0-*, and cos 6 is less than 


F 6 
1— 5 + 543 therefore 
| 12 
tan 0 is greater than Hr 
1-~_+— 
2 24 
hence, by division, we find that 
(8) 
tan 6 is groater than 0+ © 4 
banter 


Now if 6 is leas than — 5 both the numerator and the denomi- 
nator of the last cas are certainly positive; and so tan @ is 
greater than 6 + A 
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Also, since 26 — 2 sin @ is less than . ; 
and danO 20 is tester than 
we have 20 — 2 sin @ less than tan 0 — 6; 
therefore 6 is less than ; tan 0 + sin 6. : 


(Serret’s Z'rigonometry.) 


330. The following is an extension of Art. 149: the quan 
tity e cannot be the root of a quadratic equation with rational 
coefficients. 

For suppose, if possible, that 

ae’ + be+c=0, 
where a, 6b, c are integers: we may take a positive. Divide 


by e; thus 
ae+ce'+b6=0. 


Replace e by the series 1+1+5+-5+— and ¢~' by 
1 1 #1 E a 
the series 1 - 1 +5 “B we —..., which we obtain by putting 


~ 1] for x in the expansion of e*: then _ multiply by |n. Hence 
we obtain 
mae {1 + oe + \ vant a2 + } = an integer 
n+] m+2 "J n+1 n+2 — ae 
We can always make & aul positive by taking n odd when 
c is positive, and m even when c is negative. Then by supposing 
n largo enough we have a fraction on the left-hand side of the 
equation, which of course cannot be equal to an integer. 
(Liouville’s Journal de Mathématiques, 1840.) 
We may add that it has also been demonstrated that no 
commensurable power of ¢ can be a rational quantity : see Algebra, 


Art. 803. 
18-—2 


adv mit UuLLANBUUSsS FRUFVsILLIUNG, 


331. The following theorem is given for the sake of an 
important application : 
EDA is « triangle having . c 
the sides HD and DH equal. 
Produce DH to any point 
N; and £H to a point J, 
such that EI’ =4DH, DN. 
Draw DM at right angles 
to DE, and JM parallel to 
DE, Then the circle which 
has the centre J and the OD Ww 
radius 7M will touch the cir. 
cle which has the centre V 
and the radius VD. 
let DH=h, HEI =i, 
DN=n; DEH =6. E 
Then 4H =2hcos@; and from the triangle HN 
IN* = (t— 2h cos 6)’ + (n —h)? — 2 (n—h) (t— 2A cos 8) cos 6 
= + (n—h)* — 20 (n +h) cos 6 + 4nh cos* 6 
=(n +h)* — 21 (n+h) cos 6 + 4? cos* 6 
= (n +h—icos 6)’. 
Thus /V = DN-IM; therefore DN=IN + IM, which de- 
monstrates the theorem. , 


332. The application of the preceding theorem which we 
propose to make is this: the nine points circle of any triangle 
touches the inscribed circle and the escribed circles of the triangle. 

For an account of the nine points circle the student is referred 
to the Appendix to Euclid, pages 315, 316, where the following 
theorems are demonstrated: ABC is a triangle, and P is the 
intersection of the perpendiculars from A, B, C on the opposite 
sides; the circle which passes through the middle points of 
PA, PB, PC passes through the feet of the perpendiculars and 
through the middle points of the sides of the triangle; the 
diameter of the nine pointe circle is equal to the radius of the 
circumscribed circle of the triangle. 


H 
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Let ABC be a triangle, O the centre of the circumscribed 
circle, D the middle point of BC ; let AG be perpendicular to BC, 
let P be the intersection of the perpendiculars, # the middle 





point of PA. Let OD be produced to meet the circumference of 
the circumscribed circle at #; join OA, AH, and FD. 


Since the nine points circle passes through D, F, G it follows 
that DF is a diameter; and therefore DF=OA. Also OD=AF, 
c cos A 
2sinC'’”. 
sides of OAFD are equal, DF is parallel to OA. Thus if H be 
the point of intersection of A and FD we have ED= DH. 

Suppose that in Art. 331 the letters D, H, Z indicate the 
same points as in Art. 253, Let 

i=2RsinS, b= SRin' then n= e 
thus J is the centre of the nine points circle of the triangle; and 
therefore the nine points circle touches the inscribed circle. 

Again, suppose that in Art. 331 the letters D, # indicate the 
same points as in Art. 253; and let J now denote what was de- 
noted by J in Art. 253; then we see that the nine points circle 
touches the escribed circle which is opposite the angle A. 


Hence, since the opposite 





for it may be shewn that each = 
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Since the nine points circle of the triangle 4BC passes through 
the middle points of AB, BP, and PA, it is also the nine points 
circle of the triangle APB; and so it touches the inscribed and 
escribed circles of that triangle’ A similar remark holds with 
regard to the triangles BPC and CPA. 


333. For the following investigation of the theorem of 
Art. 286,«and of a corresponding theorem, I am indebted to 
the late Professor De Morgan. 


It is easy to see that cos76 can be developed into a series of 
powers of cos@; we require the law of the coefficients. 


We know from Art. 310 that if x be less than unity 


1 — 2" 


ee Pro Par ie 1 + 2a cos 6 + £2 cos 20 + 2a cos 36 +... ; 


but without using imaginary quantities this equality may be 
demonstrated by clearing of fractions. The left-hand member 
may be expanded by the Binomial Theorem into the series 
l-a2 | (1-2) (1 —2*) a” 
l+a%* (1+2%) “(1 +a)" 


and by comparing this with the right-hand member we obtain the 
following result: the coefficient of (2 cos 6)™ in the development of 
2cosn6 is equal to the coefficient of x" in the expansion of 
ee that is to the coefficient of x"™ in the expansion of 
sue 
(Text 

Hence n— m must be even, say equal to 2r, so that m=n — 2r. 
The coefficient required is therefore that of ¥’ in the expansion of 


2 cop A+... (2 cos 6)" +... 5 


heshaat and, by the Binomial Theorem, this is 


, {(n—2r+1) (n— 2r+2)...(n—r) (n—2r+1) (n—2r+2)...(n—r—}) 
l) { [r r (r—1 } 
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cree - ifa Coe) a ae )) 


G 
In the same manner, starting from 


i- Fogg esind +a%sin 26+a°sin 36+..., 


we see that the coefficient of (2 cos 6)" in the development of 
sinné . 


ng 18 equal to the coefficient of x° im the expansion of 


xm 


(sxe Hence we shall find that the coefficient of 
(2 cos 6)*"*—' in the development of = dod 
sin 6 


(iy atone earn’). 





is 


334. The following is a very general theorem in the summa- 
tion of Trigonometrical Series. 


Having given the value of 
C, + C,B+ C0 + ... + 6,0", 
where c,,¢, ... ¢, are independent of z ; required the value of 
c, cosa +c, cos (a+ B) +... +0, cos (a + nf), 
and ¢, sina +e, sin (a+ 8) +... +¢, sin (a+). 
Let f(x) denote the known value of 
C+ CFC +... +6,0" 


For a put in succession e'® and e~*; multiply the former 
result by ¢, and the latter by e~*, and add: thus 


¢, cosa +c, cos (a+f8)+ .. +¢, cos (a +f) 


ng fonslet)tens(ow)}. 


attseV « phe AMER oh IU Bk wr VELL We 


Similarly 
o, Sina +e, sin (a + B)+... +6, sin (a + mB) 
=x ferro enses)}. 
The expressions thus obtained on the right-hand side must be 
reduced and simplified ; we have 
e f (eB) = (cos a + sin a) f(cos 8 + csin Bf), 
ea f (eB) = (cos a—«sina) f (cos B—csin £) ; 


and when a definite meaning is assigned to f(x) we can obtain a 
definite result. 


335. The investigations of Arts. 310 and 311 will furnish 
examples of Art. 334; for another example take the following: 
let 
sad. oank, =) ht, an On Oe, 


° 2 


thus SF (x) =(1 + ha). 
Then f (e?) = (1 +hcos B + A sin B)* 
= 7" (cos d + usin d)" 
= 7" (cos np + esin NP), 
where rcos@=1+hcosf, and r sin¢=hAsin B, 
80 that e=1+2hcos B +h’, and tan $=7 > poe. 
Similarly St (€#) =1 (cos np —c sin n¢). 


Hence finally 
n(n—1),, 
cos a. + nh, cos (a + 8) + ——5—~ h* cos (a + 28) + ... + h* cos (a + nf) 


= 7" (cos a cos np — sina. Bin Nd) = 7" cos (nd +a), 
and 


gina + nhsin (a+ p) +2 —*) pein (a+ 28) +... +H" sin (a + mB) 


=" sin (np + a). 
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Various particular cases are included in these general results ; 
for instance we may put 4=1 or~1; we may put a=0 or £; 
or we may put a= my and B=—y or — 2y; and so on. 


336. Algebraical identities of more or less interest can be 
obtained by ascribing special values to the angles which occur in 


Trigonometrical formule, For instance put @ = in the two 
? 


formule of Art. 270; put @=0 in the four formule of Art. 288, 
observing that the limit of ee is nm when 0=0; put 0=0 in 
the two results of Art. 333. 


337. We will now make a few remarks on the symbol ,/(— 1), 
which has been used very often throughout the latter portion of 
this book. We may consider that the symbol has been used in an 
experimental manner, and many results have been obtained by 
means of it; the point now to be considered is how far these 
results can be received as true. 


In the first place, some of the results obtained by using the 
symbol ,/{ — 1) may be shewn to be true by other methods. Thus 
for example in Art. 333 we demonstrated without the use of the 
symbol ,/(-1) a result obtained in Art. 286 with the aid of the 
symbol. So also the values of sin n? aad cosn@ obtained in 
Art. 270 may be verified by induction. Moreover the resolution 
of an expression into factors in Art. 317 may be effected without 
the use of ,/(—1): see Theory of Equations, Chapter xxx1. 


Again, the following example will shew how in some cases 
a strict demonstration may be obtained even with the use of 
the symbol ,/(—1). Let » be a positive integer, and suppose it 
required to expand cos" in terms of cosines of multiples of 6; 
we may proceed as we did in Art. 280, supposing @ to stand 
for ev(-1), Now we know that 


(ote) a=eM +e +0 fel 4 OM} + a aC 
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m y yy 
thus tee 
“1+5F 45 Fc A 
a e* 
(n-2)*y*? | (n—2)*y* | (n-2)*y? \ 
salts E + a + (6 +... 


Now this is true for all values of y, that is, if all the opera- 
tions indicated be performed, the two members of the equation 
are identically equal, We may therefore put — 6 instead of y’, 
and the result will still be true. Thus 
b= | n'O + nie a 
= ie E 


+ nf _ Se + oe is } 


Q— {1-5 1 - ‘aa 


Thus 2°’ cos" 6 = cos n6 + n cos (n — 2) 0 +...... 

See the Article Hquations in the Encyclopedia Britannica by 
Ivory, and Airy’s Trigonometry. 

Finally, the student may be informed that a theory has been 
constructed which offers a complete explanation of the symbol 
/(- 1), and thus enabfes us to obtain rigid demonstrations by the 
use of this symbol. It is not consistent with the plan of the 
present work to give any account of this theory; the student, 
however, is recommended hereafter to read the Trigonometry and 
Double Algebra of Professor De Morgan. 


338. The ratio of the circumference of a circle to the diameter 
is denoted by +; this quantity 7 cannot be commensurable, nor 
can *: we will give a demonstration of the latter statement, 
which of course includes the former. The demonstration depends 
on the theory of Continued Fractions which is explained in the 
Algebra, Chapter tvi1, and will be readily intelligible to a student. 
who has mastered that Chapter. 
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Let f(y) stand for 





Ge 
Ley L.2.y(ytl) 1.2.3. (y+ 1) (7 +2) 
she +1)- +2 
n f(y+l)-S(y) = an 5 
f(y) et f(y +2) 
-herefore 
; fy+t  yG aD Fae) 
f(y +1) L _ att 
Put 2 for FG) , then ps Maer Bei 
4 18 what 2 becomes when y is Ree into y+1. 
Thus 107+) 





¥) can be transformed into an infinite continued 


action of the second class; see Algebra, Art. 778. Put ; for y, 


my for x; then f(y)=cos 6, and f(y + 1)= me ; then multiply 


the si previously obtained by 6, and sae the fractions. 
Thus we find that tan 6 is transformed into an infinite continued 


fraction of the second class, in which the first component is 6, 
2 


the second component is f , and generally the r component is 
6! 
ar —1- 
Divide this result by 6, then invert and transpose; thus we 
find that 1—@cot@ is transformed into an infinite continued 


fraction of the second cluss in which the first component is a : 


and the r™ component is ——— re 


2 
In the last result put 5 for 6; and if (§) is commensurable 


denote it by — where m and nm are integers. Thus we have unity 
‘ 


equal to an infinite continued fraction of the second clasa, in which 
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by simplifying the fractions we find the first component is = , the 


sa 


second component is ae , thet is — , and the r® component is 





5n’ 5 
mn i ™ 
Gana Paras i So that 
l= m 
: 2 mn 
see nae 
ie ae 


But this result is impossible, for we know that such an infinite 
continued fraction must be incommensurable, and so cannot be 
equal to unity: see Algebra, Art. 792. 


Hence z* cannot be commensurable. 


339. There is in the investigation of Art. 320 a point which 
may require examination. 


Let ¢ stand for 7? and £ for =: then we have to find the limit 


when 7 is indefinitely great of = , where ¢ is an integer which 





in* a 
lies between 1 and ne inclusive. We suppose that m is odd; 
the process is similar if 7 is supposed even. 


Now if r denote any jized finite number, then when n is in- 


definitely great the required limit is F5 but we are not justi- 


fied in making this statement when r itself increases indefi- 


nitely with n, as for instance when ga = or deal The fact 


2 3 





however is that in such a case both —— ant = and am are indefinitely 
small, and we are not led into error by our use a the latter in- 
‘¢ Aofth form-r Thies: sll nar hee 
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Let m be an integer which may be as large as we please pro- 
vided it remain fixed, so as not to change when n increases; then 
by the method of Art. 320 we shew girictly that 


cin =6(1-[)(1- 33)... (1 - 55) 


where Q is the a when 7 is indefinitely great of a set of factors 
the integer r taking all values between 





of the type 1 — irk 

nad 
m+1 and - inclusive. Now we have to shew that instead of 
Q we may take the product of a set of factors of the type 1 — = ; 
the integer r taking the same values as before. Let # denote the 
product which we propose to substztute for Q; then we must shew 
thay 2 =, and this we do by shewing that each of them is cgual 
to unity. 

Now we may suppose m large enough to ensure that sin ¢ is 
less than sin rB ; hence every factor in Q is positive, and less than 
unity; so that the limit of @ cannot be greater than unity. 

n—-1 ; sin’d 
nse fas 

Let 8 5 m; then Q is greater than ; 1 mene} ; 
for every factor of Q is greater than the first factor. But the limit 
of the last expression when 7 is indefinitely great is unity, as we 
see in the manner of Art. 150. 


Hence the limit of Q is unity. 
In a similar manner we may shew that the limit of £ is unity. 


340. There is a point in Art, 321 of the same nature as that 
just noticed with respect to Art, 320, and which we may treat in 
the same munner. It is the statement that when n is indefinitely 


t we have 
ie 2 Ira & O a 


3 
int" ~ on * Greedy 
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EXAMPLES, 
: 6 _ 6. -r-O . r+8 

1. Prove that sin 6 cos 5 =8 sin 5 sin® —7— sin a” Ta 
2. Prove that 

6 6 6 6 6 6 20 

3 _ 3 * oe! s” ey .. A = 
(cosec 7 SEC 5) tan = (tan 3 coBec 7 soc! 5 )eot 3 : 
3. Prove that 


tan 36 — tan 20 — tan 6 = tan 36 tan 20 tan 6. 


4. Find @ from the equation 
tan’ x + cot’ #= m’ — 3m. 

5. The circumference of a circle is divided into 2n equal 
parts at the points 4, 7, Q,.... Tangents are drawn at the points 
A, P, Q, ... and perpendiculers OA, OB, OC, ... are let fall or 
them from O the extremity of the diameter OA. Shew that .,”- 

OA* + OB + OC" + ...... = 3n (radius)’*. 


6. ABC is a quadrant; AP, AQ, AR are three arcs in 
ascending order of magnitude, each being less than AB, and 
their sum equal to twice AB; radii CP, CQ, CR are produced 
to meet the tangent at A at p, g, 7, and a triangle is formed 
with Ap, Aq, Ar. Find the condition that this may be possible, 
and the inferior limit of Ag and the superior limit of Ap. Prove 
also that in all suck triangles the radii of the inscribed and 
circumscribed circles are inversely proportional. 

7. ABC is a right-angled triangle, C’ being the right angle, 
E is the point at which the inscribed circle touchgs BC, and F the 
point at which the circle drawn to touch AB and the sides CA, CB 
produced meets (A ; shew that if HF be joined the triangle FEC 
is half the triangle ABC. 

8. Through the angular points of a triangle straight lines are 
drawn bisecting the exterior angles. If S be the area of the 
original triangle and S’ that of the new triangle, shew that 

1 A B C 


S'= 5 5 cowec > cosec 5 cosec 5 . 
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9. ABCD is « horizontal straight line. From a point imme 
diately above D the known distances 4B and BC are observed to 
subtend the same angle a. If AB=a and BC =}, shew that the 
height of the observer's position above D is 

2ab (a + 6) tana 
(a— 6)? + (a + 6)* tan*a’ 

10. If in any are not greater than a quadrant a point be 
taken, and from this point two straight lines be drawn, one to the 
extremity of the arc, the other perpendicular to its chord and 
terminated by it, prove that the sum of these two straight lines is 
less than the chord of the arc. 


11. Suppose a the angle of elevation of a cloud, B the angle 
of depression of the image of the cloud seen by reflection from 
a lake, h the height of the observer’s eye above the lake, then 
tke height of the cloud is 

Asin (8 +a) 
sin (B—a) ° 

12. At noon a person standing on a cliff A feet above the 
level of the sea, observes the altitude of a cloud in the plane 
of the meridian to be a and the angle of depression of its shadow 
on the surface of the water to be 8; the sun being behind the 
observer when he is looking at the cloud: shew that, if y be 
the sun’s altitude at the time of observation, the height of the 
cloud above the surface of the water will be 


hain y sin (a + 8) 
sin B sin (y +a) © 
13. Shew That the formula of Art. 280 may be verified by 
induction. ® 


14. Shew that the formule of Arts. 282 and 283 may be 
obtained from that of Art. 280 by changing 6 into 5 - 6, 


15. Express cos 6 (tan™' a) in terms of a, 

16. If a quadrilateral can be inscribed in a circle and can 
also have a circle described about it, the area of the quadrilateral 
is equal to the square root of the product of the four sides. 
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17. The sides of a qusdrilateral Cyase area, 8. c, d; and 
the sum of two opposite angles is 6. If S denote the area of the 
figure, and s half the sum of the sides, shew that 


S* = (¢— a) (2~ 8) (¢—c) (ed) — abed cos' S 


18. Shew that 


cos" 6 cas n@ = 1 — ae tan® @ + er 8) tan‘@—... 


19. Shew that 


cos” 6 sin 78 = n tan 6 — 


n(n +1) (n+ 2) pntgin 
aca | Saad es 


20. If 6 is a positive angle less than 5 shew that _ 
continually increases with 0. 


; - 7 f 
21. If 6 is a positive angle less than 9 shew that a0 
continually decreases as 9 increases. 
22. In the diagram of Art. 332 if PO be joined, shew that 
it bisects DF, and is bisected by DF. 
23. Shew also that PO divides DA into parts which are 
in the ratio of 1 to 2. 


24. Shew that the following four points connected with any 
triangle are in a straight line: the centre of the circumscribing 
circle, the centre of the nine points circle, the point of intersection 
of the perpendiculars from the angles on the opposite sides, and 
the point of intersection of the straight lines drawn from the 
angles to the middle points of the opposite sides. 


25. Shew that the length of the perpendicular from the 
centre of the nine points circle on BC is : F cos (C — B). 


26. Shew that the length of the perpendicular from the 
centre of the nine points circle on A@ in the diagram of Art. 332 


I Rain (C — 2B). 


is 5 
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27. In the diagram of Art. 332 shew that 
OP" = R* (1 —8 cos A cos B cos C). 


28. Shew that the distance of the centre of the nine points 
circle from the angular point 4 is - /(1 +8 cos 4 sin Bein Q). 


29. The centre of the nine points circle cannot coificide with 
the centre of the circumscribed circle unless the triangle is 
equilateral. 


30. The centre of the nine points circle cannot coincide with 
the centre of the inscribed circle unless the triangle is equilateral. 


19 
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1. If an angle of 3° be represented by ‘15 find how many de- 
grees are contained in the unit of that measure. Find also what 
number will represent a right angle in the same measure, 

2. The difference of two angles is 1°; the circular measure of 
their sum is 1: find the circular measure of each angle. 


3. Find tan from the equation tan z+ abcotxz=a+ 6b. 


4, If sin 36=sin 0 cos 20 then =" where m is zero or an 
integer. 

5. Ifan angle be divided into two equal and also into two 
unequal parts, the product of the sines of the unequal parts 
together with the square of the sine of the angle between the 
dividing straight lines is equal to the square of the sine of half the 
angle. 

6. Shew that 

(sec 6 sec p + tan 6 tan ¢)’ — (tan O sec p + sec 6 tan ¢)* 
2 (1 + tan’ @ tan’ d) — sec’ 6 sec’ pd 
_ sec 20 sec 2h 
~ pec’ Opec’ * 
7. If 4+B+C = 360°, shew that 
1 — cos’ A — cos* B—cos*C 4 2 cos A cos B cos C = 0. 


8. If sin 4=5, sin B= 1s, and sin = 3, where A, B, and 


7 are positive angles less than 90°, find sin (4 + B+ C). 
9. If e=rsin 5 (0—a)and y= rein (+a), show that 


a — Dey cosa +4/* = 9" gin’ a, 
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10. Eliminate 6 from the equations 
(ab) sin (0+ $)=(a-2)sin(6-¢), atang—bdtun baa, 


11. The number of degrees in one of the acute angles of a 
right-angled triangle is threo-tenths of the number of grades in the 
other: determine the angles in degrees. 


12. Shew that if the circular measure of an angle is an 
where » is any integer, the angle can be expressed by an integer 
both in degrees and in grades. 

13. If sin (a+ £) cos y=sin (a+ y)cos 8, shew that B—y isa 
T 


multiple of 7, or a an odd multiple of 5 


14, Shew that e 
™, sin 44 tan‘ A + 4 tan’A +2 sin 44 tan’A —4 tan dA +sin 44 =0. 


15. Shew that sin’ 24° —sin® ge Wt 


16. If 4+ B+ C= 360°, shew that 
2 (cos A sin B sin C + cos B sin C sin A + cos C sin Asin B) 
+ sin’ A + sin’ B+ sin’C=0. 


17. Ifa and B are the two values of @ in the equation 
cosoosy  sin@siny 1 


a b c’ 


shew that 
(b" + c* — a?) cos.a.cos B + (a* +c" — 6’) sin asin B =a’ + 6’ —c’. 
18 If sinA=;, ond sin B= 5, where A and B are positive 
angles less than 90°, find sin 2(4 +B). 
19, Solve the equation cos 40+ cos 20+ cosa = 0, 
20. If 4+B+C+ D=360°, shew that 


cos A +008 B +008 C+ 008 D = 4 008 A * 2 cog BS 0g OS | 
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43, Shew that 
cosec A cosec 2.4 + cosec 2.4 cosec 3.4 = cosec A (cot A — cot 3A). 


44. Shew that 
1 cot" 5 A — cots A 
sec’ — A sec A 


2 
1 + cot" 5 4 


= 8, 


45. Shew that 
{sco A + cogee 4 (1 + s00-A)} {1 ~ tant 5 A ae ~ tant; A} 
1 1 1 
= (see 5 4 +0080 5 A seo" 5 A. 
46. If 


(a — b) sec = WiC ; =) —— J (+4) » 


then tan 5 (0- ¢) = got =)’ 


47. Eliminate 6 and ¢ from the equations 


a_ ain (¢- 9) Cc 6 sin8 
Somer) a Or Ga 





48. Find 008 from the equation 
008 cos (7 — = sin B cos = 
4° 2 2° 


49. If 
cos (9 + 3p) = sin (26+ 2¢), and sin (¢+ ——— 


shew that @=(3m-— Bn) +5 7g amu d= (3n — Bm) 5 + ig? 


or else 6-0 = = 2mx — 5; where m and n are integers, 


50. Shew that 
(1 + sec 26) (1 + sec 46) (1 + sec 86)......(1 + sec 26) 
tan 2" @ 
tan 6 ° 
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51. The circular measure of a certain angle is equal to the 
ratio of the number of degrees in it to the number of grades: 


find the magnitude of the angle in degrees. 
52. Shew that 
{sin (A — B) +sin (4 + 3B)}sec 2B = (cos 2B — cos 2.4) cosec (A — B). 
54. Solve the equation 
cos 36 + cos 56 + ,/2 (cos 6 + sin 6) cos 0 = 0. 
55. Eliminate ¢ from the equations 
nsin@—mcos6=2msingd, nsin 26—m cos 26 =n. 


56. Solve the equation 


8 sin (0-5) cos’ 6 + 8 cos (0-5) sin' 0 - 6 sin( 20-3) =/3. 


57. Among all values of @ between 0 and z find that which 
makes sin @ cos(B—6) greatest; B being a given angle between 


Oand 5. 


58. Shew that cos 55° + cos 65° + cos 175° = 0, 


cos 55° cos 65° + cos 65° cos 175° + cos 55° cos 175° = _; , 


shew that sin (30 +a) =7 ain (6 —a). 


COS 55° COS 65° cos 175°=— Bt ° 
59. If #cos(a+)+ cos (a— £) 
=a cos (B + y) + dos (B — y) = % cos (y + a) + cos (y — a) 


om tan a _ _tanB  _-~—_ tan 


tan 5 (8 + y) - tan 5 (y + 2) 7 tan 5 (a+ B) 


60. If 4+B+C+D=360", shew that 
A+B. B+ Ot 


cos A — cos B + cos C'— cos D= 4 sin 5 sin — a 
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61. The number of degrees in an angle of one regular polygon 
is to the number of grades in an angle of another as 3 is to 5: 
find the number of sides in each polygon, shewing that there 
are only three solutions. 


62, Solve the equation seo = + cosec” 5 = 16 cot x. 


63. Eliminate @ from the equations 
msin 20=nsin 6, pcos 26 =@ cos 6, 
64. Find 6 from the equation 
cos‘? — sin @ = cos a — sin a. 
65. Shew that if sin (4 +B+C+D)=0, then 
sin (4 + C) sin (A + D)=sin (B + C) sin(B+ D). 
66. Shew that all the values of 6 which satisfy the equations 
sin6+sind=p, cos0+cosd=g, 
are contained in the expression m7—a+(—1)" 8, where a and B 
are angles determined by the equations 


tana={, sinBas J(p'+?). 


67. Shew that 
008 TF 008 7 008 TF cos FZ cos 7 cos TT 008 17 = (5) 
15°15 15°15 15 (15 1b \2 
68. Shew that whatever 6 may be, 
a sin* 6 + 6 sin 6 cos 6 + c cos* 6 
lies in value between 


5 (a+0)+5 Jo + (e—eand sda +6) - = MPa (a—c)*. 
69. Shew that 


COS a + COS ile + ll = 0 
a+oon ("5 a) +008 (F-a)=0, 


006 a. COB +2) +08 Cos sl + oF COS ies ) : 
( a (5 a) con (F a) (G a =") 


8 
amr ) Qa cos 3a 
008 a cos (= yor z7)= 4 


g 
P 
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70. Find an expression for the product 


(oon +0086) (coe s+ 08 5) ere (cos 5. + cos 


71. An angle is the excess of a°b’ above p’q': find the ratio 
of this angle to a right angle. 


72. Solve-the equation 2 sin* a + sin’ 2a = 2, 


73. Shew that 
tan A + 2tan 24+4tan 44 +8 cot 84 = cot A. 


74, Solve the equation cos 2a — cos 4a = sin x. 


75. If the sum of the angles A, B, C, D be four right angles, 
and their tangents in geometrical progression, shew that the 
bio =— 1; or else that tan A tan D=tan Btan C = 1. 


76. The angles A, B, C of a triangle are in Arithmetical 
Progression.; and cosec 2.4, cosec 2B, cosec 2C are in Arithmetical 
Progression: shew that the cosine of the common difference of 


the angles is vi . 
2 


77. Shew that cos A + cos 2A + cos 34 = — 


2 
78. Shew that 


(2- 2 008 (2 — — 2 cos — 7) (- ~2 cos 7) = =o +a*°—2a— 1. 


79. IfA4+B+C=180°, shew that 
A B @ 34 3B 30 
Ine ae sno ft seat ai pee aes eer — 
sin’ 4 + sin’ B +sin'C = 3 cos > cos 3 008 5 + Cos gy 008 5 COB =F 
80. Investigate the conditions which must hold in order 
that the equation sin’ a + 2)sinz+c=0 may give two admissible 
values for sin 2, when b is positive. 
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81. The number of the sides of one regular polygon is to 
the number of the sides of another as m is tom; and the number 
of degrees in an angle of the first is to the number of grades in 
an angle of the second as p is to g: determine the number of 
sides in each polygon. 


82. Solve the equation cos 7+ cos 7” = cos 4a. 
83. < Eliminate a from the equations 
ztan (a—f)=ytan (a+), («—y) cos 2a + (% +) cos 2B =e. 


84, If « and y vary so that their sum is constant, find be- 
tween what limits sin x sin y ranges, and its greatest value. 


85. If 4+B+C=180°, shew that 


cin (4 +5) +sin(B+$)+ein(c+5) +1 


~bcon 22 vos B=© cog O=4 


4 4 4 
86. If cos’A +cos* B+ cos*C=1, cos*a+cos* 8 + cos’ y = 1, 
and cos A cos a + cos B cos 8 + cos C' cos y= 0 ; 
shew that 
sinasin2a sin fsin 28 , sin yain 2y 2 cos a cos B cos y -0. 
cos A cos B cos C cos A cos B cos C ~ 


Tv 
87. Shew that sin 57 = i (1+./2— ~ /3),/2-4/2. 


==: ca c 


end tan (7+ ree 1 sn (f +3)» 


then either sin 6 = — or else cos 6 = 0. 


88. If 





89. Find cos« from the equation cos 27 +beos2+o=0, 
Investigate the conditions which must hold in order that there 
may be at least one admissible value of cos a, supposing } positive. 


i dive LLANBUUS 120A, as Lidas au 


90, If y is not greater than 7 shew that sin 6 {1 +sin(y—6)} 


continually increases as 6 increases from 0 to y. 

91. Shew that there are eleven, and only eleven, pairs of 
regular polygons which are such that the number of degrees in 
an angle of one of them is equal to the number of grades in an 
angle of the other; and that there are only four pairs ae these 
angles are exprecsed as integers. 

92. Ifsecasec 8 +tan a tan 6 =tan y, shew that cos 2y cannot 
be positive. 

93. Find the general value of an angle such that its cosine 
is to its tangent as 3 is to 2. 


94. If w and y vary so that their sum is constant, find 
WBween what limits sin «+ sin y ranges, and its greatest value. 
95. Solve the equation cos 6 - sin 0 =,/2. 


96. Express in four factors 
sin’ A + sin’ B + sin® C — 2 sin A sin B sin C — 1. 


97. Shew that 08 5 = i(-l + /2+,/3)/2+ /2. 


98, Eliminate 6 between ° 
c 


asin (6+ 7)+bxin(0-7)=—,, 


< T 
and ads (0-7) +b cos (0+ 7) =esin (20 +7). 


99. If A, B,C be any quantities, and a, 8, y angles such 
that 


A cota + Bcot B+ C cot y=(4+B+C) cot acot B cot y, 
and 


(B + C) cot B cot y + (C + A) cot y cota + (A + B) cotacot B=0; 
shew that Asin 2a + Basin 28 + C'sin 27 =0. 
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100. If cos @=0cosacos 8—sinasin B ,/(1 —o’ sin’ 6), 
and cos p = cos a. cos 8+ sin asin B ,/(1 —c* sin’ ¢) ; 
shew that 


008 8+ 008 ¢ == 2 cos a cos B 


[—c'an*asin®p’ 


Hence find sin @ain ¢ and tan? tan ¢. 


cos® a + cos" B 


and 1+ SCOR OSs = ania ants ; 


2 2 
101. Shew that 0cos114+3cos94 +3 00874 +cos5A 


= 16 008" A 00s ( 44 +) con (44 — 7). 


102, Find approximately the distance at which a coin an inch 
in diameter must be held from the eye looking towards the moon 
80 as just to conceal it, the appurent angular diameter of the moon 
being half a degree. re 

103. Solve the equation cos” 6 sin 36 + sin’ 6 cos 36 =" , 

104, Eliminate 6 and ¢ from 

csinfd=asin(6+¢), asind=dsin8, 
cos 0 — cos @ = 2m. 
165. In any triangle 
asin (B—CY)+ bsin (C— A) +csin (A —B)=0. 


106. Shew that 
cos! 18° gin® 36° — cos 36° gin 18° = 55. 


107. The perpendiculars froth the angles of a triangle on the 
opposite sides meet at 0; and OA =2, OB=y, OC =z; shew that 


108. The top of a pole placed against a wall at an angle A 
with the horizontal plane just touches the coping; and when its 
foot is moved a yards further from the wall and its angle of incli- 
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nation is B, it reste on the sill of a window: shew that the per- 
pendicular distance between the coping and the sill is 
acot=+4 . 

109. AB is the diameter of a circle, C its centre; a straight 
line 4P is drawn dividing the semicircle into two equal parts; 
@ is the circular measure of the complement of the angle PCB: 
shew that cos 6 = 0, 


110. The sides of a regular pentagon and of a regular decagon 
inscribed in a circle of radius F are a and a’, and the radii of the 
circles inscribed in them are r and 7’ respectively: shew that 

+ alte oe 
a-—-Go =H, and =+5=—7. 
ea lll If 4+B+C=(2n+1)7, shew that 
i CC A 


A B C A .B B 
cos" 5 + cos’ 5 +008" 5 -2 (cos gy COB’ =F +COB = COB" 5+ COB’ > COB 5) 


+ 4 cos" 5 cost 5 008 = 0. 


112. If tan*@ is less than unity, shew that 
1 1 ey he ay ee ee 
tan’ @—-, tan*d + 5 tan’ @ seams = sin O+5sin 6 + jain O+...... 


113. Solve the equation cos # —cos 20 can 36. 
114. In any triangle 
a’ sin (Be- C) 4 Orsin (0 — 4) ; c*sin (A -B) 
sin 4 sin B sin C 
115. Solve the equation cos 39 + sin 36 = cos 0 + sin 6. 
116. If tan*« = tan (a+ x) tan (a—«) then sin 27=,/2. sina 
117. If 
tan’ A tan 4’ = tan’ B tan B’ = tan’ C tan C’ = tan A tan B tan C, 
and cosec 2.4 + cosec 2B + cosec 2C = 0, 
shew that tan (A — 4’) = tan (B— B) = tan (C —C’). 
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118. If cos 60°= sin 36° cos 4, cos 36°=sin 60° cos B, and 
cos C’ = cos A cos B, then one value of 4+ B+C is 90° 

119. Two rows of houses of equal height stand at an angle 
to each other. Ona sunshiny day the distance of the corner of 
the shadow from the corner where the rows meet is observed twice 
and found to be a and b respectively. Shew that if A be the 
height of the houses and a the difference between the altitudes of 
the sun on the two occasions 


h? +h (b—a) cota+ab=0. 

120. P is any point in the arc of a semicircle APB; two 
circles are described touching the semicircle and also touching AP,. 
BP at their middle points: shew that the rectangle contained 
by the radii of these circles is one eighth of the square described 
on the radius of the circle which is inscribed in the triangle APB. 

121. Shew that 

sin a sin (8B — y) cos (G8 + y — a) + sin B sin (y — a) cos (y+ a — B) 
+sin y sin (a — B) cos (a+ B ~ y)= 0. 
122. Shew that 
log cot 0 = 0s 26+ 5 (008 26)* + = (008 26)* +... 


123. IfA+B+€=(2n+ 1) x, shew that 
cot A + cot B+ cot C~2 (cot 24 + cot 2B + cot 2C’/) 
= (cot + oot 5 + oot 5 g) (see 4 ~ 1) (see B- 1) (soe ~ 1) 


124, Shew that ¢ 
sin A sin Bain (A—B)+sin Bain C sin (B-C) +sin C sin Asin(C—A) 


= 7 fein (24 — 2B) +sin (2B - 2C) + sin (20 — 2.4)}. 


125. In any triangle 


: ee Saas eee > See | 1C _(atb+eo) 
008 5 +7 COB’ 5 += Con" 4ahe 
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126. Find a from the equation 
sco (F + se) + nee 77*)= 2/2. 


127. Shew that 


sin (9-2) sin (6 — 8) 
gin (a) sin (a—y) * sin (@—a) ain (B—y) 


sin (6 — y) 
ain (y— a) ain (y—B) ~~ 
128. From each of two stations on a horizontal plane, at a 
distance c from each other, a pillar on a distant hill, in the vertical 
plane passing through the stations, is seen under the same visual 
angle, and the angles of elevation of the top of the pillar at the 
stations area and £. Shew that tite length of the pillar is equal to 


aes e cos (8 +a) 
‘sin (B—a) ° 
129. Ifin a right-angled triangle twice the distance between 
the centres of the inscribed and circumscribed circles is a mean 
proportional between the hypotenuse and the excess of the sum of 
the sides over the hypotenuse, shew that the radius of the in- 
scribed circle is equal to one sixth of the hypotenuse. 


+ 


130. In any triangle shew that ® 
1 1 1 r 
ae s , ae a ae 3 
Cos 3 4 + COS 5 B+ cos 5 C= 2+ 55- 
sin (+A) sin 24 ee. 
131. If ain (+B) ~ mob? then tan’ a=tan A tan B, 


132. If 4+B+C=(2n+ 1) x, shew that 
sin’* 2.4 + sin* 2B + sin® 2C + 2 cos 24 cos 2B cos 2C' = 2. 
133. Sum the infinite series 





(1 + 2) log 2 + “iy (log 2)" + I = (log 2)? + 
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134, Shew that 
sin (4 —B) cos (C —B) cos (4 ~C) + sin (B- C) cos (A —C) cos (B—.A) 
: « +sin (C’ — A) cos (B— A) cos (C —B) 
=] {sin (2B — 2.4) + sin (2C— 2B) + sin (2.4 — 26}. 


sin(A—B) a*-b* 


135. In any triangle sin (A +B) = ar ee 


136. The diagonals of a quadrilateral figure are in length 
hk and & respectively, and inclined at an angle A: shew that 
the area of the greatest rectangle which can be drawn with its 
four sides passing through the four corners of this quadrilateral is 


5 hk (1 +8in A). 


137. A person standing ‘at the door of a house observes 
that he can just see the top of a church spire over the intervening 
wall at an angle a; he then ascends to the roof, whence he is 
just able to get a view of the entire building, and he observes 
that the elevation of the spire top is B. Having given the height 
of the house, that of the observer being neglected, determine 
the heights of the spire and the wall. 


138. In any triangle shew that 


1 1 1 S 
3 + ae 27 = a 
@ cos g Ait bcos 5 B+ ccos ag s+5. 


139. A,B, C are three points on a plane inclined to the 
horizon, C' being the lowest; it is found that C’A is inclined to 
the horizon at an angle a, and CB at an angldé 8; and the angle 
ACB is y: if @ be the inclination of the plane to the horizon 
shew that 

sin’ @ sin* y= sin’ a+ sin’ 8 — 2 sin asin B cos y. 

140. If a, 8, c’ are the sides of the triangle formed by 

joining the points of contact of the inscribed circle with the sides 


of a triangle, shew that 
ave 
abe 2" 
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141. Find tan 6 from the equation tan 36 + tan 26 + tan 6 = 0. 
142. Shew that 


(ma) (on) (odes om =H 


143. Ifacos¢= =b cos 0 nee cot = 5 (8+ 0) cot 5 (b- =o 


144. If A, B, C be the angles of a triangle, shew that 
3 Js 


008 cos oos & cannot be greater than = 


145. In any triangle 


ee eee eet ec 
3 D oS haielta 2 





® 
146. The diagonals of a four-sided figure are & and fk, and 
the area is C’: shew that the area of the circumscribing square is 
A®k? — 4C? 
he +k?—~4C° 


147. Shew that a, y, 2 can be so taken that for all values 
of 6 the following expression shall have a given constant value, 


z sin (6 — 8) sin(6 — y) +y sin (0 — y) sin (0Q—«)+2zsin(9—a)sin(O—). 


148, If from the extremities of a side of a regular pentagon 
‘ascribed in a circle straight lines be drawn to the middle of 
vhe arc subtend8d by the adjacent side, their difference is equal 
‘o the radius of the circle, theis product is equal to the square on 
she radius, and the sum of their squares is equal to three times the 
square on the radius. 


149. If a flag-staff at the top of a tower of height a subtend 
_small angle @ at the eye of an observer when at the distance d 


a ) 
rom the tower, shew that the length of the flag-staff is zs + 6 
rearly. 





$06 MISCELLANEOUS EXAMPLES. 


150. In any triangle 
(s—a)’sin 4 + (s—)* sin B+ (¢—c)* sin C 


¢ 


A B OC 
= 4r (28 — 1) cos 5 008 5 008 =. 
151. Shew that 
2 sin 7.4 os A +16 ain A cos® A = sin 64 +4 sin 24 (1 + 2 008" 24), 
152, Find the logarithm of 32 to the base 3/4, and the 
logarithm of 81 '/3 to the base 4/9. 
153, If tan(A +B) =3tan A, shew that 


sin (24 + 2B) +sin 2A = 2sin 2B. 


154, In any triangle 


Lael 1. el py 1. gl _ 20b + 2be + 2ca—a’—b'—c* « 
ge gg ae 


155. The sides of a quadrilateral figure are divided in order 
in the ratio of m to n, and a new quadrilateral is formed by joining 
the points of division : shew that the area of this quadrilateral is 
to the area of the original quadrilateral as m’+n* is to (m +n)’. 


156. Shew that cos@= -5 is a solution of the equation 


cos 6 + cos 30 = ; ; and find the other values of cos 6. 


157. Shew that 
cos 8 cos y sin (y — 8) + cos y cos a Bin (a — y) + cosa cos B sin (B —a) 
~ sin (a ~ 8) sin (B —y) sin (y— a). 
168. lf 4+B+C = 180°, shew that 
sin A sin (.{ — B) sin (A —C) + nin B sin (B— C) sin (B— A) 
+ sin ( sin (C — A) sin (C - B) 


= siu 4 sin Buin U' {1 -— 8 cos A cos B cos Ch. 
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159. A person with his eye on the level of the ground close 
to a pole, observed that he saw the top of a distant window 
over an intervening wall at an.elevation oa. He then climbed 
up the pole c feet, when he saw the whole window, and the 
elevations of the tops of the window and wall were then 8 and y. 
Shew that the height of the lowest part of the window above 
c(tan a — tan 6 + tan y) 

tan a — tan 8 ; 


the ground was © 


160. ABC is a triangle; straight lines bisecting the angles 
A and B meet the opposite sides at D and F respectively: shew 


that the area of the triangle CHD is 


_ A, B 
Ssin 5 sin > 


= may 
COs —— cos 
. 2 2 


161. If p=2cos 4 —5 cos* A +4 cos’ A, 
and q=2sin A—5sin® A+4 sin’ 4; 
shew that p cos 3A +q sin 34 = cos 24, 





and psin 34 - g cos 34 =; sin 2A. 


B 
t? = 
162. Find the limit of (cos =)" * shen n is infinite, 


163. Sum the infinite series 
ee ee 
164, Find cos (%— y) sie (x+y) from the equations 
sec a cos (x+y) = 1+ tana tan y, sec 8 cos (x— y) = 1 — tan x tan y. 
165. In any triangle 


acos5(B—C) boos 5(C-A) coos 5 (A -B) 
+ + 7 


_ 2(ab+be+oa) 
bo 008 (B40) eacos (+4) aboos = (A+B) 
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166. © is any point in the interior of a quadrilateral ABCD; 
OP, OQ, OR, OS are perpendiculars on the sides AB, BC, CD, DA 
respectively: shew that the ares. of PQORS is 


: ABCD - 5 (0A" sin 24 + OB* sin 2B + OC* sin 2C + OD" sin 2D), 


167. , In any triangle 


ai A pO ee” bs in 4-2 Co 
a conc 5 3 5 tes 7 cosec 5 = 0. 











a sin 


168. Shew by the aid of Trigonometry that if 2+ y+ 2= xyz, 
3a — 2° 2 Y= an 3z—2" (8a — a") (By — y’) (32 — 2”) 


hen jg + [- 3y* *T=3e ~ (1 — 32°) (1 — 37) (T— 32%) ° 


169. IfJ, m, n be the cenpacdindlige from the centre of the « 
sircumscribed circle on the sides of a triangle, shew that | 


(F b ‘) abc 
4 — + —+-)>->-—. 
Ll mn lmn 





170. If A, B, and C are the angles of a triangle, shew that 


A oot eB «yg 3 
in’ 5 + sin’5 + sin’; cannot be less than 7. 


171. Find the limit when 6 is indefinitely diminished of 
sin a6 vers af 


sin 66 and of vers 66° 


172. Shew that : 
1 ] 1 
og /2= 4174 1 mai ae ha st}: 
173. If 4+ B+C=180", shew that 


A A B C B B C A 
tan — + COS — BEC 5 BC 5 = tan — COB 5 BEC 5 SEC 5 
0 
2 


2 2 
C 
9 





97 
= tan — + COS — seo 4 sec B 


2° 
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- 174, If sin ( cot 6) =cos (7 tan 6) shew that either cosec 20 or 


cot 20 is of the form m + i , where m is an integer positive or nega- 


tive. ° 
175, Th any triangle 
Gla" * acos4+bcosB+ccosC 
a+b+e ~ Qabe ; 
176. A circle of radius r is inscribed in a sector of a circle of 
radius a, and 2c is the chord of the sector: shew that 
: 
a 
177. If tan a+ tan 2a + tan 32+ tan 4e=0, shew that either 
5x = nm, or 20 =(2m +1) 7, or Sos 2x = 1 »,/17. 
»e 178. Shew that 
sin (9 — 8) sin (6 — y) _ Sin (0 — y) sin (6 - a) 
sin (a— A)sin (a—y) * sin (By) sin (B— a) 
, sin (9~a)sin (9-8) _ | 
sin (y ~ a) sin (y ~ f) 
179. ABC is a triangle; straight lines are drawn bisecting 


the angles A, B, C and meeting the opposite sides at D, #, Ff 
respectively : shew that the area of the tgiangle DEF 


1 1 
= fe, 
a ¢ 


~A,. B.C 
7 2S sin > sin 5 sin 5 | 
: ae pe. C-—A os AT 
ee ee 








180. From the top of a mountain the angles of depression of 
two stations in the plane at its foot are observed to be a and £, 
and the difference of their bearings is observed to be y: shew, that 
if ¢ be the distance between the two stations the height of the 
mountain will be 

esinasin 8 sin 2a sin 28 


+8 a) 
nat piesa? sin $= “SF a4 A) a+B CoB" 5 « 
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181, Find approximately the angle subtended by a target 
two feet wide at the distance of 450 yards. 


182. Sum the following infinite series : 
: + Lee ae 
2 [3 [4 + if coos 
183. If 2 sec @ = sec (6 + 2a) + sec (0 — 2a), shew that 
: cos* 6 = 2 cos’ a. 
184. Solve the equations 
2 (sin 26 + sin 2p) = 1 = 2 sin (6 + ¢). 


185. In any triangle 
B S) 


(sin + sin B+ sin 0)(tan 5 + tan = + tan 


C 


ae (eee : aes 
=4+4sin5 sin > sin 5 . 


186. <A, B,C, D, #,... are the angular points of a polygon 
inscribed in a circle; from the centre of the circle perpendiculars 
are drawn to the sides, and a second polygon is formed by joining 
the feet of the perpendiculars: shew that if the area of the first 
polygon is double that of the second, 


sin 24 + sin 228 +s8in 20 + sin 2D +sin 24+... =0. 


187. In any triangle 
B-C A C-A B  , A-B_ @ 


5 sec > + 6 sin—>— sec 5 + csin —5— sec 5 = 0. 


188. In any triangle : 
a’ sin (B— C) b'sin(C— Aj e'sin(A -B) _ 
snB+sinC sinC+snA sinA+snB 


¢ 





a@ sin 


0. 


189. If abe the side of a regular polygon inscribed in a 
circle of radius r, and 6 the side of another regular polygon of twice 
the number of sides inscribed in the same circle, shew that 
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190. If 4+B+C=180°, shew that 


(1-sin 5) (1-sin $) 008 : (a ~sin 5) (a ~sin §) 08° 
+(1 sing) (1 sin 5) cae see bee = eae 
2 2 2 2 2 2° 


191. A person walks in a straight line towards a very distant 
object, and observes that at three points A, B, C, the elevations 
of the object are a, 2a, 3a respectively: shew that AB=3.BC 
nearly. 


192. If is less than unity so also is 
Dice 
a log(1—2)’ 
193. Having given : 
6snB =j3s8n2B 2sin3B 
cos (4 + B) cos(A+2B) cos (A + 3B)’ 
shew that it is impossible that any value can be assigned to B 


other than nz. 


, - ; 
194. If ee, ana, ne Oe EO aaa 


y" cw 8 ty 
general expression for the value of 0, 


® 

195, If A, B, C are the angles of a triangle, and sin A, sin B, 

sin(’ are in Harmonical Progression, then 1 —oos A, 1 —cos 8B, 
1—cosC are in Harmonical Progression. 


196. If & be the radius of circle described about a regular 
pentagon whose side is a, shew that = = sn nearly. 


: sind m cosA pp. 
197. In a triangle = 7) and me 9 shew that 
cos C= Pd 





np — mq 
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198. If O be the centre of the circle inscribed in a triangle 
ABC, and D, #, F the points of contest with BC, C4, AB 
respectively, shew that 

OA.OB.O0C (AF +BD+CE) =4R. AF. BD.CE. 


199. In the semicircle ABC, whose centre is O, and radius p, 
the straight line OB is drawn at an angle 2a to OC. Circles 
are inscr¥ed in the triangles OAB, OCB. Shew that the distance 
between their centres is 


p /(2 — sin 2a) 


J(1 +sin a) (1 + cos a) 


200. A man walking along a straight road observes the 
directions with respect to the road of two objects when the angle 
which they subtend is greatest, ‘and then measures the distance 
from the point of observation to the point whence they appar 
in the same straight line: find the distance between them. 


201. Shew that r,+7r,+7,-r=4R. 


Sug cd -19_7 
202. Shew that sin i + cot’ 3= i 
203. ABC is a triangle; a second triangle is formed by the 
external bisectors of the angles of ABC ; then a third triangle is 


in like manner formed from the second, and so on: determine 
the angles of the n™ triangle. 


204, Find in terms of a the vglue of cos 4 (tan™ a). 


205. Find the general term in the expansion of e cos (bx +c) 
in powers of a. 


206. <A circle touches the sides AB and AC of a triangle 
produced, and touches the side BC at D: shew that 


a (8° — AD*) = 48 (s — b) (¢—c). 
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207. If cos? (a+B/-—1)=6+¢,/—1, where the letters 
denote real quantities, shew that 


a p* a” 1 
cos" ain? 99 ete enay* (mens a 
208. Shew that log sec 6 


=2 {int 9-5 sin’ 20 + = sin’ 36 — 7 sin* 46 Se fs 


209. Shew that the sum of terms of the series 
sec a sec (a + 8) + sec (a + B) sec (a + 28) +8ec (a + 28) sec (a + 36) 


= cosec 8 {tan (a +f) — tan a}. 


210. In a regular hexagon, one of whose sides is equal to a, 
a circle is inscribed; and in this circle another regular hexagon, 
amd so on until there are in all n hexagons: shew that the sum 
of the areas of the hexagons is 


6/3 {1 : (z) } a. 


211, Adapt the expression a cos 4 + bcos B+ccosC to 
logarithmic computation, the letters denoting the sides and the 


angles of a triangle. 


212. <A, B, C are telegraph posts at equal intervals by the 
side of a rail-road; ¢ and ? are the tangents of the angles which 
AB and BC subtend at any point P; 7’ is the tangent of the 
angle which the road makes with PB: shew that 


21 1 
T *¢ ¢° 
213. Shew that 
ey ora 2 tan™ : re ae 
4~ 5 408 1393 ° 


214. If P denote the point of intersection of the perpen- 
diculars from the angles of a triangle on the opposite sides, 
chaw that PAP AR*— at, 
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215. Ifa=165’, find the value of 
(cos a + ,/—1 sin a) (cos 2a+,/—1 sin 2a) 
cos 3a—,/ — 1 sin 3a 
216. ABC is a triangle; a new triangle is formed by the 
external bisectors of the angles: shew that the a of the 
new anes pre AR cos + A, 4R cos 53 8 and AR cos 5 C re 


2 2 
spectively. 
217. Shew that the sum of the squares on the sides of the 
triangle formed as in the preceding Example = 8£ (424 +r). 
218. Reduce to its simplest form 


cos 66 + 6 cos 46 + 15 cos 26+ 10 
cos 66+ 5 cos 36+10cos0 © 


219. If 6 be a positive angle less than 5 shew that ,/cos 6 js 


l ee 
ess than cos 5: 

220. If any point be taken within a regular polygon of 
an even number of sides from which perpendiculars are drawn 
to the sides taken in order, then the sum of one set of alternate 
perpendiculars is equal to the sum of the other set. 


221. Shew that ,/rvy7,7, =8. 


222, Shew that 5 =5 tan” +8 tan” LM 


223. Assuming the expression for tan nO in \erms of tan 6, 
shew that if be an odd integercthe following two series are 
umerically equal, 


n(n—1) n(n—1)(n—2)(n—3 
1-22 ar ) )_ eer 
_ n(n) (n-2)  n(n—I)(n- 9) (n-3) (0-4) _ 
[3 [5 


and if » be an even integer one of the two series is zero. 
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224, Shew that sin‘ @ cos® 6 


= 35g (008 98+ 000 76) — 5 (00850 +008 30) + 755 cos 8. 


128 
225. Shes that sin’ x 
3/3"-1 , 31 3" 1 “} 


“i eg ee I Gael ath + 


226. If p= i ™ shew that 


<| 


cos d + cos —— 





? 


5° 


and cos 5d + cos 7¢ + cos ie os 


: #27. A point is taken inside a regular polygon and per- 
pendiculars are drawn from it to the sides of the polygon; a 


new polygon is formed by joining the successive feet of the per. 
pendiculars: find the sum of the squares on the sides of the new 
polygon. 


228. Shew that if B= 5p then cos 56 + sin 50 
= — 2‘ gin (9 — 38) sin pel (6 + 38) cog (0 — 8) (cos 6 +8in 6). 
229, Given sin 0 {1 + tan’ tan’ B}* + cos 6 {1 — tan"a tan’ B}? 
= tan a + tan B, 
shew how to determine 6 by formule suitable to logarithmic 
computation. 
230. If A, B, C are angles of a triangle, shew that 
ain A + sin B + sin C is never less than sin 24 + sin 2B +ain 20. 
231. A regular polygon of m sides is inscribed in a circle, 
and from any point in the circumference chords are drawn to the 
angular points ; if these chords be denoted by c,, ¢,,...c,, beginning 
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with the chord drawn to the nearest angular point, and taking the 
rest in order, shew that the quantity 
C0, +00, +... +010, — 


is independent of the position ‘of the aes foi which the chords 
are drawn. 


232. Two circular sectors have a common chord and equal 
areas, and their angles are as 2 is to 1: shew that one of the 
sectors must be a semicircle and the other a quadrant. 





gon &/8 _ yo = 2a—k 
233. Ifd=tan thaw’ and @ = tan “EJB? shew that one 
value of d— 6 is e 
234. If ae : = Bee , Shew that 6 contains very nearly 5°. 


235. ABC is a triangle, and DHF is another triangle forrfied 
by joining the centres of the escribed circles of ABC: shew that 
the circle described round ABC is the nine points circle of DEF. 


236. From the expansion of sin™”*’@ in terms of the sines 
of the multiples of 0, shew that zero is the sum of n+ 1 terms of 
the following series : 


1-(2n- 1)+ ee 3) - sea. 


237. If cos(6+¢,/—1) =cosa+,/—1 sina, where the letters 
denote real quantities, shew that sin’ 0 = * sin a, 


238. Shew that 

sin 2 — sin 32 + sin 5a—...to m terms son ae Oe 1 

C08 % — cos 32 + cos 5a—...to nm terms — ( 2 n). 

239. ABCP and DEFQ are two concentric circles, ABC 
and DEF being any two equilateral triangles inscribed in them. 
If P and Q are any two points on the circumferences of the 
circles, shew that 

QA’ + OB + QC? = PD’ + PH* + PF’. 
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cdr and r* = 1—2a cos cv + a’, shew that 
1 —a@cos cx 





240. If tan O= 


1— Tacos an + = *) at 008 Sar". + (~ 1)" a con nt = "008 nb 
241. Eliminate 6 between 
sin’ @~—psind+1=0 and cos* @- cos 6+ f= 00 


242. Shew that the area of a triangle 


_ a+6+c) 
: - awe 
4 (cot 5 + cot 3 + cot z) 
243, Tf tan" ax + ; soo"! br = 7, then one solution is 
1 
adie ar 


244. If O is the centre of the circle described round a 
triangle, and P the point of intersection of the perpendiculars 
from the angles on the opposite sides, shew that 


OP* = 2R° (5 + cos 24 + cos 2B + cos 20’) : 


245, Ifo, B, y are the lengths of the straight lines joining 
the centres of the escribed circles of a triangle with the centre 
of the inscribed circle, and x, y, z the lengths of the straight 
lines joining thescentres of the escribed circles, shew that 

BEE yy 2 es ee 
oC Yy @& ° 

246. If w—@ denote the angle opposite to the side 6 of a 

triangle, and § be very small, shew that approximately 


s=-o){1+55- (5-F-)g} 


247, Express sin’ @ cos’ in terms of sines of multiples of @. 
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248, If tan (0+¢,/-1)=cosa+,/—1 sina, where the letters 


denote real quantities, shew that 9 = nr “7 where n is an integer. 


249. Shew that 


1 1 1 l rt 
Tying t giang + yg tana + 


250. Shew that the coefficient of x* in the product 


Beal’ 


(1+2)(1 +5) (1 +h) ad infinitum is —" 


251. Shew how to eliminate 6 between 
sin’ 9 — p sin 6+ m=0, and cos’ §- ¢ cos +n=0. 


252. The internal bisectors of the angles of a triangle are 
produced to meet the circumference of the circumscribing circle: 
shew that the area of the triangle formed by joining the three 


points thus obtained = . 


253. If ain” 4einY <ain © , then 
a 6 ab 


b%x! +, 2ary (a*d® — c')* + aty* = ct. 
254. From a point P each of two straight lines CA and CB, 
which are at right angles, subtends an angle y. If CA =a, and 
CB = h, shew that ‘ 


ab cts 2y 
sin y ,/(a’ + 6°— 2absin 2y) ' 


255. Shew that the roots of the equation x‘ —2°+2'-2#+1=0 
are cos 36° & ,/— 1 sin 36° and cos 108° a ,/—1 sin 108°. 


256. If an angle of a triangle be 30°, one of the adjacent 
sides 1 foot, and the opposite side 250 feet, find Sere! 
the number of minutes in the other acute angle. 


CP = 
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257. Shew that the area of the triangle formed by joining 
the points of contact of the inscribed circle, or an escribed circle, 


of a triangle is Be » Where p is the radius of the circle, 
e 
258. If tan (0+¢,/-1) =cosa+,/— 1 sina, where the 
letters denote real quantities, shew that 6°? = & tan ¢ + 5) ; 


2° 


259. If s=1+2c086 +*cos 26+ 


3 gre 
‘ ae z , 
and Sa ea ca 
then cain 6 = tan™*—, and 2 008 0 = 5 log (e" +0") 


¢ Find the values of s and o when O=5. 


260. Through a given point straight lines are drawn parallel 
to the sides of a regular polgyon; and from another given point 
perpendiculars are drawn to the straight lines: find the sum of the 
squares on the perpendiculars. 


261. Shew how to eliminate 6 between 
atan@+bsecO=h, and a caf O+b cos d=k. 


262. Perpendiculars are drawn from the angles of an acute- 
angled triangle on the opposite sides, and the feet of the perpendi- 
culars joined :, shew that the perimeter of the triangle thus 
formed = - ® 

263. The internal bisectors of the angles of a triangle are pro- 
duced to meet the circumscribing circle: shew that the area of the 
triangle formed by joining the points of intersection is never less 


than the area of the original triangle. 
264, Shew that 4e= (it ") (s+ t) a4 Py) 


"\r, + Ts + rh 
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265. The shadows of two vertical walls which are inclined to 
each other at an angle y, and are @ and a feet in height, are ob- 
served when the Sun is due South to be 6 and 0’ feet in breadth. 
Shew that if a be the Sun’s altitude above the horizon, and 8 the 
inclination of the first wall to the meridian, 


oo 2b0/ 
| cotta=(= +=) cosee! y + cot y COSEC ¥, 


, 


cot B= cosec y + cot y. 


266. Shew that (a+5,/—1)*t?V~! will be wholly real if 


3 log (a* + b*) +a tan™’ . is zero or an even multiple of 5 , 


267. Apply the exponential values of the sine and cosine to 
shew that 


a* 


2 a ) 1 2:8 1 oe > Ye 
log caro coraaren {2 8m 6-56 sin 20+ 5¢ sin* 30 sh 


when sa 
a+b 


268. A triangle is formed by joining the centre of the in- 
scribed circle of a triangle with the centres of the escribed circles 
which are opposite to thé angles A and B: shew that the area of 

Gas . ab iC 
this triangle is Gs cot 5. 

269. If O be the centre of the circle inscribed in a triangle 
ABC, and r,,7,, 7, the radii of the circles inscribed in the tri- 
angles OBC, OCA, OAB, shew that 

a 6 


c A B °) 
ae +£=2(ootG + cot 5 + oot 7 . 


270. Sum the series 
1 1 


1 
tan 5 + tan at. + tan ni 
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271. If a series of triangles be described of the same area, 
shew that the sum of the cotangents of the angles varies as the 
sum of the squares on the sides. 


979. Let I denote the centre of the circle inscribed in a 
triangle, 0 the centre of the circumscribed circle, D, H, F' the 
centres of the escribed circles: then shew that e 


OI* + OD? + OF? + OF * = 12", 


273. Shew that 2 tan ( =F tan 5) mcs! 2+ 6 008 
a+b 2 a+bcosa 





274. A chord is drawn cutting two concentric circles whose 
radii are as 1 to n, so that the intercepted portions subtend angles 
2a and 28 at the centre: shew that the chord is divided at either 
point of intersection with the inner circle in the ratio of 


: n' — 2n cos (a— B) +1 to n?—-1. 
275, Shew that (a +6,/—1)*t*Y =! will be wholly imaginary 


if E log (at + 8" +atan?? is an odd multiple of 5. 


276. Shew that the area of the triangle formed by joining the 
centres of the escribed circles of a triangle is 


abe(/1 1 C fli i Ae/l 1 B 
O(a +5) ® 3 + (5 +=) 545+ ;,) tan 5} 
277. Sum the following series to n terms: 


log (1 +2 c8s @) + log (1 + 2 cos 36) + log (1 + 2 cos 3° 6) +... 
e 

278. A regular polygon of 7 sides is placed with one of its 
sides in contact with a fixed straight line, and is turned about one 
extremity of this side until the next side is in contact with the 
straight line, and so on for a complete revolution: shew that tho 
length of the path described by any one of the angular points of 
the polygon is tS cot x where is the radius of the circle ci 
cumscribing the polygon. 
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279, Shew that the sum of the areas of the sectors of the 
circles which correspond to the path in the preceding Example 
= rR’, 

280. Sum the following series to 2n terms : 

sin 26 sin 40 sin 66 
sin @sin39 sin 36sin 56 “sin 50sin76  *"" 
281. In an acute-angled triangle let P denote the point of in- 


tersection of the perpendiculars from the angles on the opposite 
sides ; and lett AP=a, BP=B, CP=y: then 


S = 5 (aa +58 +7), 
2abe = a*a cosec A + b°B cosec B + c*y cosec C. 


282. Let & denote the radius of the circle circumscribing a 
triangle; and let 7’, r”, r’” denote the radii of the greatest circles 
which touch the former circle and the sides of the triangle, being 
outside the triangle: then shew that 


3 
64Rr'r’r” = (75) 
a+6+ce 


283. Shew that one value of 
_-f(@*—c*) . ,c/(a'~—a"). . _, a~—ac 


nin Tare) aera e) Be aay 
284, If the lengths of the three straight lines drawn from the 
angles of a triangle to bisect the opposite sides be denoted by 
h, k, l, shew that 
4 (h? +k? + 1’) =3 (a's 6° +c’), 
16 (Wk? + HE + Ph?) = 9 (a*d? + bc’ + c*a*), 
16 (A‘ +k‘ + Ut) = 9 (at + b+’). 


285. The area of any triangle is to the area of the triangle 
whose sides are respectively equal to the straight lines joining its 
angular points with the middle points of the opposite sides, as 4 is 
to 3. ‘ 
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286. Shew that one value of 
{a (cos 6 + ,/— 1 sin 6) — b (cos 6—a +/ — 1 sin 6 — a)}" 


1 ees 
is k*{ cos =F 5 y= rin “8 
nm 0) 
when &=a*+b*—2abcosa, and tan B=—— Se 
& 


287. Any point is taken within a triangle ABC; its distances 
from A, B, C are h, k, 7 respectively, and its perpendicular dis- 
tances from BC, CA, AB are a, B, y respectively: shew that 

h*o sin A +%°B sin B + Uy sin C = aBy + bya + caf. 


288. If D, #, & be the feet of the perpendiculars drawn from 
the point in the preceding Example on the sides of the triangle, 
shew that aBy + bya + caB =42K x area of DEF. 


289. Sum the following series to m terms: 
sin 0 sin 30 Fe sin 50 oe 
cos’ cos" 20 cos*@ cos’ 30 cos* 20 
290. Find the general value of 9 which satisfies the equation 
(cos 6+ —1 sin 6) (cos 20 + /—1 sin 20)... (cos n0+/—1 sin n@) = 1. 


291. D, H, F are the centres of the escribed circles of a 
triangle opposite to A, B, C respectively: if 7’, r”, r’” denote the 
radii of the circles described round DBC, ECA, FAB, shew that 
re = DR r. 


292. If two sides a, b, and the included angle C of a triangle 
are given, and“a small error y exist in (, the corresponding error 


e 
in the radius of the circumscribed circle is ot cot A cot B. 


293. A quadrilateral is formed by connecting two points in 
the produced sides of a right-angled isosceles triangle, equidistant 
from the vertex, by a straight line whose length is » times that of 
the base: shew that the angle between the diagonals of the quadri- 

n—1 , 


lateral is 2 tan™' —— 


n+1- 
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294. In the equation @=0os 9, shew that there must be a 
solution, and only one; and that the value of 6 is less than i 


295. If 6 is an approximate value of @ in the equation 
cos @ = 6, and too large, shew that p-o- ee a closer value, 
and also too largt. 

296. If tan (0+ ¢,/—1) =tana+,/— 1 seca, where the let- 


ters denote real quantities, shew that ¢2¢ = « cot 5 : 





297. A regular pentagon and a regular hexagon are inscribed 
in a circle of radius 7, so as to have an angular point in common; 
and the other adjacent angular points are joined: shew that the 


ee ee 
perimeter of the figure so formed is 4r sin 18° sin 15° 


sin 3° 
298. Sum Bs following series to n terms: 
g 
cos 6 cos” 58 conec" 4 cos 30 cos? + cosoc" pA 
3°6 220 


8 —_s —— 
+ cos 3°@ cos* 5 cosec* 5 + 


299. <A series of radii divide the circumference of a circle 
into 2n equal parts: shew that the product of the perpendiculars 
let fall from any point of the circumference on n successive radii 


= om sin np, where r is the radius, and ¢ the angle between the 
radius to the given point and one of the extreme radii. 


300. There are n stones arranged at equal intervals round 
the circumference of a circle: compare the labour of carrying them 
all to the centre with that of heaping them all round one of the 
stones ; and shew that when the number of stones is indefinitely 
increased the ratio is that of 2 to 4. 
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IL ILe IIL IV. 


I péee 6. 1. 18°, 27°. 2. 15°, 45°. 3. 30°, 15°. 
50n® = 27n* 

4, 00945. 5. 1 af ae 6. 24. 7. 3° 
8. One polygon has 8 sides, and the other 12 side8; so that an 
angle of the first is § of a right angle, and an angle of the second 
§ of a right angle. 10. The ratio is that of 5 to 162. 
11. Express the given angle in degrees and decimals of a degree, 
and then transform it to grades: thus we get 39° 7° 50%. 
12. 62° 18’ 9”, 


3 180 
I pages 13,14. 2 fx. 3. 55. 4. wx 00505. 
"B. 279, 9°18. «6. om , 28°125, 315-25. 7. 40°, 60°, 80°. 


8, 30°, 60°90. 9, a 10. 824°, 919s, 


ITT. pages 22, 23. 5. Bring the left-hand side to a common 

_ (sin’ 6 + cos* 6)* 
sin 6 cos 6 

7. O= 5 . Observe that by the definjtions of the sine and cosine 


denominator; it will thus be found to 


they cannot be greater than unity. 8. cos?=1-sin§; square, 
thus cos’ @= (1 —sin 6)*, that is, 1—sin®6=(1-sin 6)’: hence 


find sin 6. We get 0=0 or-; see Art. 56. 9. @=5 or= 


) 
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T T Tv T 
see Art. 57. 10. O=3. 11. =§ or re 12. O=7- 
13, A=45°; B= 15°, 14. A=529, B= 72? 


TV. page 41. 1. The same as for an angle of 225°, 
2, The same as for an angle of 330°. 3. The same as for an 
angle of 210°. 4, The same as for an angle of 300°, 
5, 45°, 225°, 405°, 585°, 765°, 
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6. 45°, at 225°, se 405°, 495°, 585°, 675°, - 855°. 


1 /3 /3 
7. 0,1-W5, 1, 1+ 75,2 ; 8. 3? 7? Se 
9. We have sin 6=— cos 6; therefore 6 = 135°, de. 
10. cos9=—4; therefore 6 = 120°, de. 14. .No. 
V. page 49, 1. nm +7 2. (2n+4) x. 8. Inz. 
4, ona 5. nrea, 6. Nr = 7. rsa. 
8 omret. 9 moma, 10. meee. 12, one iE 


VI. page 62. 34. The right-hand side 
= cos* A + s8in’3.4 — 2 cos A sin 34 sin 2A 
= cos A (cos A — sin 3.4 sin 2.4) + sin 34 (sin 3.4 —cos A sin 2.4) 
= cos A cos 3.4 cos 2.4 +sin 3A sin A cos 2.4 = cos 2.4 cos 2A. ; 
86. sin 56=5 sin 6 ~ 20 sin? 6 + 16 sin’ 6, 


37. O= nm w=. 38. ane or a(n +4) m 
39. 3@0=n7 or 40 = Qn a =. | 40. 6-7 =2nras. 
41. 0=mnr or = 42, 20=(n+4)7 or 0 =I a 
43. 2@=m9 or 0 = Inna 44, 20=nr+(— Ie. 
45. O=(n+4)m or 40=nr4(—1)*2. 46. 6+7=n0 “5. 


VIL. pages 70,71. 2. 2eos>=,/(1 +sin.4)—/(1 —sin A), 


8, dein} =—/(1+sin)-,/(1 -sin A). 





4. Ine +5" and Ine eid 5. dn +9 and Ine +t 
@ Sae—* and Ine +”. 10. 3. yn. 3-1 


4 4 2 2./% ° 
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12. sin d=ae, ey eerie or sind mae, 008 Ae 


13. /3-2. 26. wl, 97. 4. 28. —4. 


VIII. pages 78...80. Example 20 may be deduced from 
Example 16 by changing A into 4(180°— A) and making similar 
changes for B and (; Example 21 may be deduced from Example 


17 in the same way. 4 


cosz—cosa sin’acosf 
cosa@—cos8 sin’ 8 cosa’ 
sin* B cos’a —sin’acos’B  cosa+cosf | 


therefore cos 2 =——,. = —————, 
sin*Bcosa—sin’acosB 1+4cosacosf’ 














— tan’?@ = tan*a 
then fin dz ek 39. tan? @ = tan®a?? that is, 
Se au a: cos 8 — "008 a as S 5 ade 
@ COB a cosa’ —Sséstan 
cos B—cosa  sin*’a cosa’ _ sin’ o/ cos® a — sin* a cos? a’ 
cos B—cosa  sin*a’ cosa’ ~ gin*® a’ cos a — sin® a cos a’ 
= cos* a — cos’ a’ _ CO8a+COBa’ — 
~ C08 a — cos a’ — cosacos*a’+cosa cos*a 1-+cosacosa’ 
then find ioe : 41, We have to shew that 
1 +cos B 
cot 8 — cot (a + 6) = cot 6+ cot (a — B), 
that is sin(a+@—8) _ ein (a —B+6) 








sinBsin(a+0) sin@sin (a—B)' 
43, Find cos@ from the first equation and substitute in the 


cos” a 


second: thus we shall get ags’¢ = conta! ? 





2 tan dd | a 
48, Put T-ten'd¢ for tang; then solve the a ; thus 


we shall find tand¢= — (cos 6 + sin 6’) (1 + sin cos 


sin 6 cos 6” 


the upper sign gives the required result, The lower ie gives 


- oot § oot (7 4 -5): 


Oat AND W LHe. la. 


52. By Example 23, page 78, we get cos.4AcosBcosC =0, so 
that one of the three angles is a right angle. 
59. cos 56=16 cos’ 6 — 20 cos’ 6 + 5 cos 0. 


IX. pages 91...93. 
(n—1) tang n—1 


By BAC?) = Ts ant d (in tand)— Jorg +a ya? 


the greatest vilue of this is when the first term of the denomi- 


nator vanishes. 6. Qsind sin 6 + d 
ee , 1760 
8, The height in yards = se x tan 1 = 180. 60 nearly, 


0 
9, Let 2 inches be the distance, = tan 5; thus 5 = 7 


nearly. 10. We get sin A =&4,/(3—n). 12. 6. 
13. 2cos*A=1+cos24; therefore 4 cos* A =1+2 cos 24 + cos*24 ; 


but 2cos*24=1+cos4A4; therefore, by substitution, we have 
8 cos'.A = 3+4cos 24 + cos 44 ; square again and reduce. Simi- 


larly proceed with 2 sin’A = 1 — cos 2A. 16. 8. 

17, 0-FeInn 18. 0+ 2 = Ine =. 19. 5-20 = 2nmae 6, 
20. ene or —e Ine we 21. O=ne+ = or 
Wane+(-1s. 2h O=ne += or sin 26 = 2(,/2— 1). 
23, @=(2n+1)5 oF ne to 24, @=(2n+1) 7. 

25. 9 =n a or re C6. Sone or Qn a 5. 

27. O="". 28. O=nwat or meee. 29, Oanmat. 


30. O= ne or nm += 31. sin = 0, or cos 6=0, oF oo8 2 = 0. 


$2. 908 0 +sin 30=0, that is, cos 0 = 008 (39+ 5). 
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. 6 6 
83. 26 =n Jy. $4. sind=—1, or sing=0, or tans =2. 


35. 20=(2n+1)%, or 70=ne-+(—1)'5 


It shoul& be remarked that answers may be given under 
apparently different forms; thus, for example, suppose we have to 
solve the equation sin 26 = cos 6, or 2 sin 6 cos =cos 0, this gives 


@ 
0 = Ina +5 and 6 =n + (— Ie; but we may write the equation 


cos G ~ 36) = cos @; therefore 5 — 26 = 2mm wm 6. 


X. pages 104...107. 1. 2 satis (/3)*. 
4106 6 3;-21. 710 J-242 4, oe, 


Be a 


12, Qe-a=inre 5. 18. w= acos(a—f) or —acos (a+ f) 


T 3a 
14, w=2nwet or Inre. 15, cose +l)a= 00s (5 5) 


16. sma) or ane 17. We can get 


sin 2*a = sin 3a, sin 7 7G) i S ; this gives tan 5 


8 


3. 7;~-4;—4. 


2 


19. sani (n— ic amnan. 


20, cos = 0, or sin 5 =0, or cos = 0. 22. ia 23. n= 2. 
39—-a . 36+0 

a as” 
T—wand 7 +2, 34. By Art. 114, tan’ A+ tan’ B+ tan'( 
=1+4 (tan A —tan B)* + 4 (tan B— tan C’)’ + 3 (tan C — tan 4)". 
36. cot B+ cot C — cosec A 

_sin(B+C) 1 _ sin’ A—sin Bain ko. 

“qn BemnC snd sindainBsin? ’ 


24. =0,.:> 31. Write for « successively 
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$7. Ifd4+B+C=180°, we have 
cos’ A + cos’ B + cos* C = 1 —2 cos A cos B cos C........+4. (1). 


Thus, if A, B, C, are all aéwte, the sum of the squares of the 
cosines is /ess than unity. Hence if we require the sum of the 
squares of the cosines to be equal to unity, one or more of the 
acute angles must be diminished, so that their sum will then be 
less than. 180°. 


38. From the value of sin(A+B+C), given in Art. 113, 
it will follow that sin A +sin B+sin C—sin (A + B+(C) 
= sin A (1—cos B cos C) + sin B (1—cos.A cos) +sin C (1—cos.A cos B) 
+sin A sin Bsin (’; and évery term of this expression is positive. 
39, e*. 40. Zero, 41. It depends on (1—cos 6)*(1+ 2 cos 6) 
being greater than zero. 42. Take the logarithm of the given 
expression. ( 

XI. page 122, 14. Denote it by w; then logw=,/5 log 5 
=2,/5 log ,/5; therefore log (log uz) = log 2 + log ,/5 + log (log ,/5) 
= 301030 + 349485 + 1:543428 = 193943; therefore log wu 
=1:562944; &e. 


— sina sin B 


XIT. pages 143...147. 3. tan 6 = song Gon G 


4.1; 4. 





5. Pe ae 6. 1 or = eau. 7 a'=6', 
2 sin 6 c+1 


B.. att b+ Soa 1, 11. at+Bt20=2. 12, aryaat(1+$, 






13. wick’ 14, 7 1. 15. 6?=a*—2ac cos2h+e", 


17. Find 2 and y from the given equations ; hence we shall see 
that 2+ y=a(singd+cos¢)*, «—y=a (sin d—cos d)", &e. 
18. From the last equation we get 


sin! A ain? A — (cin A sin y — ec | A ang A), ‘ 


ANSWHRS. XII. $31 


Eliminate 6 and ¢ by the first two equations, and we get 
sin’ a — sin® 8 — sin’ y = (sin* a — 2) sin’ B sin’ y; 
therefore sin* a (1 — sin’ B sin’ y) = sin” B cos* y + cos" 8 sin’ y. 
Hence find cos" a, and then by division tan’ a. 
19. (mn)\ {m¥ + nf} =1. 0. 4 Mal. 
22. We have 2° +4* + (y*—<’) cos 26 = 20° sin’ a; chevetre 
a® + b* + cos 26 {(a* + b*)®— 4a°b" sin’ a}} = 20" sin’a; de. 


oe | aa | 
29. sin@sin ¢d=sina sin§, therefore 4 sin’ a 4 gin’? Bi ars B 





: 2 2 sin® 
. 6 . 0 sin’ a sin’ B 
4 2 fe aan eee te 
therefore 4 sin 97 fsin gti=l ane? 
cots. 
. ang sin*® ¢ = ; therefore 


cot* 5 + cos’ B 


2sints 1=+,/{1 ~ 4sin'5 (cot? 5 + cos" 8) sin® B} ; 
this reduces to 2 sin’ — ] =» (1 ~ 2sin®§ sin’ 8) : 


30. m must lie between —2 and —1 or between 1 and 2, 

31. By Art. 114 we may suppose « = tawA, y= tan B, z= tan C, 

where 4+B+C=180". Therefore 24 + 2B + 2C = 360°; and 
tan 24 + tan 22 + tan 2C' = tan 2A tan 2B tan 20. 

This gives the required result. 


32. vsine=sin z=—sin a cosy —cos asin y 
=—vsina cosy—v sind cosz, or sina cosy=—sinc—sin bd cosa; 
and sin asin y=sin bsinz; square and add, thus 
sin’ a = sin’ 6 + sin*c + 2 sin b sin ccosa; therefore 
sin’ @ — sin’ 6 — sin’ ¢ 
COS & = ———2 
2 sin bsine 
Similarly cos y and cos ¢ may be found. 


832 ANSWERS. XII. XIIl. 


$3. 6 %, 37. We have universally 

sin’ (A +B) =sin* A + sin’ B+ 2 sin A sin Boos (A + B)......(1); 

also in the presentecase sin’ A + sin* B= cos* C......(2). 
If 4 +B is greater than 90°, then a fortiori A+ B»C is 80 also. 
If 4+ B is less than 90°, then sin’ (4+) is greater than 
sin’ A +sin* B by (1), that is, greater than cos’C by (2); 
therefore 4+ B is greater than 90°— C. 
XIII. as 154...157. 


5. Let — =a so that the angles of the triangle are 2a, 4a and 8a. 


id 
Then the ratio of the greatest side to the perimeter 
_ sin 8a _ sin 8a 
~ gin 2a+sin4a+sin8a sin 2a +sin 4a + sin 6a 
2 sin 4a cos 4a sin 4a 


~ 2sin 3a cosa + 2sin 3acos 3a cosa + cos 3a ; 
_ 28in 2a cos 2a 





~ 2 cos 2acosa =a ae 
sin 20+8in 46 a+e a+e 
8. age ees therefore 2 cos @ =—;— . 
21. sin #+sin pd =2 sin (9 +¢); therefore cos P= 9 con 8 
6 @ 6.4 
therefore 008 g cos 5 = Sains ain 5; 
therefore (1- sin’ 5)(1- sin’) = 9 aint sin in®& , 
- 20. . 49 . gh 
3 srs _ \ ae a7. 
therefore 8 sin ann 3 1 —sin 5 ans 3 
; 2? # 9 2? 
therefore 16 sin’ Sint $ + =9~—2sin 7 2sin 5 = 0080 + cond, 
a’ + 6° —c* a+e 
Or thus, cos 9 = 5 and b= —5— ; 
therefore cos § == + b _5a— de ; 
@ 2a a 
5c — 3a 
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37. This will follow from Examples 20 and 21 of Chapter v1. 


40. We have to shew that (6+ c— a) (c+a—b) (a+b —c) is less 
than abe except when a=b=c. By squaring, this amounts to 
shewing that {a*— (c— b)"}{b" — (a —c)*}{c’— (a—5)*} is less than 
a*b*c*; and each factor on the left-hand side is less than the cor-. 
responding factor on the right-hand side except when a= b=c. 


° 
XIV. pages 168...171. 1. 4 =30° or 150° 2. 30°, 90°. 
45°, 60°, 75°. 4. The triangle is impossible. 


B= 90", C=72', c=4,f(5+2,/5). 6. B= 45° or 135°. 
From Art. 235 we have c+ ¢ =2bcos A and cc’ = 6° — a’, 
b* sin A cos A. ll. N e the triangle is right-angled. 


42. We get sin 6 = Pie) 5 


Bit SS 


sin 1C ; a see Art. 230. 


13. eters C= (a—b)*+4absin? iC; &e. 

14, 9°6733937. 15. 132° 34’ 32”, 16. 55° 46’ 16”. 
17. 78° 27' 47”. 18. 119°26'51”; 5°33'9”. 

19. 69°10’ 10”; 46° 37’ 50”. 20. 116° 33’ 54”; 26° 33’ 54”. 
21. 82°10’ 50”; 50° 24’ 10”. 22, 124° 4859"; 33°11' 1”. 
24, 48°11’ 23”; 58° 24’ 43"; 73° 23’ 54”, 


3 oe 3475 ‘ 
25. cos d = Ear» therefore sin” 3 = 653° Bz=1' 29". 
26, 70°53’ 36”; fe 6’ 24”, 27. 38°12’ 48"; 21° 47°12”, 


28. 26°33'54", 29, 69° 49/ 3p"; 50°10' 25", 30. 30° or 150°. 


XV. pages 177...183. In order to solve some of these ex- 
amples the student must be acquainted with the Mariner’s Com- 
pass. In the Mariner’s Compass the circumference of a circle is 
divided into thirty-two equal parts, so that each part subtends 


at the centre of the circle an angle of or degrees, that is, an 
angle of 114°. The following names are assigned to the points 
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XVI pages 205...907. 1. 2,,/3-1, —,/3-1. 


4, —2, 2/2009", 24/2008 63°, 2,/2cos 81°, 2 ,/2 008 158°, 


7. Let « be the height of the balloon, and a, 6, € the sides of 
the triangle ABC; then 40’x* — 36a°b*a" + 9a*b'c* = 0. 


au 

9. Abo.t 14 inches. 12. Suppose & the height of the 
tower, r the radius, x the distance of the first place of obser- 
vation from the centre; then 2 = cosee 5 : a = COBEC a 
h=atane, h=(%-a) tana’. From these four equations we 
may eliminate a, and find 4 and r, and also the required 
relation between a, a, B, f’. 13. From the preceding 
questio © — cosco® — cosee & . If we suppose that an error 
5 of the same sign is made in 8 and f these errors tend to 
compensate each other ; the greatest possible error in r will be 
determined by supposing that errors of opposite signs are made 
in 8 and f’. Suppose then that instead of B we ought to have 
8-8, and instead of ~’ we ought to have #’+6. Then by 
Art. 194 we shall find 


(= =h) ce) (1 - cos § cos 5) 
=5 : 


sin*® 3 sin* = 


2 


. 


Divide by the value of = and tue required result is obtained. 


14. If PQ=aand QR=), it may be shewn that 
1 (a—b)* (a+6)* 
SQ?” 4a*d* 4a*b* 


then the change in SQ arising from a small change in B can be 
calculated. 








+ tan’ 8; 


& 
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1 





XVIIL pages 209...211. 21. 7% go. 18 ata (5- 2,/2). 

19. po 20. x=0 pr +4. 21. 2=0 or #4. 
1—ab 

22, a=. 23, w=u1 or «(1s 4/2). 


24. e=aora@’—a+l. 28, 2=2. 30. v=1,y=@; 2=2,y=7. 
e 


34, nar + (-1)"" =, or (m+n)m +(-1)5. 35. (2n+m) wus. 


36. nm +(- "7 


XIX. page 222. 6. The expression on the left-hand side js 


es 
sin & cos 6 + cos 5 sin 0; then puf 6 for sin 6 and 1 — 5 for 00s 6. 


Ua ep i ___sin(B+y—2a) 
~ 408 (a—B) cos (a— +)’ 4 cos (a — ) cos (a— +) 
XXII. pages 248...251. 
1. Use sin’a=4$(1—cos 2a). 2. Usesin’a=}(3 sina — sin 3a). 


n cos (26 + na) sin na 
5. = cosa+ —-‘--, ~5- -4— —~ 


10. 4(cos 26 —cos 2"* 6), 











2 2 sin a 
11. ¢#"8 cos (6 + cos 6 sin 6). 13. 4 (e%™8 + e178) cos (cos 6). 
cos 0 _ /sin 20 
ge ce me cos? 
14, laa log (1 — cos 6). 1% ¢ * sin ( 5 ). 
16. ein 9c084 cog (9 + sin’ 6). 20. See Art. 129, 
a1, ar-tsin % — | gin 99, 99, tan O-tan 2. 
ae P 3 
ore oa>} 
23. in’ Jo ~ ait FO 24. cosec 6 {cot 6 -— cot (n+ 1) 6}. 
25. ols 5) (2 + 1) (0+5)-tan(0+5)}. 
2 2 2 
og yk -1 3 Ll 7 
26. rm tan a" 27. tan’ na, 28. 5 5 (008 gts COs 4a) : 


29. 4 cosec 0 {tan (n + 1) 6— tan 6}. 
T. T, 93 
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30. jovsee 5 {800-5 6 soos. 31. z {oot 5-3" oot 





4 2 2 2 4 2 2 
82. cot” Soot BE* ie 3 33, cos —sin 6 cot 2° 6. 
: log 2 sin 2"*' 6 sin 0 "6 6 
34. log 2 sin 26 _ nr ® 35. Scot gan — cot a 
| x ar’ a ar* 
XXIII. pages 266...269. 1. 6° 2. 50° 3. 3° 4, 96° 


The four preceding results are obtained by expanding the values 
of log S28 and log cos 6, which are given in Arts. 274 and 320, 
in powers of 6, and equating the coefficients of like powers. 


4 





T 
14. 190° 
XXIV. pages 286...289. 4. We have 
(tan 2 + cot x)’ — 3 (tan x+cot x)= m*>-—3m; d&e. 
1 4 6 
15. ra at 152° + 1l5a* - a i. 
MISCELLANEOUS EXAMPLES. Pages 290...324. 1. 20°; 44. 
1 w l/,. ™ 56 
2. 5(1+759): 5(1* 735)- os @ or b. 8, 65° 
10, a’ tan § = (5+ ctan$) (c+dtan$). 11. 224°, 672°. 
4,/2+7/3 3s 7 I1/f, Jar 
1g, SME INe, 19. @={2n41)F or 3 (2nr+ 3). 
21. 20°, 30°. 22. ring = VO=I ‘ 23. w= nee 


95. 1. 27, 6=(2m+1)x or = 2 {me + (15). 


29, w= mete. 31. 60°, 45°, 135°, 120°, 33. 6 = nm or nm = 


34. 
36. 


39, 
41. 


48, 


54, 


5D. 
bY. 
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“er 1}= oer 1}. 


The other values are to be forfnd from cos* #+ cos x sin a =cos*a, 


°A+B+C . B+C-A. C+ A-B. A+B-C 
-ta——, a —,—— mn. —_ 7 i 


bs) 
150 degrees, 166% grades, e 47. a! (b-a)=2 (20—a—8). 


fi, 


cos (5-5) or — 
4 2 = 
2c rae 
1 
6= (2n +1) 5 or - ; {anna (J +0)}. 
(n sin9+m cos @)’=2m(m+n). 56. 247 =n (-1 


o=f + = 61. In the first polygon 3, 4, or 5; and in 


the second 4, 8, or 20 respectively. 62. 2a=mm + (-1)°F 


63. p(n*— 2m") = qmn. 64. 945 =2nee(a+7). 
70 1 cosa—cosB 71 60a-~b 100p+¢q 

SIR B- * 60x90 100x100" 

COB =, — COS 55 
2” 2" 
72. w= (2m £1)= or (2m+1)2. 74, e=nror 5{n+(-1)5}. 
4 e2 3 6 
; 2 (9gn — 10; 10pm) 
81. mx and nx respectively where 2 = mn (9q = 10p) ° 
82, w= (2n+1) For 5 {nrg |. 83, 2% + dary = 2x (w+ y) 00828. 
e 

$4. The value of sinasin y ranges between — cos" 4 and sin E : 


where A is the constant sum. 93. nr+(- i)" = 6° 
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_ A 
94. The value of sinz+sin y ranges between —2s8in> and 


2 sin —- where 4 is the constant sum. 95. 047 = Inn. 
@ 


96. - 4008 (3-7) o0s(3—4+ t)oos(3-B+ 7) 00s (3-C+4) , 
¢ 
where 3=5 (4 +B+C). 98. c=a' + 6%, 


cos* a — cos* B fa ee. cos a—cos B 


10: SACs ant cana? a a cea rons 


102. 114°6 inches. 103. 6=(4n+ 1). 
104. (a*— b*) (a + b) = (a— 5b) c? —4abem. 
36 


30 6 T T\. 
118. Fame, ort —S=lnwes. 115, 30—T = 2n (6-7). 


126. 2a = 27 mx. 133. 4. 141, 0 or,/3 or “5 


a2 
152. —, =. 156. ser ky 162, ei. 163. ee. 





2 cosa ,/cos B 2 cos B V/cos a 
a/cos ae../cos B’ pene ai J cosa+,/cosB 


2 
a 181. 5 minutes. 182. e-1. 





164. cos(x+y)= 


171. 


\~ a | 


¢ 


184. O+p=nr+(-1)", and 0 ug =2mas 3. 


3a rig T wT Ire 
194, 6= tur de, OF re. 203. 5+ (4-5) (-5)> 


(DMSO-D YT om He, 


gui ae 
205. (a +} cos (n§ +c) where @ is such that tan 0 = a. 3 
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211. The given expression = 2a sin B sin C. 215, /-T. 
218. 2cos 8. 227. Let m be the number of sides in | 
the polygon, r the radius of the scribed circle, c the distance 


of the assufhed point from the centre of this circle, B= ar 
B 


then the required sum is 4nr* sin’ 37 nc* sin’ B. 


241. 3,/(p*+9'- 6) =p J(g*- 3) + ¢/(p*- 8). 
247. 575 {sin 110 +sin 90— 5 (ain 70 + sin 50) +10 (ein 30 +sin 6)} 


256. Nearly 7. 259. If 6 = we have = cos 2 and o=sin 2, 


260. If n be the number of sides of the polygon, and ¢ the 


distance between the two points, the required sum is uid ; 


- 7” _ 30 et 0 
270. tan aes Ee 277. log sin 5 log sing. 


11 1 
280. cos 6 {sind _ aris} ° 289. cosec @ tan? né. 


san (+1) 9 ly 1 1 
290, MT g=2me, 298. i{toasd- Too Fo} 
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